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SUPPLEMENTARY NOTE 1: NETWORK CORRELATIONS AND THE INFLATION TECHNIQUE

Before explaining the inflation technique in some detail, it is useful to note some basic observations on the definition
of network correlations. Recall from the main text that triangle network states are of the form

0= ngﬁp ® 5](;) ® E(CA) [oaBc], (1)
\

i.e. there exist source states 04, 0, 0c With 0aBc = 04 ® 0p ® 0., a shared random variable A and channels (that is,
trace preserving positive maps) EX‘), 5](3/\) and E(C’\) that can be used to generate the state g, as shown in Fig. 1.

First, we note that in this definition, the state 04pc does not depend on the classical variable A. This is however,
no restriction, as the dimensions of the source states are not bounded. If in Eq. (1) the p4pc(A) and hence the g4 (A),
06(A), 0c(N\) depend on A, one can just combine the set of all g,(\) to a single g, etc. and redefine the maps 51(4)‘)
ete. such that they act on the appropriate g,(\). This results in a form where o4pc does not depend on A anymore,
hence the state can be written as in Eq. (1). Note that this has already been observed in [1].

As mentioned in the main text, one may define network states also in a manner where the shared randomness is
carried by the sources only. Indeed, if one adds an ancilla system to the source states, this may be used to identify the
channel £x to be applied. More explicitly, the source states may be redefined as gﬁ” ® |A)(A] with orthogonal ancilla
states |A) being send to Bob (respectively to Charlie and Alice for sources a and b), such that Bob can, by measuring
|A), decide which channel to apply. This measurement can then be seen as a global channel £g that does not depend
on A. From the linearity of the maps, one may also write general network states as p = E4®Ep ® Ec [ oAb 9%1)30} as
an equivalent definition. For our purpose, the potential dependence of pspc on A has the following consequence: If
we wish to compute for a symmetric |¢)) the maximum fidelity (i|o|y) over all network states g, then we may assume
that ¢ permutationally symmetric, too. This follows from the simple fact that we can, without decreasing the overlap,
symmetrize the state p4pc, and the symmetrized state will still be preparable in the network.

Second, one may restrict the papc = 04 ® 0» ® 0. further. Indeed it is straightforward to see that o, = |a){al,
op = |b)(b|, and g, = |¢){c| can be chosen to be pure, as the channels 51(:‘) etc. are linear.

Third, as the set of network preparable states is by definition convex, one may ask for its extremal points. Formally,
these are of the form Eﬁ(\) ® 52/\) ® 88) [|a)(a| ® |b) (b] ®|c){(c|], but can these further be characterized? Clearly, pure
biseparable three-particle states, such as |[¢) = |¢)ap ® |n)c are extremal points. There are however, also mixed
states as extremal points, which can be seen as follows: It was shown in Ref. [2] that pure three-qubit states which
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FIG. 1. Triangle quantum network. Three sources g4, 0» and g. distribute parties to three nodes, Alice, Bob and Charlie (A,

B and C). Alice, Bob and Charlie each end up with a bipartite system X = X; X on which they perform a local channel 5;;‘)
(X = A, B,C) depending on a classical random variable A.
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FIG. 2. Triangle network and three of its inflations. The first figure represents the triangle network Fig. 1, with global state
0. Using the same source states (represented by lines of same colour) and same local channels, one can build the so-called
inflated state 7, which is biseparable. The state  is build similarly, but with a different rewirering, leading to an inflated state
that is in general not separable and different from 7. One may also go to higher order inflations, e.g. with three copies and
some rewireing, as depicted here. This procedure implies several equalities between the marginals of the original state and its
inflations.

are genuine multiparticle entangled (that is, not biseparable) cannot be prepared in the triangle network. On the
other hand, in Ref. [1] it was shown that there are network states having a GHZ fidelity of 0.5170, which implies that
they are genuine multiparticle entangled [3]. So, the set defined in Eq. (1) must have some extremal points, which
are genuine multiparticle entangled mixed states.

After this prelude, let us explain the inflation technique [4, 5], which has already proven to be useful for the
characterization of quantum networks [1]. We introduce it for triangle networks as for arbitrary networks it is a direct
generalization.

We start with constructing two inflations of the triangle network. Consider two networks with six vertices and six
edges as in Fig. 2. Identical sources are distributed along the lines of same colour, thus two copies of each source are
needed per network. In other words, the source g, is distributed between AC and A’C”’ to generated 7, and between
AC" and A’'C for v (analogously for g, and g, following Fig. 2). Then, the channels are performed according to the
random parameter A. Both on primed and non-primed A nodes, the same channel 51(4)‘) is applied and similarly for
B and C'. This leaves us with two network states, 7 and . Those operators are physical states, i.e. they have a unit
trace and are positive semi-definite. Formally, they can be written as

T=> m (551” REXM @Y [QABC]) ® (5“) 2N @l [QA,B,C,]) @)
A
and
y :Zp/\é’g)\) ® S(BA) ® gék) ® 51(4{\) ® 5(/\/) ® 5(/\/) [QABCA’B’C/], (3)
A

where 9AaBcA'B'cr = 0c ® 0 ® 0q ® 0c ® 0p ® 04, With the ordering of parties being different on both sides. Here,
one needs to carefully pay attention to which channel acts on which party (this is depicted in Fig. ??). Clearly, given
only the knowledge of p, the precise form of 7 and ~ is not known. Still, due to the way they are constructed some
of their marginals have to be equal, namely

TABC = TA'B'C’ = 0, (4)
YABC = YA'B'C’; (5)
TTXX/(T) :T‘I'XX/(’V) fOI X :A,B,C. (6)



Furthermore, from Eq. (2) it is clear that 7 is separable wrt the partition ABC|A’B’C’ and we note that T and ~y are
permutationally symmetric under the exchange of non primed and primed vertices. Therefore, if, for some given state
o, it is not possible to find states 7 and ~y that satisfy those conditions, then ¢ cannot be generated in the considered
network.

An interesting point is that the question for the existence of 7 and v with the desired properties can be directly
formulated as a semidefinite program (SDP). This can be used to prove that such inflations do not exist, and the
corresponding dual program can deliver an witness-like construction that can be used to exclude preparability of a
state in the network. Still, these approaches are memory intensive. For instance, as the authors of Ref. [1] acknowledge,
it is difficult to derive tests for tripartite qutrit states in a normal computer.

Finally, let us note that other triangle inflations may be considered, for instance inflations with 3n nodes (n =
3,4,...) or simply wired differently than 7 and . As mentioned previously, this technique can also be used for more
complicated networks.

SUPPLEMENTARY NOTE 2: FIDELITY ESTIMATE FOR THE GHZ STATE

Let us compute a bound on the fidelity of triangle network states to the GHZ state, i.e. compute F' = max(GH Z|o|GH Z),
where the maximum is taken over all states as in Eq. (1). For this maximization is it sufficient to consider the extremal

states, which are of the type gITN = E(A) ®5(>‘ ®5(>‘) [QABC], here ITN stands for the independent triangle network,
that is the triangle network without shared randomness.

Therefore, one may use techniques based on covariance matrices [6, 7], which are designed for the ITN. The
covariance matrix (CM) T' of some random variables z1,...,zy is the matrix with elements I';; = cov(z;,z;) =
<£C1'I’j> — <1‘Z> <I’j>, 1= 1, e ,N.

We can now explain the general idea of the technique in Ref. [7]: If one computes the CM of the outcomes of
Z-measurements on each qubit of an ITN state, then this matrix has a certain block structure. Checking this block
structure can be done by checking the positivity of the comparison matrix M (T'). The comparison matrix obtained
by flipping the signs of the off-diagonal elements of I". The condition then reads: For any quantum state in the ITN
the comparison matrix of the CM is positive semi-definite. Hence, a negative eigenvalue in the comparison matrix
excludes a state of being preparable in the ITN.

Now, if we apply that to states o(F) = F|GHZ){(GHZ|+(1—F')¢ with a fidelity F to the GHZ state, the comparison
matrix of the CM reads

1—a?(1—F)? —(F+d1—-F)—ab(1—F)?) —(F+e(l—F)—ac(l—F)?)
M) = |- (F+d(l1-F)—ab(l-F)>?) 1-b%(1—F)? —(F+f(1— F)—bc(1—-F)%)|, (7)
—(F+e(l—F)—ac(1-F)?*) —(F+ f(1-F)—bc(1—F)? 1—c2(1-F)?
where a = (Z11);, b = (121),, ¢ = (112);, d = (ZZ1);, e = (Z1Z); and f = (1ZZ);. From the last paragraph,

we have that this matrix is p051t1ve semi-definite for ITN states, thus (¢|M(I')|¢) > 0, for all vectors |¢), and
in particular for |¢) = (1,1,1)/v/3. We notice that (¢|M(I')|#) is upper bounded by 4 — 6F + F? and therefore,
0 < (¢|M(T')|p) < 4—6F+F? holds for ITN states and we are able to exclude all states o( F') with F > 3—+/5 ~ 0.7639
form the triangle network scenario.

By making use of additional constraints or other criteria, we can obtain tighter bound. For any given three
compatible dichotomic measurements M7, Ma, M3, we have [1]

p(My = M) > p(My = M3) + p(Mz = M3) — 1. (8)
This implies
(M Ms) > (MyMs) + (MaM3) — 1. (9)
By substituting M; with —M;, we obtain

(M M) > | (MyM3) + (MaMs) | — 1, (10)
(My M) <1 — | (M Msz) — (MaMs) |. (11)

In our case, we have

d>la+b -1, e>la+c -1, f>|b+c]—1. (12)
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With this extra constraint, 0 < (¢|M(T)|¢) < 9—12F holds for ITN states and we are able to exclude all states o(F)
with F' > 3/4 = 0.75 form the triangle network scenario.
Another criterion for ITN states [8] states that

(1+|Eal + |Eg| + Eap)®
+(1+ |Ea| + |Ec| + Eac)?
+(1+4 |Eg| + |Ec| + Egc)?

<6(1+ [Eal)(1 + | Es)(1 + |Ec]), (13)
where
EA=<le>Q, EB:<1Zl>Q, Ec:<11Z>g, (14)
EAB:(ZZ1>Q, EAC:(Z1Z>Q, EBC:<1ZZ>Q. (15)

As it turns out, if Eq. (13) together with Eq. (12) has a feasible solution of a, b, ¢,d, e, f € [—1,1], then F should
be no more than 1/v/2 ~ 0.7071. Hence, we can exclude all states o(F) with F' > 1/1/2 =~ 0.7071 form the triangle
network scenario.

In particular, if we know E4 = Eg = Ec =0, i.e., a=b=c =0, Eq. (13) reduces to

6>(1+F+d1—F)>+(1+F+e(l—F))?
+(1+F+f(1-F))?
> 31+ F— (1- F))?

= 12F? (16)

which implies F' < 1/4/2. The bound 1/v/2 ~ 0.7071 is slightly worse, but close to the one 0.6803 obtained in Ref. [1]
based on advanced numerical computations.

SUPPLEMENTARY NOTE 3: GRAPH AND CLUSTER STATES

In this Appendix we present our results on graph states and cluster states. This Appendix is structured as follows.
We first recall the basic facts about graph and cluster states. Then, we prove the estimate on the fidelity with cluster

states for states in the square network (see the main text). Finally, we present the proof and discussion of Observation
1.

Graph states and the stabilizer formalism

Graph states [9, 10] are quantum states defined through a graph G = (V| E), i.e. through a set V of N vertices and
a set E containing edges that connect the vertices. The vertices represent the physical systems, qubits. One way of
describing these states is through the stabilizer formalism. For that, as introduced in the main text, one first needs
to introduce the generator operators g; of graph states: a graph state |G) is the unique common +1-eigenstate of the
set of operators {g;},

gi = Xz H Zj, (17)
JEN;:

where N; is the neighbourhood of the qubit i, i.e. the set of all qubits j € V connected to the qubit i € G. The state |G)
can also be described through its stabilizer, which is the set S = {S1,...,Son } = {Hf;l g7 A{zy, ..., an} € {0,131V}
This means that S contains all possible products of the generators g;, hence S;|G) = |G). We note that 1 € S. The
projector onto the state |G) reads

)Gl = 5 D5 (18)
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FIG. 3. Square network and three of its inflations. Similar to the triangle network of Fig. 2, the states 7 and « are generated
using two copies of the sources and channels used to generate g, without and with rewireing respectively. Then, one goes to a
high order inflation by using three copies of the sources and the local channels. By rewireing according to the figure, one gets
the inflated state £. Due to the way network states are generated, several of the marginals of g, 7, v and £ are identical.

Defined like that, graph states are a subset of the more general stabilizer states [9, 11, 12]. First, one has to
consider an abelian subgroup S of the Pauli group Py on N qubits that does not contain the operator —1. To that
set corresponds a vector space Vs that is said to be stabilized by S, i.e. every element of this vector space is stable
under the action of any element of S. We call stabilizers that lead only to one state full-rank stabilizers, i.e. there
is a unique common eigenstate with eigenvalue +1. That state is completely determined by a subset of N elements
of S. As an example, one may consider the GHZ state, as explained in the main text. Indeed, it is the unique
common eigenstate of XX X, 127 and ZZ1. One can show that any stabilizer state is, after a suitable local unitary
transformation, equivalent to a graph state.

More precisely, the local unitary transformations that map any stabilizer state to a graph state belong to the so-
called local Clifford group C1. The local Clifford group is defined as the normalizer of the single-qubit Pauli group, i.e.
UP,Ut =P, for all U € C,. By construction, the stabilizer formalism is preserved under the action of the local Clifford
group, and hence, an interesting question is under which conditions two graph states (or two stabilizer states) are
equivalent under local Cliffords. For graph states this question has a simple solution in terms of graphical operations
that determine their equivalence. Namely, two graph states are equivalent under the action of the local Clifford group
if and only if their corresponding graphs are equivalent under a sequence of local complementations [13]. For a given
graph G and vertex ¢ € V the local complement G’ of G at the vertex i is constructed in two steps. First, we have to
determine the neighborhood N (i) C V of the vertex ¢ and then the induced subgraph is inverted, i.e. considering all
possible edges in the neighborhood any pre-existing edge is removed and any non-existing edge is added. E.g. having
a graph V = {1,2,3} and F = {(1,2),(2,3),(3,1)}, a local complementation on vertex 1 results in the graph with
edges F = {(1,2),(3,1)}.

Estimate for the cluster state fidelity

We aim at computing a bound on the fidelity of square network states to the four-qubit ring cluster state |Cy), i.e.
F = max(Cly|0|Cly), were the maximum is taken over all square network states p. The fidelity of a state ¢ with the
cluster state is given by F = - Zgio (Si),, where {S;} is the stabilizer of [C4), consisting of Sy = 1111 and further
elements given in Table I.

The symmetry of |Cy) implies that one can assume the network state ¢ that maximizes the fidelity to admit the
same expectation value on operators from the same column, as denoted in the last row of Table I.

As explained in the main text, the general idea is to notice that some stabilizers of |C4) anticommute in the
appropriate inflation, and then use the fact that anticommuting operators cannot all have large expectation values



Stabilizer elements
S1=XZ1Z|Ss =YY ZZ| Sg = X1X1|511 = -YXY1|55=XXXX
So=7ZXZ1|Se =YZZY|S10 =1X1X|S12 = —1Y XY
Ss=1ZXZ|S; =2YYZ Si13 = -Y1Y X
Sy =Z1ZX|Ss =ZZYY S =—-XY1Y
(),=© (), =A (),=E (),=-% (1,=90

TABLE I. Elements of the stabilizer of the four-qubit cluster states. The qubit indices A, B, C, D are suppressed here. See the
text for further details.

for a given state. In the 7-inflation of the square network (see Fig. 3), the observable XpXp and YaYpZcZp
anticommute, and since Tgps = opp and Tapcp = 0ABc D one has

E2 A%< (19)
Secondly, we have Eq. (9) of the main text that we reformulate as
=24+e74+22< 1. (20)

At last, we consider the observables X 4 X XcXp and Z4XpZ4 Xp: in the inflation 7. However, the latter is not
a stabilizer of the four-qubit ring cluster state, but we have (ZyXpZa Xp/), = (ZAXBZA/XD),Y. Then, using the
fact that for commuting dichotomic measurements, (M, Ma) > (M7 M3)+ (MaM3) —1 [1], one gets (ZAXBXDZA/)7 >
<ZAAXBZC>,Y + <ZCAXDZA/>,y — 1. Since Xa XpXcXp and Z4 XpZ 4 Xps are anticommuting, from constraints on the
marginals, one finally gets

20 —1 < /1 — A2, (21)
Analogously,

2Y —1<v/1 - A2 (22)

20 -1 < V1-9Q2 (23)

2% — 1< V1 - Q2. (24)

By exploiting all these inequalities as constraints on the maximization of the fidelity, we finally get

F:i%@+4®+4A+2E—4E+Q)

< 0.737684,

hence all states with a larger fidelity to the four-qubit ring cluster state cannot be prepared in a square network.

Proof of Observation 1

Here we provide a detailed proof of Observation 1. To do so, we first need to prove the following theorem.

Theorem 3. Let G(V, E) be a graph as in Fig. J with three mutually connected vertices A, B and C' and let

Tapc =NaNNg NN, (26)
Jap = NaNNg)\ Tapc, (27)
Ex=Na\ (NpUNg), (28)

etc., where N'x is the neighborhood of X (X = A, B,C). Then the graph state |G) cannot originate from any network
with only bipartite sources, if one of the following conditions is satisfied:

1. Jxy = Jxz =0, where X,Y, Z is a permutation of A, B,C;



FIG. 4. Illustration of the conditions in Theorem 3. We consider a triangle in the graph of a graph state. The vertices A, B,C
share some neighbourhoods, which are indicated by black ellipses. Note that the graph may contain further vertices, also the
vertices in different neighbourhoods may be connected. See the text for further details.

c B

FIG. 5. The bipartite network with complete graph K. This is the network that should generate the graph state from Fig. 4.
Note that here the bipartite links of the network are shown, and not the edges of the graph of the graph state.

2. Ex = FEy =0, where X #Y € {A,B,C} ;
3. Ex =Jxy =0, where X #Y € {A, B,C}.

Proof. We only need to show that the graph state |G) cannot be generated in the network with the complete graph
K as shown in Fig. 5, where the number of vertices is the same than in G.
We start our discussion with the inflation ~ as in Fig. 6. Let us denote

gA:XAZNA7 9B :XBZNB7 gc :XCZNC7 (29)

where Ny is the neighborhood of the vertex A in the graph G. Then

9498 = YaYBZR,p, (30)
gagc =YaYcZp, o, (31)
9B9c = YBYcZR s, (32)

where Rap = E4UEp U Jac UJpe, and analoguously for Rac and Rpe. Since gage = (9a98)(9B9c), we can
apply the usual argument from the GHZ state to conclude that

(YaYeZrac)y 2 (YaYBZRag)y + (YBYCZRpe ), — 1. (33)
By comparing the marginals of the states v and o, we have

(YaYBZR,p)y = (YaYBZR,5), (34)
(YBYCcZRpe ), = (YBYCZRpe), (35)

since A,C € Rap U Rpc. In the following, we will also use the notation

R=Rpc =F4UEzUJapUdJgc (36)
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FIG. 6. The network for the inflation ~. This is a two-copy inflation, where only the links between AC and A’C’ are rewired.

in order to avoid a plethora of indices.

Then, we consider the inflation 77 shown in Fig. 7. This is constructed as follows. First, one has two disconnected
complete graphs, K and K’. Then, one takes the subset R as a subgraph of K and rewires all connections from
vertices in R to A to A’. Similarly, one takes the subset R’ as a subgraph of K’ and rewires all connections from
vertices in R’ to A’ to A.

By comparing the marginals of v and 7, this time we have

(YaYeZgr)., = (YaYoZr), (37)

With this reasoning, we have established that the correlation (Y4 Yo Zz) y s large in 7, if the original state g is close
to the graph state. Now we have to identify another anticommuting observables in 5 with large expectation value in
order to arrive at a contradiction.

A natural first candidate is the stabilizing operator

gB = XpZaZcZ,. (38)

with R = EgUJapUJpcUTapc of the graph state. This, however, cannot always be identified with some observable
in the inflation n. Still, if

RNA=0< Jap=Jc =10 (39)

the observable gp is not affected by the rewiring in 7, we have (gp) 0 = <gB>n' Moreover, in 7 the observables g and
Y)Y Zg anticommute. So, in this case we have

(YaYoZr)s + (gp)y < 1. (40)

and for the original ¢ we arrive at the condition (assuming (YaYpZr,,), + (YsYcZprso), —1 >0, as in Eq. (??) in
the main text)

(YaYBZran), + (YBY0ZRpe), — 1) + (g5)2 < 1 (41)

for states that can be prepared in the network.
Furthermore, in the case that £4 = E¢ = () and by making use of the operator

gagBgc = XaXpXcZEyuTape (42)

we arrive at a similar condition on p that is also violated by the graph state |G).
Finally, if E4 = Jap = ), one can make use of the operator

gaA = XAZBZCZJAcLJTABcv (43)

in order to arrive at a condition on p that is not satisfied by the graph state |G).
By permuting A, B, C in the above argument, we finish our proof. O

In the following, we identify some basic situations where the Theorem 3 can be applied. First, we show that the
conditions of Theorem 3 are met, if there is one vertex with a small degree.



FIG. 7. The network for the inflation n. This is constructed as follows. First, one has two disconnected complete graphs, K
and K'. Then, one takes the subset R as a subgraph of K and rewires all connections from vertices in R to A to A’. Similarly,
one takes the subset R’ as a subgraph of K’ and rewires all connections from vertices in R’ to A’ to A.

Corollary 4. Let G be connected graph with no less than three vertices. If its minimal degree is no more than three,
the graph state |G) cannot be generated by any network with bipartite sources.

Proof. The proof will be done successively for minimal degree one, two and three.
Let v be a vertex whose degree is one and let w be the vertex connected to v. Since G is a connected graph with
no less than three vertices,

Nuw \ {v} #0, (44)

where N, is the neighbourhood of w. If we apply local complementation on the vertex w, we obtain a new graph G’,
where

u~wv, Yue N\ {v}, (45)

where u ~ v means that the vertices u, v are connected.
By setting

B=w, A=wv, C=uy, (46)
where ug is an arbitrary vertex in N, \ {v}, we see that

N \{A,C} =Tapc U Jag,

47
A~B, A~C, B~C. (47)

Hence, Ep = Jpc = 0, which implies |G’) cannot be from any network with only bipartite sources. Since |G) is
equivalent to |G’) up to a local unitary transformation, we come to the same conclusion for |G).

Now, let us consider graphs with minimal degree equal to two, and let v be a vertex with degree two, and w and
u be the two vertices connected to v. If w % u, we can apply a local complementation on v to connect them. Hence,
we can assume w ~ u without loss of generality. By setting

A=w, B=v, C=u, (48)
we have
Ep =Jap = Jpc =Tapc =0, (49)

which leads to the desired conclusion.

Lastly, let v be a vertex with degree three and let w, u and ¢ be the three vertices connected to v. Since we can
apply local complementation on v, without loss of generality, we can assume that there are at least two edges among
w, w and t, more specifically, w ~ v and w ~ t. Let us take

A=w, B=wv, C=u, (50)
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(d) (e) ()

FIG. 8. The six inequivalent graphs with four vertices up to permutations and complementation.

hence we see that
Eg=0, Jap=0 or Jgc=0. (51)

This implies that the graph state |G) with a vertex of degree three cannot be from any network with only bipartite
sources. O

Under certain conditions, we can also exclude a network structure for graphs with minimal degree four:

Corollary 5. Let G be a graph that has a vertex v of degree four. If the induced subgraph on the neighborhood N, is
not a line graph, then |G) cannot be generated in any network with bipartite sources.

Proof. As shown in Fig. 8, there are six inequivalent graphs with four vertices up to permutation and complementation.
In case (a), we can set B = v, A = u1,C = ug, then

Tapc ={us,wa}, Ep=Jap=Jpc=0. (52)

In case (b) and (c), we can set B = v, A = uz, C' = uy4, then
Ep = {u1,u2}, Jap=Jpc=Tapc =0. (53)

In case (d) and (e), we can set B = v, A = uy,C = ug, then
Ep ={uz2}, Tapc ={us}, Jap=Jpc=0. (54)

In all the above cases, Theorem 3 implies that the graph state |G) cannot be from any network with only bipartite
sources. In case (f), the neighbourhood N, of v is a line graph whose complementation is also a line graph. O

Having established these results, we can discuss graphs with a small number of vertices. Here. previous works have
established a classification of all small graphs with respect to equivalence classes under local complementation. In
detail, this classification has been achieved for up to seven vertices in Ref. [10], for eight vertices in Ref. [14] and for
nine to twelve vertices in Ref. [15]. These required numerical techniques are advanced, as, for instance, for 12 qubits
already 1 274 068 different equivalence classes under local complementation exist. We can use this classification now,
and apply our result on it to obtain:

Theorem 6. No graph state with up to 12 vertices can originate from a network with only bipartite sources.

Proof. Using the tables in Ref. [15] one can directly check that except the graph Ggs in Fig. 9, all graphs with no
more than 12 vertices, up to isomorphism and local complementation, satisfy at least one condition in Corollary 4
and 5.

For the graph Ggs, the minimal degree is no less than 5 whatever local complementation is applied. However, if we
set

B=uv;, A=wv;, C=us, (55)
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then

Ep = {vs,v3}, Tapc = {vs} (56)

Thus, Jap = Jpc = 0, which implies that the graph state |G45) cannot originate from a network with only bipartite
sources.
All in all, no graph state with more than 12 vertices can originate from a network with only bipartite sources. [

@ @

FIG. 9. The graph Gg45 with twelve vertices, where the minimal degree is no less than five whatever local complementation is
applied.

The statements in Observation 1 concerning the two- or three-dimensional cluster states follow directly from Corol-
lary 5 (in the 2D case) or the application of a local complementation and Theorem 3.

SUPPLEMENTARY NOTE 4: PERMUTATIONALLY SYMMETRIC STATES

Before proving our main results, let us give some definitions. As introduced in the main text, we define N-
partite permutationally symmetric (bosonic) states as states that satisfy H;; QH;; =pforall i,j € {1,..., N} with
21_[;-; = 1 + F;; and Fj; being the flip operator that exchanges parties i and j. We can also introduce fermionic states
that are antisymmetric for a pair of parties {ij}, i.e. I, 0ll;; = o, with 2ll;; =1 — Fj;. For our discussion we need
several basic facts. We stress that the following Lemma 7 and 9 are well known [16-18], while Lemma 8 is a simple
technical statement.

Lemma 7. Let o = Y, pr|tr)(Vr| be a multipartite state and let II be a projector such that IpIl = o. Then
H|¢w) = |x) for all k.

Proof. One has
1 = Tr(o) =Tr(ILpll)
= Zpk<1/)k|n|1/’k>- (57)
k

So (Y ||¢k) = 1, and since IT is a projector, II|iy) = |[¢), for all k. O
This holds in particular for IT = Hf; As a second lemma, we have

Lemma 8. If the reduced state on AB of some state is symmetric or antisymmetric under the exchange of parties A
and B, then the global state also is.

Proof. Let 0 = >, pr|tw) (| be the state of some tripartite system ABC. Let us prove that if Fap (Trc(0)) =
+Tre (o), then (Fap ® 1) = £p. If one considers the Schmidt decomposition of |1;) wrt the bipartition AB|C, one

has
0= E Pk E Sk,iSk.j
k ]

A
wi (0051 ® IXE ) (XK.

(58)
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From that, oap = > ;. Pk >_; |Sk.il?] ;i?)(gb;?ﬂ and since it is a permutationally symmetric (respectively antisymmet-
ric) state, from Lemma 7 all states in its decomposition also are and thus (Fap ® 1)p = +o. O

We note that for both those lemma, the converse is trivial. Finally, we have:

Lemma 9. (a) A N-partite symmetric state o is either genuinely N-partite entangled or fully separable. (b) A
N-partite antisymmetric state is always N -partite entangled.

Proof. Due to Lemma 7 we only need to consider pure states. Let |¥) be a N-partite (anti)symmetric state that is
not N-partite entangled, hence it is separable for some bipartition. Without loss of generality, we assume that

) = |p1,..1) @ |Drg1,... N)- (59)

Thus, by tracing out the first ¢ parties, we have a pure state. The symmetry of |¥) implies that the reduced state is
pure after tracing out any t parties. This can only be true if |¢1,._ ), P41, n) are fully separable.

Besides, denote |ab...c) a normalized fully separable antisymmetric state, we have |ab...c) = —|ba...c). This
implies that —1 = (ab...c|ba...c) = |(a|b) |> > 0, hence we arrive at a contradiction. O

We note that the notions of entanglement used in this Lemma are the standard ones for non-symmetric states, as
these are the relevant ones for the main text. In principle, for indistinguihable particles one may separate the “formal”
entanglement due to the wave function symmetrization from the “physical” entanglement [16].

Now, let us prove the Observation 2 of the main text. For completeneness, we restate it here in the full formulation:
Observation 2’. Let o be a permutationally symmetric multiparticle state. Then, o can be generated in a quantum
network with N — 1-partite sources if and only if it is fully separable. If o be a permutationally antisymmetric, then
it cannot be generated in a network.

Proof. Let p be a N-partite permutationally (anti)symmetric state. Let us assume that it can be generated in a
network of N nodes with some at most (N — 1)-partite sources. Note that any state that can be generated in a
network of N nodes with no N-partite sources, can also be generated in a network of N nodes with N different
(N — 1)-partite sources. Let us denote by ¢; the source used to generate o that distributes parties to all nodes except
the ith one.

If we assume that g is a network state, then the inflation n build the following way is a physical state: Consider a
network of 2N nodes {A4;, A, :i=1,...,N} and 2N sources {Cx,(;, : k =1,..., N} that distribute parties to

Cht Ao A1 Al A, (60)
G AL AL Ay An, (61)

where (, = (j, = ¢x for all k. The state n is the network state build with these sources and the same channels on the
nodes than ¢ (with some shared randomness). From the inflation technique, we know that for the reduced states

NAiAigr = NALAL, = QA Ay, VIS N —1, (62)
NALAY = NAL Ay = 0A Ay (63)
Since the state g is fully (anti)symmetric, Lemma 8 and Eq. (62) imply that the state 7 is also fully (anti)symmetric.
Now, we consider the inflated state 7, whose sources {wy,wj, : k =1,..., N} distribute states to
wi  A1AgAs . A1 Agyr .. AN

(64)
Wit ALALAL AL A Al

Again, the local channels and shared randomness are the same than for ¢. This is the two-copy inflation considered
several times in the main text. One has

TAy. Ax = TA|. A} = 0 (65)

Moreover,

TAA, = NA A (66)

hence 7 is permutationally fully (anti)symmetric under the exchange of all its parties. However, 7 is separable wrt
the bipartition Ay ... Ay|A] ... A’y. In the fully symmetric case, this means that 7 is fully separable. Therefore p is
also fully separable. So, if a network state is permutationally symmetric, it needs to be fully separable. In the fully
antisymmetric case, the full separability of 7 contradicts with the assumption that 7 is fully antisymmetric. So, no
network state can be permutationally antisymmetric. O
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C

FIG. 10. A typical graph for a network where the link AC' is missing. See text for further details.

Finally, we note that cyclic symmetric states may be generated in network scenarios, as already pointed out by
Ref. [2]. As an example, we consider three Bell pairs |®1) as sources in the triangle network, and no channels
applied. The global 3 x 4-partite state is |¥)apc = |P1) 4,5, |PT) 5oy |[PT)cpa,, With A = A1 A5 and so on. With
the appropriate reordering of the parties and by mapping |ij)x — |2i + j)x for X = A, B, C, one gets

1
] =—
) asc 22

which is a symmetric state under cyclic permutations of the 3 x 4-dimensional system ABC.

(1000) + [012) + |120) + [201) + |132) + |321) + [213) + [333)), (67)

SUPPLEMENTARY NOTE 5: CERTIFYING NETWORK LINKS

Here, we prove the statement made in the main text, which can be formulated as follows:

Observation 10. If a state o can be prepared in a network with bipartite sources but without the link AC, then
(XAXoPr,) + (YAYo PR, + (ZaZcPRr,)” < 1. (68)

Here the Pg, are arbitrary observables on disjoint subsets of the other particles, R; N R; = 0. If the state o was
indeed prepared in a real quantum network, then violation of this inequality proves that the link AC is working and
distributing entanglement.

Proof. Without loss of generality, we assume that
Ry ={E}, Ry={B}, Rs={D}. (69)

Otherwise, we can prove the result similarly. The disconnected nodes A and C' may be connected via some source
with the R; or not, but this is not essential. Then, the graph has a structure as the graph in Fig. 10.

We consider a three-copy inflation £ of this graph, where the observables in Eq. (68) overlap only in the node A.
This inflation is constructed as follows: All links from B to C are rewired from B to C’ and all links from D to C are
rewired from D to C”. This is shown schematically in Fig. 11.

The anticommuting relations imply that

(XaXcPp); + (YaYor Py)e + (ZaZcrn Pp)e < 1. (70)

By comparing the marginals of ¢ and &, we have

<XAXCPE>§ = <XAXCPE>97 (71)
(YaYoPp), = (YaYoPp),, (72)
<ZAZCPD>£ = <ZAZCPD>Q. (73)

By substituting the mean values with state £ by the ones with ¢ in Eq. (70), we complete our proof. O
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FIG. 11. Schematic view of the third order inflation £ of the network in Fig. 10. See text for further details.

Finally, we give a simple example where this criterion can detect the functionality of a link, while a simple concen-
tration on the reduced two-qubit density matrix does not work. Consider the state

0= 351}l + Is2) 21, ()

where
|s1) = (100)ac + [11) ac) © |00) 5D, (75)
520 = (00)ac — [11).0) @ 1), (76)

Here, we want to check whether the link AC' works or not. Since the reduced state on AC is separable, we cannot
use the criteria which acts only on AC'. It is easy to verify that

(XalpXclp) =0,

7
— <YA]lBYcZD> = <ZA]lBZC]lD> = 1, ( )

which violates Eq. (70). Hence, our criteria can detect the link AC' more effectively.
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