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The current standard atomic collision theory cannot explain recent experiments on electron-
ion collisional ionization processes in hot dense plasma. We suggest that the use of (distorted)
plane waves for incident and scattered electrons is not adequate to describe dissipation during the
ionization event. Random collisions with free electrons and ions in plasma cause electron matter
waves to lose their phase, which results in partial decoherence of incident and scattered electrons.
Such a plasma-induced transient spatial localization of the continuum-electron states significantly
modifies the wave functions of continuum electrons, resulting in a strong enhancement of electron-
ion collisional ionization of ions in plasma compared with isolated ions. We develop a theoretical
formulation to calculate the differential and integral cross sections by incorporating the effects
of plasma screening and transient spatial localization. The approach is then used to investigate
electron-impact ionization of ions in solid-density magnesium plasma and gives results that are
consistent with experiment. The correlation of continuum-electron energies is modified and the
integral cross sections and rates increase considerably in hot dense plasma. For ionization of Mg9+ e+
1s2 2s 2S → 1s2 1S + 2e, the ionization cross sections increase several-fold and the rates increase
by one order of magnitude. Our findings shed new insight on collisional ionization and three-
body recombination and should aid in investigations of the transport properties and nonequilibrium
evolution of hot dense plasma.

Electron-impact ionization processes of atoms and ion-
s embedded in hot dense plasma are of interest both for
fundamental science and for practical applications in the
interiors of stars, white dwarfs, and neutron stars [1, 2],
for inertial-confinement fusion [3, 4], and for high-energy-
density plasmas [5, 6]. They determine the charge-state
distribution and power balance and can also be used to
infer the plasma conditions of electron temperature and
electron density [7–9]. To date, most atomic data on
electron-ion collisional ionization have been obtained for
isolated atoms or ions [7, 10–12], where the coupling with
the plasma environment is assumed to be trivial and is
thus neglected. However, these data are only applicable
to rarefied plasmas. If the plasma density is sufficient-
ly high and the coupling cannot be neglected, plasma
screening plays a non-negligible role and should be con-
sidered when determining the electronic structure. The
effect of plasma screening on electron-impact ionization
cross sections [13, 14] have also been extensively investi-
gated by using various analytical models [15–18].

Be it for isolated or screened ions, the present stan-
dard atomic collision theory describes the incident and
scattered electrons in electron-ion collisional ionization
as distorted plane waves [19]. In such a treatment, the
continuum electrons are completely coherent through-
out the entire physical space during the process. In hot
dense plasma, however, the continuum electrons collide
randomly with the surrounding free electrons and ions,
which results in a loss of phase of the electron matter
wave and partial decoherence when the electron leaves
the parent ion [20]. Partial decoherence of the contin-

uum electrons is a natural many-body effect occurring
in dense plasma and differs from plasma screening. The
latter supplies an additional Hermitian potential to the
physical system, whereas the former is not Hermitian and
thus represents a type of dissipation mechanism in hot
dense plasma. This work thus investigates how decoher-
ence affects electron-ion collisional ionization.

Elusive signs may be found of anomalous behavior in
continuum atomic processes in hot dense plasma [21–
26]. In the solar interior, the internal structure pre-
dicted by the standard solar model [21] is inconsistent
with helioseismic observations, which could be resolved
if the Rosseland mean opacity was increased by 10%–
20% [22, 23]. Confined micro-explosion experiments us-
ing focused femtosecond laser pulses show that ion sepa-
ration is enhanced in the nonideal plasma [25]. Electron
transport in high-plasma-density inductively coupled dis-
charges displays a variety of nonequilibrium characteris-
tics, and the skin depth is anomalous [26]. Only recently
has it become feasible to experimentally investigate these
processes [27, 28]. Vinko et al. [27] studied the femtosec-
ond collisional ionization rates in solid-density aluminum
plasma created by the Linac Coherent Light Source [29],
tuned to specific interaction pathways around the ab-
sorption edges of ionic charge states. Berg et al. [28]
reported the first experimental measurements of ultra-
fast electron-impact ionization dynamics, for which they
used resonant core-hole spectroscopy in a solid-density
magnesium plasma. By resonance-pumping the 1s→ 2p
transition in highly charged ions within an optically thin
plasma, they measured how off-resonance charge states
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are populated via collisional processes on femtosecond
time scales. These experimental results cannot be ex-
plained by the present standard atomic collision theory,
even if the plasma screening effect is included.
They [27, 28] state that the collisional ionization and

recombination cross sections are considerably larger than
the values predicted by the present widely used model-
s. The ionization cross sections and rates may be in-
creased by including plasma screening, but they are not
large enough to explain the discrepancies. These ex-
periments provide new insight into ionization in dense
plasma; nevertheless, understanding the physics and col-
lisional mechanism behind this enhancement remains a
great challenge.
The goal of the present work is to understand the new

physics occurring in hot dense plasma and to explain the
discrepancies between the present theory and experimen-
t. We point out that the transient spatial localization
of continuum electrons (TSLCE) in collisional ionization
enhances the cross sections and rates: it is thus an im-
portant mechanism modifying the electron-impact ion-
izations in hot dense plasma. Continuum one-electron-
state localization is a natural many-body effect occurring
in dense plasma and is different from plasma screening.
We develop a theory to investigate how one-electron-state
localization affects collisional cross sections and rates in
both local thermodynamic equilibrium (LTE) plasmas
and non-LTE plasmas. The theory is then applied to
analyze electron-impact ionization processes of ions em-
bedded in solid-density magnesium plasmas.
The proposed theory predicts features in the energy d-

ifferential cross sections compared that are not predicted
by existing isolated- and screened-ion models, and these
features significantly modify the collisional ionization dy-
namics. The integral cross sections and rates are thus
increased considerably. This theory can be widely ap-
plied to studies of hot dense plasma, inertial confinemen-
t fusion, astrophysics, and high-energy-density physics.
It also deepens our understanding of atomic properties
within dense plasmas, which cannot be achieved with
the current theories. However, obtaining a unified, com-
plete, and consistent treatment of the anomalous behav-
ior of electron-ion collisional processes based on quantum
many-body theory remains a challenge.

RESULTS

New features of energy differential cross sections

To begin our discussion, we first consider collisional
processes in LTE plasmas. The electron-impact ioniza-
tion in hot dense plasma exhibits features that are com-
pletely different from those of isolated ions. Figure 1
shows the energy-differential cross section for the ioniza-
tion pathway e + 1s22s 2S → 1s2 1S + 2e of Mg9+ in a
solid-density magnesium plasma at an electron temper-
ature of 150 eV with residual energies of 50, 200, 800,

and 1400 eV, respectively. For the solid-density magne-
sium plasma at 150 eV, the free electron density is about
4.54× 1023 cm−3 based on the ionization balance of the
plasma. Three sets of results calculated for an isolat-
ed ion, an ion in plasma with screening, and an ion in
plasma with screening plus TSLCE are given to compare
the effects of plasma screening and of the TSLCE. The
inclusion of plasma screening clearly lowers the continu-
um, which increases the differential cross section. With
the added consideration of TSLCE under the given plas-
ma conditions, the differential cross section is further in-
creased by about one order of magnitude with respect to
that for an isolated ion.

Looking more into detail, we find that, surprisingly, the
differential cross section is modified by electron localiza-
tion in a dense plasma and thus exhibits new features.
The isolated-ion model predicts a ”U-shaped” energy de-
pendence for the energy differential cross section that is
steeper at high residual electron energies [30–35]. The
screened-ion model does not significantly modify this en-
ergy dependence, although the differential cross section
exhibits some notable differences. If we include the effec-
t of electron localization, however, the U-shaped energy
dependence is only approximately maintained at low and
high residual energies [see Fig. 1(a) at 50 eV and Fig. 1(d)
at 1400 eV]. At an intermediate residual energy, the en-
ergy differential cross section differs completely from the
isolated- and screened-ion models. At a residual energy
of 200 eV [Fig. 1(b)], the differential cross section fea-
tures two minima at energies for a single ejected electron
of ∼40 eV and ∼160 eV. With an equal sharing of ener-
gy for two continuum electrons (100 eV), the differential
cross section features a local maximum, which should be
a minimum in the isolated- and screened-ion models. At
the residual energy of 800 eV [Fig. 1(c)], we find a near-
ly equal differential cross section except at the two ends
with one continuum electron capturing a small fraction
of the residual energy and the other capturing the re-
maining residual energy.

This is a very surprising and counterintuitive result.
These qualitative changes in the energy differential cross
section are closely related to localization-induced changes
in the continuum-electron state, which evidently modifies
how the one-electron ionization transition amplitude de-
pends on the continuum-electron energy. For an isolated
ion, the one-electron ionization transition amplitude de-
creases monotonically from the ionization threshold to
an energy above that of the continuum electron, and this
general behavior produces the U-shaped energy depen-
dence of the energy-differential cross section of the isolat-
ed ion. The localization of the continuum-electron state
and the broadening of the ionization threshold make the
energy dependence of the one-electron ionization transi-
tion amplitude more complex: initially it increases and
then it decreases at higher energies; therefore, the prod-
uct of the two-electron transition amplitude has not U-
shaped energy dependence (when plotted as a function of
the total energy of the two electrons) but a much more
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(a) Residual energy of 50 eV (b) Residual energy of 200 eV
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FIG. 1: Energy differential cross section of electron-ion collisional ionization. The ionization considered, e+1s22s 2S
→ 1s2 1S+2e of Mg9+, occurs in a solid-density magnesium plasma at an electron temperature of 150 eV and
density of 4.54× 1023 cm−3 with a residual energy of (a) 50 eV, (b) 200 eV, (c) 800 eV, and (d) 1400 eV. For clarity,
the results obtained with the isolated-ion and screened-ion models are scaled up tenfold and threefold, respectively.

complex shape.

TSLCE-induced enhancement of integral cross
sections

Figure 2 shows the integral cross sections for the ion-
ization channel of Mg9+ e + 1s22s 2S → 1s2 1S + 2e in
a solid-density magnesium plasma at electron tempera-
tures of 50, 100, 150, 200, and 250 eV. The most strik-
ing conclusion drawn from this figure is the significant
increase caused by the TSLCE of the integral cross sec-
tion with increasing electron density and temperature. In
fact, the plasma screening enhances the collisional ion-
ization processes, but the increase in the integral cross
section due to the latter is much larger than the former,
in particular at a higher electron density. Here, we only
compare the peak cross section to obtain a quantitative
understanding. The peak cross section is calculated to
be 0.106 Mb for an isolated ion, but this value is in-
creased by 160% and 195% due to plasma screening at
the given lowest (50 eV) and highest (250 eV) temper-
ature. The peak cross section is further increased by
490%, 688%, 980%, 1200%, and 1500% at 50, 100, 150,
200, and 250 eV, respectively. The enhancement of the
integral cross section caused by the plasma screening de-
pends only weakly on plasma temperature. However, the
TSLCE effect depends much more strongly on electron
density and temperature. Moreover, the TSLCE has a
more pronounced influence near, yet somewhat above,
the ionization threshold, whereas the effect of plasma
screening remains roughly similar over a much wider en-
ergy range of the incident electron.

The next striking conclusion is the evident ionization
potential depression (IPD) caused by plasma screening.
The ionization potentials of the 2s electron are predicted
to be 198.28, 203.89, 206.99, 209.00, and 210.37 eV at
plasma temperatures of 50, 100, 150, 200, and 250 eV,
respectively, which is considerably less than our calculat-
ed value of 367.22 eV and the experimental value [36] of
367.49 eV for an isolated ion. Note that we consider en-
ergy broadening for the ionization threshold by including
the TSLCE. The result is that the cross section near the
ionization threshold behaves differently with and with-
out the energy broadening. Finally, if the TSLCE ef-
fect is considered, the integral cross section grows more
rapidly from the ionization threshold to a peak value and
descends more rapidly. However, with the different treat-
ments of the plasma effects, the predicted location of the
peak energy for an isolated ion differs from that for an
ion in plasma. When the TSLCE is included, the peak
shifts to a lower incident electron energy.

The new features of the differential and integral cross
sections of the ions in hot dense plasma are closely relat-
ed to the TSLCE of electrons involved in electron-impact
ionization. Momentum broadening is an important de-
terminant of localization. Figure 3 shows the momen-
tum broadening as a function of the energy of a contin-
uum electron at plasma temperatures of 50, 100, 150,
200, and 250 eV. The momentum broadening increas-
es rapidly from the ionization threshold up to a peak
value, and then decreases much more rapidly with in-
creasing continuum-electron energy. This dependence of
momentum broadening on energy explains the new fea-
tures shown in Figs. 1 and 2. The energy differential
cross section shows the largest modification compared
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FIG. 2: Enhanced collisional ionization integral cross section. The electron-impact ionization
e+ 1s2 2s 2S → 1s2 1S + 2e of Mg9+ occurs in solid-density magnesium plasma at electron temperatures and
densities of 250 eV and 4.71× 1023 cm−3 (black solid line), 200 eV and 4.62× 1023 cm−3 (red dotted line), 150 eV
and 4.54× 1023 cm−3 (green dashed line), 100 eV and 4.37× 1023 cm−3 (blue dot-dashed line), and 50 eV and
3.80× 1023 cm−3 (violet dot-dot-dashed line). The integral cross sections obtained by the screened-ion model are
weakly temperature dependent and, thus, for clarity, we only show the results at the highest (250 eV) and lowest
(50 eV) temperatures.

with the isolated and screened ion at a residual ener-
gy of 200 eV [Fig. 1(b)], which is a natural result of the
TSLCE because the momentum broadening is large near
this energy. However, the TSLCE exerts much less effect
at the residual energy of 50 eV [Fig. 1(a)] and 1400 eV
[Fig. 1(d)] because of the smaller momentum broaden-
ing. Similarly, the pronounced enhancement of the in-
tegral cross section in a definite energy range near the
threshold shown in Fig. 2 also results from momentum
broadening.

Greatly increased collisional ionization rates in hot
dense plasmas

Figure 4 shows how the TSLCE affects the rates for
electron-impact ionization of e+ 1s2 2s 2S → 1s2 1S + 2e
of Mg9+ ion in solid-density magnesium plasma. The re-
sults indicate a significant enhancement of the electron-
ion collisional ionization rates in hot dense plasma due
to plasma screening and the TSLCE. At a lower plasma
temperature, plasma screening plays a more importan-
t role than the TSLCE in this enhancement. The ratio
of the rate obtained by considering plasma screening to
that obtained by using the isolated-ion cross section is far
greater than the ratio of the rate obtained by using the
cross sections of the screened ion without the TSLCE
to that obtained with the TSLCE. At a higher plasma
temperature, however, this ratio decreases and the T-
SLCE plays an increasingly important role in enhancing
the rates. Compared with the results obtained using the
isolated-ion cross section, the rates increase by 64.0, 10.8,

5.5, 3.8, and 3.1 times due to plasma screening and by
177.6, 33.6, 22.1, 19.6, and 19.5 times due to both plasma
screening and the TSLCE at plasma temperatures of 50,
100, 150, 200, and 250 eV, respectively.

The larger electron-ion collisional ionization rates in
hot dense plasma are due to two factors: the increase
of the integral cross section and the shift of the ioniza-
tion threshold. At a lower temperature, the latter plays
a more important role, so the IPD causes a greater en-
hancement of the electron-ion collisional ionization rates.
The statistical weight from the energy distribution of the
free electrons in the plasma is greater for the cross section
with an IPD than without. As a result, the electron-ion
collisional ionization rate increases more at lower tem-
perature but the effect becomes much less profound with
increasing temperature. With increasing temperature,
the enhancement of the integral cross section caused by
the TSLCE plays a more important role in increasing
the rates. Based on Fig. 4, the slope of the black solid
line (which includes the TSLCE effect) increases with in-
creasing temperature, whereas the slope of the red dashed
line (which only takes into account plasma screening) de-
creases.

Comparison with experiments and other theoretical
results

We now test the proposed theory by comparing its
results with recent experimental and theoretical result-
s. The experiment of Berg et al. [28] used an x-ray
free-electron laser to produce a solid-density magnesium
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FIG. 4: Electron-ion collisional ionization rates. The rates are given as a function of plasma temperature for the
solid-density magnesium plasma.

plasma that strongly deviates from LTE and has a consid-
erable density of core-hole states. Because the laser pulse
is short (60 fs) and electron-ion collisional ionization rates
are very fast, the free electrons in the plasma reach on-
ly an approximate equilibrium distribution, whereas the
ions remain cold during the entire x-ray interaction.

These results refer to LTE plasma; here, we extend our
approach to non-LTE plasma. To simplify the treatment,
we assume a two-temperature plasma model with a def-
inite electron density and temperature and a (different)
definite ion temperature. The electron temperature and
density are assumed to be 75 eV and 3.0 × 1023 cm−3,
which are the same physical conditions considered by
Berg et al. [28]. Figure 5 compares our calculated in-
tegral cross section with the results of experiment [28]

and with other theoretical results for the collisional ion-
ization e + 1s 2s2 2p2 4P → 1s 2s2 2p 3P + 2e of Mg7+.
These other theoretical results were obtained by Berg et
al. [28] using different methods, including those of Lotz
[37] and the revision by Burgess and Chidichimo (BC)
[38], the scaled hydrogenic approximation [39] and its
analytic fitting formula by Clark, Abdallah, and Mann
[40], binary encounters [41–44], and the distorted-wave
approximation [45–48].

To explain their experimental results [28], Berg et al.
proposed a parameterized expression for the collisional
cross section (referred to by them as the “BCF with IPD”
model), which aims to describe the available experimen-
tal data in the low-density regime and provide a scaling
method to capture the lowering continuum. Thus, the
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BCF model (with and without the IPD effect) obtains
a consistent result (the same profile and trend) both in
the low- and high-density regimes. Figure 5 shows that
the predicted enhancement in the cross section obtained
by including both screening and the TSLCE is consistent
with the experimental result [28], although the very-near-
threshold behavior differs. The results of the isolated-ion
model under-estimate the cross sections by about one or-
der of magnitude. Even considering plasma screening,
the cross section remains 2.0 to 5.0 times less than the
experimental data. The results in Fig. 5 indicate that the
TSLCE is at the origin of the enhanced collisional cross
sections and rates observed experimentally [28].

DISCUSSION

The TSLCE plays an important role in determining the
differential and integral cross sections of electron-impact
ionization. This localization that occurs in hot dense
plasma differs from that of plasma screening. Although
both TSLCE and plasma screening originate from many-
body effects in plasma, their physical nature and origin
differ. The former arises from the dephasing of the con-
tinuum electrons induced by multiple collisions with plas-
ma particles, and the latter arises from Coulomb screen-
ing between particles and their environment. Thus, plas-
ma screening affects both bound and continuum states,
whereas TSLCE affects only continuum states. The new
features in differential cross sections are attributed to
electron localization (Fig. 1) and indicate that the colli-
sional dynamics and the electron correlation characteris-
tics of electron-impact ionization differ completely from
that of isolated ions. Figure 5 shows that TSLCE also
modifies the energy dependence of the integral cross sec-
tions; in particular, near but somewhat above the ioniza-
tion threshold, where the collisional cross section increas-
es less steeply than that of the BCF model. We conclude
that TSLCE is a significant physical mechanism that en-
hances the cross sections and rates of ion ionization in
hot dense plasma, as observed in experiments [27, 28].
The electron-ion collisional ionization dynamics plays

an important role in determining the ionization balance
and therefore affects the physical properties of plasmas,
such as the equation of state and opacity [49]. Recent
experimental findings indicate that the current state-of-
the-art theories strongly under-estimate the collisional
ionization rates in hot dense plasma. This means that
current state-of-the-art models need to be improved to
provide more accurate results. The plasma theory (for
example, the collision-radiative model) thus needs to be
reconstructed to include the effect of TSLCE.
Two other types of localized electron states that oc-

cur in electron collisions with atoms or ions are similar
to TSLCE: the shape-resonance state and the Feshbach
resonance state [50]. In a shape-resonance state, the am-
plitude of the continuum-electron wave function inside
the centrifugal potential barrier is strongly enhanced. In

a Feshbach resonance, the coupling between the open and
closed channels induces wave-function mixing between
the bound electrons and the continuum electrons of the
open channel, resulting in a strongly enhanced amplitude
of the continuum-electron wave function inside the atom-
ic or ionic sphere. Both the shape-resonance state and
the Feshbach-type resonance state increase the collision-
al cross section many-fold, or even by many orders of
magnitude, over the nearby nonresonance states. How-
ever, the difference is that, for the shape-resonance states
and the Feshbach-resonance states, the large increase in
cross sections only occurs very near the resonance ener-
gy, whereas the TSLCE effect increases the cross section
considerably over a much wider range of collision energies
and increases the collisional-ionization rate much more
effectively.

To summarize, electron-ion collisional ionization pro-
cesses in hot dense plasma are strongly enhanced by
TSLCE compared with those in rarified plasma. The
dephasing and decoherence of the incident and scat-
tered electrons significantly modifies the wave functions
of the continuum states and thus increases the electron-
ion collisional-ionization cross sections and rates. We de-
velop a theory to account for the TSLCE effect and use it
to investigate electron-ion collisional-ionization processes
in solid-density magnesium plasma.

The collision dynamics is completely modified at the
residual energy where the continuum electrons have a
large momentum broadening and a two-peak structure
appears in the energy differential cross section. The re-
sults of the proposed theory are consistent with the re-
sults of recent experiments. TSLCE influences not only
the basic atomic processes but also the physical prop-
erties: equation of state, opacity, electric conduction,
and heat conduction. The results provide insight into
the continuum atomic processes and their reverse pro-
cesses (such as collisional ionization and three-body re-
combination, which is discussed in detail in this work)
in the dense-plasma regime. The proposed concept and
theoretical formalism should find wide applications in a
variety of disciplines, such as astrophysics, high-energy-
density physics, inertial confinement fusion, and atomic
and molecular physics. Further theoretical developments
based on quantum many-body theory are required to ob-
tain a unified and more natural and consistent descrip-
tion.

METHODS

Plasma screening potential

For an isolated ion of nuclear number Z with N elec-
trons (N = Z refers to an atom), the atomic proper-
ties and wave functions are determined by solving the
Dirac equation using a consistent field method [51, 52].
In hot dense plasma, which is characterized by electron
temperature T and density ne, both the bound and con-
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tinuum electrons of the ion feel a plasma screening po-
tential Vscr(r) that originates from the interaction with
surrounding electrons and ions in the plasma [53, 54]:

Vscr(r) = 4π

[
1

r

∫ r

0

r1 +

∫ R0

r

]
r1ρ(r1)dr1−

3

2

[
3

π
ρ(r)

]1/3
,

(1)
where R0 = ( 3

4πni
)1/3 defines the radius of the ion sphere.

The free-electron density distribution ρ(r) follows Fermi–
Dirac statistics, which is obtained from the ionization
equilibrium equation of the plasma. In the theoretical
treatment, we calculate the Kohn–Sham potential by us-
ing the finite-temperature exchange-correlation function-
als of Dharma-Wardana and Taylor [55], although other
choices for functionals are possible [56].

Localized wave functions of continuum electrons

The energy and momentum of the continuum electrons
in hot dense plasma have a range of uncertainty because
of the randomness of collisions and the resulting energy
and momentum that is exchanged with other electrons
and ions. As a result, the radial wave function of the
continuum electrons (with central momentum k0) is a
superposition of normalized wave function Pkκ(r) associ-
ated with energy within the uncertainty

uk0κ(r) =
1

A

∫ ∞

0

f(k, k0)Pkκ(r)dk, (2)

where κ is the relativistic angular quantum number, A is
a renormalization constant, and f(k, k0) is the expansion

coefficient of Pkκ(r) in momentum space. The normal-
ized wave function Pkκ(r) is determined by solving the
Dirac equation with the plasma screening potential and
has a definite energy and momentum k. In dense plas-
mas, the dominant momentum broadening has contribu-
tions from elastic and inelastic collisions with free elec-
trons and ions in the plasma and therefore can be taken

as a Lorentzian distribution f(k, k0) =
∆k/π

(k−k0)2+∆k2 (with

∆k being the half width at half maximum of the momen-
tum broadening). The localized wave function can be
normalized to unity over the physical space domain [20].

Differential and integral cross sections of
electron-impact ionization

The energy differential cross section for electron-
impact ionization reads

dσif (ϵ0, ϵ)

dϵ
= ρ(ϵ0)ρ(ϵ)ρ(ϵ0 − I − ϵ)

2π

k2i gi

∑
κiκf

∑
JT

(2JT + 1)

× |⟨ψiκi, JTMT |
∑
p<q

1

rpq
|ψfκ1κ2, JTMT ⟩|2,

(3)

where ρ(ϵ) is the density of states of the corresponding
continuum electron [20], I is the ionization potential, gi
is the statistical weight of the initial state, ki is the ki-
netic momentum of the incident electron, JT is the total
angular momentum when the target state is coupled to
the continuum orbital, MT is the projection of the total
angular momentum, κi, κ1, and κ2 are the relativistic
angular quantum numbers of the incident and scattered
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electrons, and ψi and ψf are the wave functions of the
initial and final states, respectively. The density of states
is included here to denote the re-normalization formalis-
m of the continuum electron [20]. The integral ionization
cross section is obtained by integrating the differential
cross section over the energy ϵ of one scattered electron.

Collisional-ionization rates

The rate of electron-impact ionization from level i to
j may be expressed as [37]

Rij = ne

∫ ∞

√
2I/me

vf(v)σifdv, (4)

where I is the ionization potential from i to j, and f(v)
is the velocity distribution function of the free electrons

in the plasma.

The data that support the figures in this paper and
other findings of our study are available upon request
from the corresponding author.
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