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Mathematical modeling. 15 

Case 1: Luedeking and Piret experiment. 16 

The Figure S1 presents the biomass experimental points and the L and FOPDT adjusted models 17 

of the Luedeking and Piret (1959) work. The sampling time of the experiment was 14 hours with sampling 18 

every half hour. It can be seen that the last data collected show that the steady state, i.e. the stability of the 19 

system, has not yet been reached. Other works on LAB fermentation to obtain LA studied the fermentation 20 

process up to times of 30 h (Berry et al. 1999), 50 h (Serna Cock and De Stouvenel 2007) and even up to 21 

60 h (Palaniraj and Nagarajan 2012). Michelson et al. (2006) carried out the kinetics of LA production up 22 

to 24 h and no stabilization of LA production has yet been observed. Therefore, as the kinetic time is limited, 23 

the reported parameters values may be wrong. This is evidenced by the difference between the Xmax value 24 

reached in their experiment (9.40 UOD/ml), and those obtained by us  when applying both models (see 25 

Table 4), which are higher than the maximum experimental LP value, since if the experimental time had 26 

continued, the Xmax values estimated by our models would probably have been reached. 27 

Figure S1 about here 28 

The Table 4 shows the parameters obtained by adjusting the L and FOPDT models and the R2 29 

obtained. It is observed that the L model presents a better fit than the FOPDT model, although the difference 30 

is minimal, it means that the FOPDT model is adequate to represent this type of bioprocesses. The value of 31 

Xmax obtained in the FOPDT model is almost 7% higher than the L model.  32 

Luedeking and Piret (1959) defined a specific growth rate as k = (1/X)(dX/dt), being equal to 0.48 33 

h-1. This value is very close to the value obtained by us when applying the L model to the experimental 34 

data. They did not defined the extension of the lag phase, so the value of T0 proposed by us with the FOPDT 35 

model (6.50 h) can serve as an approximation to the duration of the latency phase. 36 

Figure S2 shows the LA experimental points and the fitted models from the work of Luedeking 37 

and Piret (1959):  38 

Figure S2 about here 39 

They obtained the parameters Yp/x (α) and mp (β), being 2.2 mg LA/UOD and 0.55 mg LA/UOD.h 40 

respectively. As can be seen in the Table 4, our results was very different, because we consider mp = 0, for 41 

instance, this affect considerably the value of Yp/x obtained in both cases. Despite this wide difference, the 42 



3 
 

delay models proposed by us, both the L-LP with delay model and the FOPDT, have R2 greater than 96%, 43 

so they are very successful proposals.  44 

The Td was very little in L-LP with delay and FOPDT models. This shows that in the case of 45 

obtaining LA with L. delbruecki in liquid medium, with the basics nutrients in the culture medium and 46 

pH=6, LA is obtained quickly after the bacterial biomass is generated. 47 

Case 2: Fungal Submerged Fermentation (FSF). 48 

Figure S3 shows the experimental points and the fitted models from the work of (Jin et al. 2005) 49 

using pineapple, potato and wheat wastes:  50 

Figure S3 about here 51 

They found the lag phase extension of 6 h for fungal biomass growth in all cases, while we obtained 52 

a T0 = 4 h. They obtained a maximum concentration of fungal biomass of 5.2 g/l (corn), 4.9 g/l (pineapple), 53 

4.6 g/l (potato) and 4.9 g/l (wheat). The values of Xmax obtained with the models applied by us are very 54 

close to those defined by Jin et al. (2005) in all cases. The R2 obtained with FOPDT model were superior 55 

to L model in all cases. This demonstrates that the FOPDT model proposed in the present work are suitable 56 

for modeling the microbial kinetics of fungal submerged LA fermentation and provided the parameters of 57 

time appropriately. 58 

Figure S4 shows the LA experimental points and the fitted models from the work of Jin et al. 59 

(2005). They found the duration of the lag phase was 10 h for LA production in all cases, while in our work 60 

the T0 was 12 h by applying the FOPDT model, in all substrates studied. Taking this parameter into account, 61 

the R2 improved in all cases, as shown in Table 4. They found the maximum concentration of LA for all 62 

wastes used as substrate, being 15.0 g/l for corn, 14.6 g/l for pineapple, 14.0 g/l for potato and 14.4 g/l for 63 

wheat. Also, they indicated that the production of LA took place continued to the exponential cell growth 64 

phase. 65 

Figure S4 about here 66 

They did not find the values of the parameters Yp/x and mp, so our contribution is very important 67 

for this type of fermentations. The value of Td obtained was 8 h by applying the FOPDT model. This shows 68 

that in the case of obtaining LA with R. oryzae in liquid medium with shaking, using agroindustrial wastes 69 

supplemented with basics nutrients, without keeping the pH constant, the LA is obtained in a considerable 70 
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period of time after the biomass has been generated. This may be due to the fact that fungi in submerged 71 

fermentations can grow in different forms, either in the form of pellets, mycelium or clumps, and these 72 

forms can be modified by changing the conditions of fungal development. The different forms have 73 

different productivities of the metabolite secreted by the fungus, as well as the mycelium provides greater 74 

viscosity to the liquid medium than the pellet (Xu et al. 2017).  75 

Case 3: Bacterial Submerged Fermentation (BSF). 76 

Figure S5 shows the biomass experimental points and the fitted models from the work of Palaniraj 77 

and Nagarajan (2012) and Berry et al. (1999). 78 

Figure S5 about here 79 

Palaniraj and Nagarajan (2012) observed a lag phase of 12 h with a biomass concentration of 68 80 

g/l at the end of the fermentation, and the μmax determined was 0.1146 h-1 by Monod model. In this case, we 81 

define a T0 = 15 h and the Xmax fitted by the two models was very close to the maximum value obtained by 82 

them. We adjusted the μmax at 0.1412 h-1 with L model, being this value a little higher than 0.1146 h-1. It 83 

should be noted that the authors obtained the μmax by the Monod Model that takes into account the substrate 84 

concentration and the Ks constant, so it probably differs from the μmax obtained by us.  85 

Berry et al. (1999) used a Monod like kinetics to model the biomass growth, obtaining the Xmax = 86 

10.5 g/l and the µmax = 0.49 h-1. According to this model, the value of the specific growth rate was affected 87 

by the dissociated and undissociated LA, which is quite different from the µmax = 0.3512 h-1 we defined 88 

with the L model (see Table 4). We obtained a high R2 with two models. Moreover, we were able to define 89 

the parameter T0 = 8 h, which gives an idea of how long it takes for the microorganism to rapidly increase 90 

its cell biomass. The authors did not report the duration of the adaptation phase, so this is a good 91 

contribution. The results shown in the Figure S3 and Table 4, demonstrate the appropriate applicability of 92 

the L and FOPDT models in bacterial submerged LA fermentation. 93 

Figure S6 shows the LA experimental points and the fitted models from the work of Palaniraj and 94 

Nagarajan (2012) and Berry et al. (1999). 95 

Figure S6 about here 96 

Palaniraj and Nagarajan (2012) found the parameters Yp/x (α) and mp (β), being 0.7720 h-1 and 97 

0.0140 respectively. Our results of Yp/x obtained after fitting the models were 0.79 g/l with L-LP and L-LP 98 
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with delay models (see Table 4). The R2 obtained are higher than 97% in the FOPDT model. They did not 99 

define the instant of time at which the LA starts to be produced exponentially, whereas we, by defining the 100 

parameter T0, provide this important information, being 3.00 h when applied the FOPDT model, so this 101 

value is the one that was used in L-LP with delay model. The most important thing to observe is that the 102 

incorporation of the Td parameter improved the fit of the models. This shows that in the case of obtaining 103 

LA with L. casei in liquid medium at pH = 6.5, using potato waste and yeast extract with enzymes, the LA 104 

is obtained in a longer time than the experiment of Luedeking and Piret (1959).  105 

Berry et al. (1999) defined the value of Yp/x = 0.0389 mol LA/g cell and mP = 0.0025 mol LA/g 106 

cell . h. To be able to compare it with our results we must convert the units of moles of LA into grams of 107 

LA, so that 0.0389 
𝑚𝑜𝑙 𝐿𝐴

𝑔 𝑐𝑒𝑙𝑙
𝑥 90.08 

𝑔 𝐿𝐴

𝑚𝑜𝑙 𝐿𝐴
= 3.50 

𝑔 𝐿𝐴

𝑔 𝑐𝑒𝑙𝑙
 and 0. 0025

𝑚𝑜𝑙 𝐿𝐴

𝑔 𝑐𝑒𝑙𝑙 .ℎ
𝑥 90.08 

𝑔 𝐿𝐴

𝑚𝑜𝑙 𝐿𝐴
=108 

0.2252 
𝑔 𝐿𝐴

𝑔 𝑐𝑒𝑙𝑙 .ℎ
 . There is a marked difference between the parameter values obtained by them and by us 109 

(see Table 4). Obviously, as we use a value of mp = 0, this will condition the value of Yp/x. When analyzing 110 

the FOPDT model, it generated Td = 2.00 h, so it was used for the L-LP with delay model. These values are 111 

similar to those obtained by Palaniraj and Nagarajan (2012), even though the fermentative conditions are 112 

different. The fits of the proposed models are very good, with R2 values of 97.96 % for the L-LP with delay 113 

model and 97.43% for the FOPDT model. 114 

Everything discussed in this item, reveals how the use of different types of bacteria, their different 115 

metabolism and the different cultivation conditions, influence the Td value.  116 
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Fig. S1: Luedeking and Piret Mathematical modeling: Experimental points of Bacterial Density ( ); 134 

FOPDT Model (solid line) and L Model (script line).  135 

Fig. S2: Luedeking and Piret Mathematical modeling: Experimental points of Lactic Acid ( ); FOPDT 136 

Model (solid line); L-LP Model (script line) and L-LP with delay model (script and dotted line). 137 

Fig. S3: FSF Mathematical modeling: Experimental points of R. oryzae Biomass ( ); FOPDT Model 138 

(solid line) and L Model (script line). 139 

Fig. S4: FSF Mathematical modeling: Experimental points of Lactic Acid ( ); FOPDT Model (solid line); 140 

L-LP Model (script line) and L-LP with delay model (script and dotted line). 141 

Fig. S5: BSF Mathematical modeling: Experimental points of Biomass ( ); FOPDT Model (solid line) and 142 

L Model (script line). a). Palaniraj and Nagarajan (2012) and b). Berry et al. (1999). 143 

Fig. S6: BSF Mathematical modeling: Experimental points of Lactic Acid ( ); FOPDT Model (solid line); 144 

L-LP Model (script line) and L-LP with delay model (script and dotted line). a). Palaniraj and Nagarajan 145 

(2012) and b). Berry et al. (1999).  146 
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