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Supplementary Materials 

A: Model Equations for Neurovascular Compartmental Dynamics: 

The following equations are obtained from published literature models38,47-49 implementation 

of neurovascular dynamics. Equations in bold font represent state variables of the 

compartments. 

1. Synaptic Space 

(a) Potassium concentration in the synaptic space, [𝐾+]𝑠
𝒅[𝑲+]𝒔

𝒅𝒕
= 𝑱𝑲𝒔 −

 𝑱𝜮𝑲𝒎𝒂𝒙𝒌𝑵𝒂
[𝑲+]𝒔

[𝑲+]𝒔+ 𝑲𝑲𝑶𝒂
                                                                        (1) 

𝐽𝐾𝑠 is potassium release from active neurons. 𝐽𝛴𝐾𝑚𝑎𝑥 is maximum flux, 𝑘𝑁𝑎 is a constant 

parameter that depends on extracellular sodium concentration, 𝐾𝐾𝑂𝑎is the threshold value for 

[𝐾+]𝑠. 

2. Astrocytic Intracellular Space 

(a) Astrocytic Inositol trisphosphate, [𝐼𝑃3] 

𝒅[𝑰𝑷𝟑]

𝒅𝒕
= 𝒓𝒉

∗ 𝝆+𝜹

𝑲𝑮+𝝆+𝜹
− 𝒌𝒅𝒆𝒈[𝑰𝑷𝟑]                                                                                         (2) 

𝑟ℎ
∗ is 𝐼𝑃3 production rate and 𝜌 is ratio of bound to unbound receptors and is given as 

𝜌 =  
[𝐺𝑙𝑢]

(𝐾𝐺𝑙𝑢+[𝐺𝑙𝑢])
                                                                                                                     (3) 



[𝐺𝑙𝑢] is input synaptic glutamate release, 𝐾𝐺𝑙𝑢 is Dissociation Constant,  𝑘𝑑𝑒𝑔 is Degradation 

rate and  𝛿 is the ratio of the activities of bound and unbound receptors. 

(b) Astrocytic intracellular calcium concentration,[𝐶𝑎2+] 

𝒅[𝑪𝒂𝟐+]

𝒅𝒕
=  𝜷(𝑱𝑰𝑷𝟑 − 𝑱𝒑𝒖𝒎𝒑 + 𝑱𝒍𝒆𝒂𝒌 + 𝑱𝑻𝑹𝑷𝑽)                                                                         (4) 

𝛽 is 𝐶𝑎2+buffering factor, 𝐽𝐼𝑃3is rate of [𝐶𝑎2+] concentration change due to release through 

IP3 binded receptors (𝐼𝑃3𝑅) on the endoplasmic reticulum (ER)  channels, 𝐽𝑝𝑢𝑚𝑝 is rate of 

[𝐶𝑎2+]concentration change due to pump uptake into the endoplasmic reticulum (ER) and 

𝐽𝑇𝑅𝑃𝑉 is rate of [𝐶𝑎2+] concentration change due to extracellular space through transient 

receptor potential vanniloid-related 4 (TRPV4) channels  

𝐽𝐼𝑃3 = 𝐽𝑚𝑎𝑥 [(
[𝐼𝑃3]

[𝐼𝑃3]+𝐾𝐼
) (

[𝐶𝑎2+]

[𝐶𝑎2+]+𝐾𝑎𝑐𝑡
) ℎ]

3

                                                                                (5) 

𝐽𝑚𝑎𝑥 is the maximum rate, 𝐾𝐼 is the dissociation constant for IP3 binding to an IP3R, 𝐾𝑎𝑐𝑡 is 

the dissociation constant for 𝐶𝑎2+ binding to an activation site on an IP3R, [𝐶𝑎2+]𝐸𝑅 is the 

𝐶𝑎2+ concentration in the ER. 

𝐽𝑝𝑢𝑚𝑝 = 𝑉𝑚𝑎𝑥
[𝐶𝑎2+]

2

[𝐶𝑎2+]2+ 𝐾𝑝
2                                                                                                        (6) 

𝑉𝑚𝑎𝑥 is the maximum pump rate and Kp is the pump constant. 

𝐽𝑙𝑒𝑎𝑘 = 𝑃𝐿 (1 −
[𝐶𝑎2+]

[𝐶𝑎2+]𝐸𝑅
)                                                                                                       (7) 

where 𝑃𝐿 is determined by the steady-state flux balance. 

𝐽𝑇𝑅𝑃𝑉 = 𝐼𝑇𝑅𝑃𝑉 𝐶𝑎𝑠𝑡𝑟𝛾⁄                                                                                                             (8) 

𝐼𝑇𝑅𝑃𝑉is electrical current through the TRPV channel, 𝐶𝑎𝑠𝑡𝑟 is the astrocyte cell capacitance, 

and 𝛾 is a scaling factor for relating the net movement of ion fluxes to the membrane potential. 

𝐼𝑇𝑅𝑃𝑉 = 𝑔𝑇𝑅𝑃𝑉𝑠(𝑉𝑘 − 𝑣𝑇𝑅𝑃𝑉)                                                                                               (9) 

𝑔𝑇𝑅𝑃𝑉is maximum channel conductance, 𝑉𝑘is membrane potential, 𝑣𝑇𝑅𝑃𝑉 is TRPV channel 

reversal potential, s is TRPV4 channel open probability. 

(c) Gating variable h 

𝒅𝒉

𝒅𝒕
= 𝒌𝒐𝒏[𝑲𝒊𝒏𝒉 − ([𝑪𝒂

𝟐+] + 𝑲𝒊𝒏𝒉)𝒉]                                                                                (10) 

𝑘𝑜𝑛 is [𝐶𝑎2+] binding rate at the inhibitory site on the IP3R and 𝐾𝑖𝑛ℎ is dissociation constant 

at the inhibitory site on the IP3R. 

(d) The TRPV4 channel open probability, s 



𝒅𝒔

𝒅𝒕
= 

𝟏

𝝉
([𝑪𝒂𝟐+]𝑷)

(𝒔∞ −  𝒔)                                                                                                         (11) 

𝜏([𝐶𝑎2+]
𝑃
) is time constant and is a function of [𝐶𝑎2+]𝑃 

𝜏
([𝐶𝑎2+]

𝑃
)
= 𝜏𝑇𝑅𝑃𝑉 [𝐶𝑎2+]𝑃⁄                                                                                                  (12) 

[𝐶𝑎2+]𝑃 is perivascular [𝐶𝑎2+] concentration expressed in mM, 𝑠∞is steady-state channel open 

probability and is a function of strain and [𝐶𝑎2+] 

𝑠∞ = (
1

1+ 𝑒
−(𝜀−𝜀1/2)/𝜅

) [
1

1+𝐻𝐶𝑎
(𝐻𝐶𝑎 + 𝑡𝑎𝑛ℎ (

𝑉𝑘− 𝑣1,𝑇𝑅𝑃𝑉

𝑣2,𝑇𝑅𝑃𝑉
))]                                                  (13) 

where, 1 (1 + 𝑒−(𝜀−𝜀1/2)/𝜅)⁄ is material strain gating, ε is strain on the perivascular endfoot and 

is given as 

휀 =  (𝑥 − 𝑥0) 𝑥⁄                                                                                                                     (14) 

x is vessel circumferential contraction and dilation variable, 휀1/2is strain required for half 

activation, 𝐻𝐶𝑎 is inhibitory factor and is given as 

𝐻𝐶𝑎 = (
[𝐶𝑎2+]

𝛾𝐶𝑎𝑖
+ 

[𝐶𝑎2+]
𝑃

𝛾𝐶𝑎𝑒
)                                                                                                      (15) 

where 𝛾𝐶𝑎𝑖 and 𝛾𝐶𝑎𝑒 are constants associated with intra and extra- cellular [𝐶𝑎2+], respectively.  

(e) Calcium dependent EET (Epoxyeicosatrienoic Acid) production in the cell, [𝐸𝐸𝑇] 

𝒅[𝑬𝑬𝑻]

𝒅𝒕
= 𝑽𝑬𝑬𝑻([𝑪𝒂

𝟐+] −  [𝑪𝒂𝟐+]𝒎𝒊𝒏) − 𝒌𝑬𝑬𝑻[𝑬𝑬𝑻]                                                         (16) 

𝑉𝐸𝐸𝑇 is EET production rate, [𝐶𝑎2+]𝑚𝑖𝑛 is minimum [𝐶𝑎2+] required for EET production and 

𝑘𝐸𝐸𝑇 is EET decay rate. 

(f) Open BK (Big Potassium) channel probability, 𝑛𝐵𝐾 

𝒅𝒏𝑩𝑲

𝒅𝒕
= 𝝓𝑩𝑲(𝒏∞[𝑩𝑲] − 𝒏𝑩𝑲)                                                                                            (17) 

𝜙𝐵𝐾is time constant associated with the opening of astrocyte BK channels and is based on 

statistical considerations 

𝜙𝐵𝐾 = 𝛹𝐵𝐾 𝑐𝑜𝑠ℎ (
𝑉𝑘−𝑣3,𝐵𝐾

2𝑣4,𝐵𝐾
)                                                                                                 (18) 

𝑛∞[𝐵𝐾] = 0.5 (1 + 𝑡𝑎𝑛ℎ (
𝑉𝑘+𝐸𝐸𝑇𝑠ℎ𝑖𝑓𝑡[𝐸𝐸𝑇]− 𝑣3,𝐵𝐾

𝑣4,𝐵𝐾
))                                                           (19) 

𝑣3,𝐵𝐾 = −
𝑣5,𝐵𝐾

2
𝑡𝑎𝑛ℎ (

[𝐶𝑎2+]− 𝐶𝑎3,𝐵𝐾

𝐶𝑎4,𝐵𝐾
) + 𝑣6,𝐵𝐾                                                                     (20) 



𝛹𝐵𝐾  𝑖𝑠 characteristic time, 𝑣3,𝐵𝐾is the voltage associated with the opening of half the 

population, 𝑉𝑘 is astrocyte membrane potential, 𝑣4,𝐵𝐾is measure of the spread of the 

distribution, 𝑣5,𝐵𝐾determines the range of the shift of 𝑛∞[𝐵𝐾] as calcium varies. 

𝐸𝐸𝑇𝑠ℎ𝑖𝑓𝑡 determines the EET-dependent shift of the channel reversal potential, 𝐶𝑎3,𝐵𝐾and 

𝐶𝑎4,𝐵𝐾 constants associated with calcium concentration/ calcium dependent constants 

(g) Astrocyte membrane potential, 𝑉𝑘 

𝒅𝑽𝒌

𝒅𝒕
= 

𝟏

𝑪𝒂𝒔𝒕𝒓
(– 𝑰𝑩𝑲 − 𝑰𝒍𝒆𝒂𝒌 − 𝑰𝑻𝑹𝑷𝑽 − 𝑰𝜮𝑲)                                                                         (21) 

𝐼𝐵𝐾 is current through BK channel 

𝐼𝐵𝐾 = 𝑔𝐵𝐾𝑛𝐵𝐾(𝑉𝑘 − 𝑣𝐵𝐾)                                                                                                    (22) 

𝐽𝐵𝐾 = 𝐼𝐵𝐾/(𝐶𝑎𝑠𝑡𝑟𝛾)                                                                                                              (23) 

𝑔𝐵𝐾 is channel conductance, 𝑣𝐵𝐾is reversal potential, 𝐼𝛴𝐾 is the electrical current carried by the 

K+ influx at the perisynaptic process and 𝐼𝑙𝑒𝑎𝑘is leak current 

𝐼𝛴𝐾 = − 𝐽𝛴𝐾𝐶𝑎𝑠𝑡𝑟𝛾                                                                                                                               (24) 

𝐼𝑙𝑒𝑎𝑘 = 𝑔𝑙𝑒𝑎𝑘(𝑉𝑘 − 𝑣𝑙𝑒𝑎𝑘)                                                                                                     (25) 

𝑔𝑙𝑒𝑎𝑘 is the leak conductance and 𝑣𝑙𝑒𝑎𝑘is reversal potential. 

3. Perivascular Space 

(a) Perivascular potassium concentration, [𝑲+]𝑷 

𝒅[𝑲+]𝑷

𝒅𝒕
= 

𝑱𝑩𝑲 

𝑽𝑹𝒑𝒂 
+ 

𝑱𝑲𝑰𝑹 

𝑽𝑹𝒑𝒔 
– 𝑹𝒅𝒆𝒄𝒂𝒚([𝑲

+]𝑷 − [𝑲
+]𝑷,𝒎𝒊𝒏)                                                        (26) 

[𝐾+]𝑃,𝑚𝑖𝑛 is the resting state equilibrium K+ concentration in the perivascular space. The 

potassium flow from the astrocyte and SMC are 𝐽𝐵𝐾  and 𝐽𝐾𝐼𝑅 corresponding to big potassium 

(BK) and inward rectifying potassium (KIR) respectively. And, 𝑉𝑅𝑝𝑎  and 𝑉𝑅𝑝𝑠  are the volume 

ratios of perivascular space to astrocyte and SMC, respectively. 𝑅𝑑𝑒𝑐𝑎𝑦 is the rate at which 

perivascular K+ concentration decays to its baseline state.  

𝐽𝐵𝐾 = 𝐼𝐵𝐾/(𝐶𝑎𝑠𝑡𝑟𝛾)                                                                                                                             (27) 

𝐽𝐾𝐼𝑅 = 𝐼𝐾𝐼𝑅/(𝐶𝑆𝑀𝐶𝛾)                                                                                                                           (28) 

𝐶𝑆𝑀𝐶  is the SMC (smooth muscle cell) capacitance. 

𝐼𝐾𝐼𝑅 = 𝑔𝐾𝐼𝑅𝑘(𝑉𝑚 − 𝑣𝐾𝐼𝑅)                                                                                                     (29) 

Here 𝑔𝐾𝐼𝑅is channel conductance, 𝑣𝐾𝐼𝑅is reversal potential and k is open probability. These all 

depend on the perivascular K+ concentration 



𝑔𝐾𝐼𝑅 = 𝑔𝐾𝐼𝑅,0√[𝐾
+]𝑃                                                                                                           (30) 

𝑔𝐾𝐼𝑅,0 is the conductance when the perivascular K+ concentration is 1mM. 

𝑣𝐾𝐼𝑅 = 𝑣𝐾𝐼𝑅,1𝑙𝑜𝑔[𝐾
+]𝑃 − 𝑣𝐾𝐼𝑅,2                                                                                         (31) 

𝑣𝐾𝐼𝑅,1 and 𝑣𝐾𝐼𝑅,2 are constants 

(b) Perivascular Ca2+ concentration, [𝐶𝑎2+]𝑃 

𝒅[𝑪𝒂𝟐+]
𝑷

𝒅𝒕
= −

𝑱𝑻𝑹𝑷𝑽 

𝑽𝑹𝒑𝒂 
− 

𝑱𝑪𝒂 

𝑽𝑹𝒑𝒔 
– 𝑪𝒂𝒅𝒆𝒄𝒂𝒚([𝑪𝒂

𝟐+]𝑷 − [𝑪𝒂
𝟐+]𝑷,𝒎𝒊𝒏)                                        (32) 

𝐽𝐶𝑎 is calcium current from the arteriole SMC, 𝐶𝑎𝑑𝑒𝑐𝑎𝑦is the decay rate of perivascular Ca2+ 

concentration 

𝐽𝐶𝑎 = −𝐼𝐶𝑎 𝐶𝑆𝑀𝐶𝛾⁄                                                                                                                 (33) 

𝐼𝐶𝑎 = 𝑔𝐶𝑎𝑚∞(𝑉𝑚 − 𝑣𝑐𝑎)                   (34) 

𝑔𝐶𝑎 is channel conductance, 𝑣𝐶𝑎is reversal potential 

𝑚∞ = 0.5 (1 + 𝑡𝑎𝑛ℎ
𝑉𝑚− 𝑣1

𝑣2
)                   (35) 

𝑣1 and 𝑣2 are constants. 

4. Arteriole smooth muscle cell (SMC) intracellular space 

(a) Open KIR (Inward Rectifying Potassium) channel probability, k 

𝒅𝒌

𝒅𝒕
= 

𝟏

𝝉𝒌
(𝒌∞ − 𝒌)                    (36) 

𝜏𝑘 = 1/(𝛼𝑘 + 𝛽𝑘)                     (37) 

𝑘∞ = 𝛼𝑘/(𝛼𝑘 + 𝛽𝑘)                                 (38) 

𝛼𝑘 = 𝛼𝐾𝐼𝑅/ (1 + 𝑒𝑥𝑝 (
𝑉𝑚−𝑣𝐾𝐼𝑅 +𝑎𝑣1

𝑎𝑣2
))                 (39) 

𝛽𝑘 = 𝛽𝐾𝐼𝑅 𝑒𝑥𝑝 (𝑏𝑣2(𝑉𝑚 − 𝑣𝐾𝐼𝑅 + 𝑏𝑣1))                 (40) 

𝛼𝐾𝐼𝑅 , 𝛽𝐾𝐼𝑅, 𝑎𝑣1 , 𝑎𝑣2 , 𝑏𝑣1 , 𝑏𝑣2are constants.  

(b) SMC membrane potential, Vm 

𝒅𝑽𝒎

𝒅𝒕
= 

𝟏

𝑪𝑺𝑴𝑪
(−𝑰𝑳 − 𝑰𝑲 − 𝑰𝑪𝒂 − 𝑰𝑲𝑰𝑹)                                       (41) 

𝐼𝐾 = 𝑔𝐾𝑛(𝑉𝑚 − 𝑣𝑘)                    (42) 



𝐼𝐿 = 𝑔𝐿(𝑉𝑚 − 𝑣𝑙)                               (43) 

(c) Open potassium channel probability, n 

𝒅𝒏

𝒅𝒕
= 𝝀𝒏(𝒏∞ −  𝒏)                    (44) 

𝑛∞ = 0.5 (1 + 𝑡𝑎𝑛ℎ
𝑉𝑚− 𝑣3

𝑣4
)                   (45) 

𝜆𝑛 = 𝜙𝑛 𝑐𝑜𝑠ℎ
𝑉𝑚− 𝑣3

2𝑣4
                               (46) 

𝑣3 = −
𝑣5

2
𝑡𝑎𝑛ℎ

[𝐶𝑎2+]𝑆𝑀𝐶− 𝐶𝑎3

𝐶𝑎4
+ 𝑣6                  (47) 

𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝐶𝑎3, 𝐶𝑎4 are constants.  

(d) Ca2+ concentration in SMC, [𝐶𝑎2+]𝑆𝑀𝐶 

𝒅[𝑪𝒂𝟐+]𝑺𝑴𝑪

𝒅𝒕
= −𝝆′(𝜶 𝑰𝒄𝒂 + 𝒌𝒄𝒂[𝑪𝒂

𝟐+]𝑺𝑴𝑪)                 (48) 

𝜌′ = 
(𝐾𝑑+[𝐶𝑎

2+]
𝑆𝑀𝐶

)2

(𝐾𝑑+[𝐶𝑎
2+]𝑆𝑀𝐶)2+𝐾𝑑𝐵𝑇

                   (49) 

𝛼 is the Faraday constant times cytosol volume, is the constant ratio of Ca2+ outflux to influx, 

𝐾𝑑 is the rate constant in the calcium buffer reaction and 𝐵𝑇 is the total buffer concentration.  

(e) Fraction of attached cross bridges, ω  

𝒅𝝎

𝒅𝒕
= 𝒌𝜳 (

𝜳

𝜳𝒎+𝜳
−  𝝎)                   (50) 

𝑘𝛹 is rate constant and 𝛹𝑚 is a constant, 𝛹 is given as 

𝛹 =  [𝐶𝑎2+]𝑆𝑀𝐶
𝑞 /(𝐶𝑎𝑚

𝑞 + [𝐶𝑎2+]𝑆𝑀𝐶
𝑞 )                                                        (51) 

Cam and q and are constants.  

(f) Mean circumference of the vessel, x 

𝒅𝒙

𝒅𝒕
= 

𝟏

𝝉
(𝒇𝜟𝒑 − 𝒇𝒙 − 𝒇𝒖)                   (52) 

τ is time constant related with the wall internal friction and 𝑓𝛥𝑝is force on the vessel due to 

transmural pressure 𝛥𝑝 which is expressed as 

𝑓𝛥𝑝 = 
1

2
𝛥𝑝 (

𝑥

𝜋
−
𝐴

𝑥
)                    (53) 

Here, A is cross-sectional area of vessel given as, 

𝐴 =  𝜋(𝑟𝑜
2 − 𝑟𝑖

2)                    (54) 



𝑟𝑜 is the outer radius of vessel, 𝑟𝑖 is the inner radius of vessel, 𝑟𝑚 is the mean radius of vessel 

𝑟𝑚 = (𝑟𝑜 + 𝑟𝑖) 2⁄  and 𝑥 = 2𝜋𝑟𝑚. 

Considering a segment of the vessel as a cylindrical element with thickness (𝑟𝑜 − 𝑟𝑖), and unit 

length along the axis and having the longitudinal cross-sectional surface area of 𝑆 = 1/(𝑟𝑜 −

𝑟𝑖). The hoop forces on S are: 

𝑓𝑥 = 𝑤𝑒𝑆𝜎𝑥
′𝜎0

# , and  

𝑓𝑢 = 𝑤𝑚𝑆𝜎𝑢
′𝜎0 

#                    (55) 

𝑓𝑥 is hoop force on S due to the visoelastic stress and 𝑓𝑢is hoop force on S due to the myogenic 

stress. 𝑤𝑒 is viscoelastic contributed weight, 𝑤𝑢 is myogenic hoop forces contributed weight, 

𝜎𝑥
′ is normalized hoop stresses associated with x (circumferential) component, 𝜎𝑢

′  is normalized 

hoop stresses associated with u (series elastic component) component and 𝜎𝑦
′ is normalized 

hoop stresses associated with y (contractile component) component. And, 𝑥 = 𝑢 + 𝑦 and 𝑥0 =

2𝜋𝑟0(𝑟0 is the initial mean radius of the vessel). 

𝜎𝑥
′ = 𝑥3

′ (1 + 𝑡𝑎𝑛ℎ
𝑥′− 𝑥1

′

𝑥2
′ ) + 𝑥4

′ (𝑥′ − 𝑥5
′ ) − 𝑥8

′ (
𝑥6
′

𝑥′−𝑥7
′)
2

− 𝑥9
′               (56)                                                                  

𝜎𝑢
′ = 𝑢2

′ 𝑒𝑥𝑝(𝑢1
′𝑢′) − 𝑢3

′                    (57) 

Normalized values are 𝑥′ = 𝑥/𝑥0, 𝑦
′ = 𝑦/𝑥0, 𝑢

′ = 𝑢/𝑥0, 𝑦0
′ = 𝑦0/𝑥0, 𝜎𝑥

′ = 𝜎𝑥/𝜎0
#, 𝜎𝑦

′ =

 𝜎𝑦/𝜎0
#,𝜎𝑢

′ = 𝜎𝑢/𝜎0
# 

𝜎𝑦
′ = 

𝜎𝑦0

𝜎0
#

𝑒𝑥𝑝[(
−(𝑦′− 𝑦0

′ )
2

2[𝑦1
′ /(𝑦′+ 𝑦2

′ )]2𝑦4
′)]− 𝑦3

′

1− 𝑦3
′                                                                                          (58) 

𝜎0
# is normalization constant and 𝑦0

′ , 𝑦1
′ , 𝑦2

′ , 𝑦3
′ , 𝑦4

′ , 𝑢1
′ , 𝑢2

′ , 𝑢3
′ , 𝑥0, 𝑥1

′ , 𝑥2
′ , 𝑥3

′ , 𝑥4
′ , 𝑥5

′ , 𝑥6
′ , 𝑥7

′ are 

constants.  

(g) Normalized contractile component of length, y’ 

𝒅𝒚′

𝒅𝒕
= 

{
 
 

 
 

−𝒗𝒓𝒆𝒇
′ 𝜳

𝜳𝒓𝒆𝒇
𝒂′

𝟏−
𝝈𝒖
′

𝝈𝒚
′

𝒂′+
𝝈𝒖
′

𝝈𝒚
′

 , 𝟎 ≤
𝝈𝒖
′

𝝈𝒚
′ ≤ 𝟏

𝒄′ [𝒆𝒙𝒑(𝒃′ (
𝝈𝒖
′

𝝈𝒚
′ − 𝒅

′)) −  𝒆𝒙𝒑 (𝒃′(𝟏 − 𝒅′))] , 𝟏 ≤
𝝈𝒖
′

𝝈𝒚
′

                                     (59)  

𝜎𝑦0 =  𝜎𝑦0
# 𝜔/𝜔𝑟𝑒𝑓                                                                                                                 (60) 

where 𝜔𝑟𝑒𝑓 =   𝛹(𝐶𝑎𝑟𝑒𝑓)/(𝛹𝑚 +𝛹[𝐶𝑎
2+]𝑆𝑀𝐶,𝑟𝑒𝑓)) 

a’, b’, c’ and d’ are constants, v is velocity of contraction of the contractile component at zero 

load, and 𝑣′ = 𝑣/𝑥0, with 𝑣𝑟𝑒𝑓
′  is 𝑣′ at the reference muscle activation level. 



Transcranial electrical stimulation induced current density in the neurovascular cortical 

tissue. 

Maxwell equations calculate and describe the electric and magnetic fields originated by 

distributions of electric charges and currents. The differentiation notation of Maxwell equations 

is as follows where the electric force fields are described by the electric field E and the electric 

flux density D = εE; that is how the electrical charges in a material become polarized in an 

electric field. The magnetic force fields are described by the magnetic field H and the magnetic 

flux density B = µH, which is accounting for the magnetization of a material. Here, ε is 

permittivity, µ is permeability, 𝐽𝑡𝐷𝐶𝑆 is current density, and 𝜌 is electric charge density.  

{
  
 

  
 ∇ × �⃗� = −

𝜕�⃗� 

𝜕𝑡

∇. �⃗⃗� = 𝜌

∇ × �⃗⃗� = −𝐽𝑡𝐷𝐶𝑆⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ +
𝜕�⃗⃗� 

𝜕𝑡

∇. �⃗� = 0

                  (61) 

For electrostatics in any medium, two following equation from Maxwell equations are applied:  

∇. �⃗⃗� = 𝜌                     (62) 

∇ × �⃗� = 0                     (63) 

Because of the irrotational nature of E (Eq. 63), we can define a scalar electric potential V as: 

�⃗� = −∇𝑉       (
𝑉

𝑚
)                     (64) 

The negative sign shows that E and V are in the opposite direction.  

On the other hand, the equation for current density (𝐽𝑡𝐷𝐶𝑆) in unit volume (units A/m3) based 

on the principle of conservation of charge is: (‘equation of continuity’)  

∇. 𝐽𝑡𝐷𝐶𝑆⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = −
𝜕ρ

𝜕𝑡
                    (65) 

For steady current (
𝜕ρ

𝜕𝑡
= 0) or when there is no flow source (𝜌 = 0 ), the equation will be:  

∇. 𝐽𝑡𝐷𝐶𝑆⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 0                     (66) 

For an Ohmic material, we have: 

𝐽𝑡𝐷𝐶𝑆⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝜎�⃗�   (A/m2)                     (67) 

Where, 𝜎 (
𝐴

𝑉.𝑚
) 𝑜𝑟 (

𝑆

𝑚
) is the conductivity tensor of the Ohmic medium. 

___________________________________________________________________________ 

B: Pathways Equations or Models 



(a) Pathway 1:  Synaptic Potassium → vessel circumference 

In equation (1): 

𝒅[𝑲+]𝒔
𝒅𝒕

= 𝑱𝑲𝒔 − 𝑱𝜮𝑲𝒎𝒂𝒙𝒌𝑵𝒂
[𝑲+]𝒔

[𝑲+]𝒔 + 𝑲𝑲𝑶𝒂
 

𝐽𝐾𝑠 which is the potassium release from active neurons is considered to be modulated by the 

current density (𝐽𝑡𝐷𝐶𝑆) of tDCS with a first order transfer function for its vasoactive action, and 

given as input to the model for simulation of the output vessel circumference. 

(b) Pathway 2: Astrocytic Current channel → vessel circumference 

In equation (21): astrocytic transmembrane current (IT) was added which was postulated to be 

driven by the current density (𝐽𝑡𝐷𝐶𝑆) of tDCSwith a first order transfer function for its 

vasoactive action, and given as input to the model for simulation of the output vessel 

circumference. 

𝒅𝑽𝒌
𝒅𝒕

=  
𝟏

𝑪𝒂𝒔𝒕𝒓
(– 𝑰𝑩𝑲 − 𝑰𝒍𝒆𝒂𝒌 − 𝑰𝑻𝑹𝑷𝑽 − 𝑰𝜮𝑲 + 𝑰𝑻) 

(c) Pathway 3: Perivascular Potassium → vessel circumference 

In equation (26): perivascular potassium concentration ([𝐾+]𝑇) was added which was 

postulated to be driven by the current density (𝐽𝑡𝐷𝐶𝑆) of tDCSwith a first order transfer function 

for its vasoactive action, and given as input to the model for simulation of the output vessel 

circumference. 

𝒅[𝑲+]𝑷
𝒅𝒕

=  
𝑱𝑩𝑲 
𝑽𝑹𝒑𝒂 

+ 
𝑱𝑲𝑰𝑹 
𝑽𝑹𝒑𝒔 

– 𝑹𝒅𝒆𝒄𝒂𝒚([𝑲
+]𝑷 − [𝑲

+]𝑷,𝒎𝒊𝒏) + [𝑲
+]𝑻 

(d) Pathway 4: Voltage gated ion channel on SMC → vessel circumference 

In equation (41): voltage gated current channel (𝐼𝐾𝑉)was added which was postulated to be 

driven by the current density (𝐽𝑡𝐷𝐶𝑆) of tDCSwith a first order transfer function for its 

vasoactive action, and given as input to the model for simulation of the output vessel 

circumference. 

𝒅𝑽𝒎
𝒅𝒕

=  
𝟏

𝑪𝑺𝑴𝑪
(−𝑰𝑳 − 𝑰𝑲 − 𝑰𝑪𝒂 − 𝑰𝑲𝑰𝑹 − 𝑰𝑲𝑽) 

 

While solving the model for these four pathways, 𝐽𝐾𝑠,𝐼𝑇, [𝐾+]𝑇, and𝐼𝐾𝑉 were taken as first 

order transfer function of the current density (𝐽𝑡𝐷𝐶𝑆) in the neurovascular brain tissue. The 

current density (𝐽𝑡𝐷𝐶𝑆) was proportional to the tDCS current due to Ohmic volume conductor. 

___________________________________________________________________________ 



C: Model Parameters 

Parameters values used in the model are provided in Supplementary Table 1 and are adapted 

from published literature models38,47-49. 

Supplementary Table S1: Model Parameters 

Parameter Value Unit 

𝐽𝛴𝐾𝑚𝑎𝑥 ∗ 𝑘𝑁𝑎 0.6 mM/s 

𝐾𝐾𝑂𝑎 1.5 mM 

𝐾𝐺  8.82 - 

𝛿 0.001235 - 

𝑟ℎ 4.8 M 

𝑘𝑑𝑒𝑔 1.25 s-1 

𝐾𝐺𝑙𝑢  1 mM 

𝛽 0.0244 - 

𝐽𝑚𝑎𝑥 2880 M/s 

𝐾𝐼  0.03 M 

𝐾𝑎𝑐𝑡  0.17 M 

𝑉𝑚𝑎𝑥 20 M/s 

Kp 0.24 M 

𝑃𝐿  5.2 M 

[𝐶𝑎2+]𝐸𝑅 400 M 

𝐶𝑎𝑠𝑡𝑟 40 pF 

𝛾 1970 mV/M 

𝑔𝑇𝑅𝑃𝑉 200 pS 

𝑣𝑇𝑅𝑃𝑉 6 mV 

𝑘𝑜𝑛 2 M-1s-1 

𝐾𝑖𝑛ℎ 0.1 M 

𝜏𝑇𝑅𝑃𝑉 0.9 s-1 

휀1/2 0.16 - 



𝜅 0.04 - 

𝛾𝐶𝑎𝑖  0.2 M 

𝛾𝐶𝑎𝑒  0.2 mM 

𝑣1,𝑇𝑅𝑃𝑉 120 mV 

𝑣2,𝑇𝑅𝑃𝑉 13 mV 

𝜏 0.2 dyne/cm 

𝛥𝑝 60 mmHg 

𝑤𝑒 0.9 - 

A 502.65 m2 

𝑆 40000 m2 

𝑤𝑚 0.7 - 

𝜎0
# 3e+6 dyne/cm2 

𝑥0 188.5 m 

𝑥1
′  1.2 - 

𝑥2
′  0.13 - 

𝑥3
′  2.2443 - 

𝑥4
′  0.71182 - 

𝑥5
′  0.8 - 

𝑥6
′  0.01 - 

𝑥7
′  0.32134 - 

𝑥8
′  0.88977 - 

𝑥9
′  0.0090463 - 

𝑢1
′  41.76 - 

𝑢2
′  0.047396 - 

𝑢3
′  0.0584 - 

𝑦0
′  0.928 - 

𝑦1
′  0.639 - 

𝑦2
′  0.35 - 



𝑦3
′  0.78847 - 

𝑦4
′  0.8 - 

𝑉𝐸𝐸𝑇  72 s-1 

[𝐶𝑎2+]𝑚𝑖𝑛  0.1 M 

𝑘𝐸𝐸𝑇  7.1 s-1 

𝛹𝐵𝐾  2.664 s-1 

𝑣4,𝐵𝐾  14.5 mV 

𝑣5,𝐵𝐾 8 mV 

𝑣6,𝐵𝐾 -15 mV 

𝐸𝐸𝑇𝑠ℎ𝑖𝑓𝑡 2 mV/M 

𝐶𝑎3,𝐵𝐾  400 nM 

𝐶𝑎4,𝐵𝐾  150 nM 

𝑔𝐵𝐾  225.6 pS 

𝑣𝐵𝐾  -95 mV 

𝑔𝑙𝑒𝑎𝑘 78.54 pS 

𝑣𝑙𝑒𝑎𝑘  -70 mV 

𝐶𝑆𝑀𝐶  19.635 pF 

𝑔𝐾𝐼𝑅,0 145 pS 

𝑣𝐾𝐼𝑅,1 57 mV 

𝑣𝐾𝐼𝑅,2 130 mV 

𝑉𝑅𝑝𝑎  3.2e-5 - 

𝑉𝑅𝑝𝑠  0.1 - 

𝑔𝐶𝑎 157 pS 

𝑣𝐶𝑎 80 mV 

𝑣1 -21 mV 

𝑣2 25 mV 

[𝐶𝑎2+]𝑃,𝑚𝑖𝑛  2000 M 

[𝐾+]𝑃,𝑚𝑖𝑛 3 mM 



𝐶𝑎𝑑𝑒𝑐𝑎𝑦  0.5 s-1 

𝛼𝐾𝐼𝑅 1020 S 

𝑎𝑣1 18 mV 

𝑎𝑣2 10.8 mV 

𝛽𝐾𝐼𝑅 26.9 S 

𝑏𝑣1 18 mV 

𝑏𝑣1 0.06 mV 

𝑔𝐾 251.33 pS 

𝑣𝑘 -80 mV 

𝑔𝐿 62.832 pS 

𝑣𝑙  -70 mV 

𝜙𝑛  2.664 - 

𝐶𝑎3 400 nM 

𝐶𝑎4 150 nM 

𝑣4 14.5 mV 

𝑣5 8 mV 

𝑣6 -15 mV 

𝐾𝑑 1000 nM 

𝐵𝑇  10000 nM 

𝛼 4.3987e+15 nM/C 

𝑘𝑐𝑎 1.3568e+2 s-1 

𝑘𝛹 3.3 - 

Cam 500 nM 

[𝐶𝑎2+]𝑆𝑀𝐶,𝑟𝑒𝑓 510 nM 

𝛹𝑚 0.3 - 

Q 3 - 

𝜎𝑦0
#  2.6e+6 dyne/cm2 

vref 0.24 - 



𝑎′ 0.28125 - 

𝑏′ 5 - 

𝑐′ 0.03 - 

𝑑′ 1.3 - 

 

___________________________________________________________________________ 

D: Oxy-Hemoglobin and Deoxy-Hemoglobin Changes at the Stimulated Region 

The changes in oxy-, deoxy- and total hemoglobin obtained through fNIRS channel placed on 

the tDCS stimulated region for every participant is presented in the following table. 

Supplementary Table S2: Oxy-hemoglobin (oxy-Hb), Deoxy-hemoglobin (deoxy-Hb) and Total Hemoglobin (tHb) 

obtained from NIRS channel in tDCS stimulated region for all the 11 participants. *subjects with >-0.5 

Correlation Coefficient between Oxy-Hb & Dxy-Hb 

Sub 

# 

Normalized oxy-hemoglobin and 

deoxy-hemoglobin  

Correlation 

Coefficient 

between 

oxy-Hb & 

deoxy-Hb 

Total Hemoglobin, tHb 

(Normalized) 

1 

 

-0.9007 

 

2 

 

-0.7923 

 

3* 

 

-0.0692 

 



4* 

 

-0.1900 

 

5 

 

-0.6735 

 

6 

 

 

-0.8683 

 

7 

 

-0.9759 

 

8 

 

-0.8390 

 

9 

 

-0.8542 

 

10* 

 

-0.3768 

 



11 

 

-0.8691 

 

___________________________________________________________________________ 



E: System Identification 

System identification toolbox (MathWorks, Inc., USA) was used with the time-domain input-

output data from eleven healthy participants. The values of the free parameters (poles and 

zeros) of the parameterized grey-box linear model was updated using the “Refine Existing 

Model” approach in the System identification toolbox to improve the fit to the estimation data. 

In this method, linear grey-box model obtained following linearization of physiologically 

detailed model using Simulink’s (MathWorks, Inc., USA) linear analysis tool was used to fit 

the experimental fNIRS-tDCS data. This approach was applied to the fNIRS-tDCS data from 

each healthy participant. The identified systems for the four pathways using each healthy 

participant data are given in the following table. 

Supplementary Table S3: System identification using experimental data (total hemoglobin changes from 

stimulated hemisphere) from 11 subjects (Sub). * subjects with >-0.5 Correlation Coefficient between Oxy-Hb & 

Dxy-Hb. 

Pathway Sub# System identification using experimental data 

1
: 

S
y

n
ap

ti
c 

P
o
ta

ss
iu

m
 →

 v
es

se
l 

ci
rc

u
m

fe
re

n
ce

 

1 

7.2083e-09 (s+5.055e07) (s+9.594e06) (s+2.974e04) (s+1648) (s+50) 

(s+20.69)(s+15.08) (s+3.836) (s+0.003298) (s2 + 9.803s + 95.24) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+6.852) 

(s+0.05234)(s+0.005084) (s2 + 2.415e-08s + 15.47)(s2 + 9.805s + 95.26) 

2 

4.822e-09 (s+9.796e07) (s+9.594e06) (s+2.974e04) (s-1237) (s+50) 

(s+20.69) (s+15.08) (s+3.857) (s-0.7089) (s2 + 9.803s + 95.24) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+0.1084)        

(s2 + 6.595s + 11.29) (s2 + 0.2092s + 2.423) (s2 + 9.802s + 95.29) 

3* 

5.9575e-08 (s+9.594e06) (s+7.211e06) (s+2.974e04) (s+5472) (s+50) 

(s+20.69) (s+15.08) (s+3.588) (s+2.638) (s2 + 9.804s + 95.24) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+0.07776) 

(s2 + 0.01736s + 12.99) (s2 + 1.421s + 44.43) (s2 + 15.2s + 103.7) 

4* 

4.6202e-08 (s+9.594e06) (s+9.058e06) (s+2.974e04) (s+596) (s+50) 

(s+20.69) (s+15.08) (s+3.648) (s+0.01155) (s2 + 9.804s + 95.24) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+0.002497) 

(s2 + 8.485e-07s + 0.4953) (s2 + 6.908s + 15.38) (s2 + 9.804s + 95.24) 

5 

1.0846e-08 (s+3.876e07) (s+9.594e06) (s+2.974e04) (s+80.58) (s+50) 

(s+20.69) (s+15.08) (s+3.823) (s-7.563e-05) (s2 + 9.803s + 95.24) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+1.722e-05)  

(s2 + 0.276s + 0.02161) (s2 + 6.635s + 14.04) (s2 + 9.804s + 95.24) 

6 

8.4064e-09 (s+4.164e07) (s+9.594e06) (s+2.974e04) (s+507.6) (s+50) 

(s+20.69) (s+15.08) (s+3.828) (s+0.009477) (s2 + 9.803s + 95.24) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+6.532) (s+0.06082) 

(s+0.0003971) (s2 + 0.4731s + 22.34)(s2 + 9.649s + 85.98) 

7 

8.2796e-10 (s+4.772e08) (s+9.594e06) (s+2.974e04) (s+1616) (s+50) 

(s+20.69) (s+15.08) (s+3.875) (s+0.04567) (s2 + 9.803s + 95.24) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+6.809) 

(s2 + 0.09585s + 0.002608) (s2 + 2.217e-08s + 14.98) (s2 + 9.81s + 95.48) 

8 

1.1834e-08 (s+3.708e07) (s+9.594e06) (s+2.974e04) (s-4498) (s+50) 

(s+20.69) (s+15.08) (s+3.8) (s-1.758) (s^2 + 9.803s + 95.24) /  (s+9.594e06) 

(s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+0.07725) 

(s2 + 0.007259s + 12.8) (s2 + 0.001041s + 18.85) (s2 + 16.63s + 150) 



9 

1.5696e-08 (s+2.334e07) (s+9.594e06) (s+2.974e04) (s+50) (s+20.69) 

(s+18.98) (s+15.08) (s+3.786) (s+0.03044) (s2 + 9.803s + 95.24) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+0.003341) 

(s2 + 0.07064s + 0.03265) (s2 + 6.837s + 15.35) (s2 + 9.804s + 95.24) 

10* 

1.2334e-08 (s+3.056e07) (s+9.594e06) (s+2.974e04) (s+4715) (s+50) 

(s+20.69) (s+15.08) (s+3.809) (s+0.111) (s2 + 9.803s + 95.24) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+3.541) (s+0.2731) 

(s+0.04935) (s2 + 12.52s + 78.44) (s2 + 0.3272s + 50.04) 

11 

-1.2815e-08 (s-3.273e07) (s+9.594e06) (s-4.243e04) (s+2.974e04) (s+50) 

(s+20.69) (s+15.08) (s+3.815) (s-1.034) (s2 + 9.803s + 95.24) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+0.08326) (s2 + 

0.003256s + 22.73) (s2 + 3.299e-05s + 38.62) (s2 + 16.63s + 200.9) 

 

Pathway Sub# System identification using experimental data 
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1 

-5.3726e-06 (s+9.594e06) (s-6.453e05) (s+2.974e04) (s+917.7) (s+50) 

(s+20.69) (s+15.08) (s+0.6542) (s2 + 9.785s + 95.61) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+11.63) (s+0.03122) 

(s2 + 0.07727s + 24.06) (s2 + 4.578s + 93.38) 

2 

5.5342e-05 (s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+1.443) 

(s2 + 9.779s + 95.52) (s2 + 5.64e04s + 6.499e10) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+8.423) (s+0.1029) 

(s2 + 0.002347s + 90.08) (s2 + 7.79s + 1.131e04) 

3* 

3.6864e-07 (s+1.048e07) (s+9.594e06) (s+2.974e04) (s-3365) (s+50) 

(s+20.69) (s+15.08) (s-1.143) (s2 + 9.808s + 95.37) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+16.15) (s+15.08) (s+0.1192) 

(s2 + 0.03886s + 8.511) (s2 + 4.124e-08s + 159.9) 

4* 

-2.0486e-06 (s+9.594e06) (s-1.855e06) (s+2.974e04) (s+2.471e04) (s+50) 

(s+20.69) (s+15.08) (s+0.004899) (s2 + 9.799s + 95.46) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+16.12) (s+15.09) 

(s+0.002483) (s2 + 0.1811s + 13.56) (s2 + 1.997e-05s + 153.9) 

5 

-5.8294e-06 (s+9.594e06) (s-6.845e05) (s+2.974e04) (s+5377) (s+50) 

(s+20.69) (s+15.08) (s+0.07949) (s2 + 9.786s + 95.6) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+12.24) (s+0.03593) 

(s2 + 4.03s + 6.88) (s2 + 0.003999s + 115.6) 

6 

-4.6967e-06 (s+9.594e06) (s-7.084e05) (s+2.974e04) (s+909.7) (s+50)           

(s+20.69) (s+15.08) (s+0.04692) (s2 + 9.787s + 95.59) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+13.11) (s+2.997) 

(s+0.1655) (s+0.03738) (s2 + 1.265e-07s + 130) 

7 

-6.7038e-06 (s+9.594e06) (s-5.678e05) (s+2.974e04) (s-1000) (s+50) 

(s+20.69) (s+15.08) (s-0.77) (s2 + 9.781s + 95.64) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+0.02738) 

(s2 + 31.21s + 243.8) (s2 + 0.1505s + 36.5) (s2 + 0.006018s + 46.08) 

8 

-5.2665e-06 (s+9.594e06) (s-7.883e05) (s+2.974e04) (s-1217) (s+50) 

(s+20.69) (s+15.08) (s-4.209) (s2 + 9.789s + 95.57) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.96) (s+15.05) (s+0.104)  

(s2 + 4.776e-07s + 13.07) (s2 + 0.2827s + 161.4) 



9 

-4.1814e-06 (s+9.594e06) (s-8.233e05) (s+2.974e04) (s-4117) (s+50) 

(s+20.69) (s+15.08) (s-0.4122) (s2 + 9.79s + 95.56) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+16.11) (s+15.09) (s+0.0637) 

(s2 + 0.1327s + 11.1) (s2 + 0.0002993s + 157) 

10 

-4.7184e-06 (s+9.594e06) (s-7.556e05) (s+2.974e04) (s-5823) (s+50) 

(s+20.69) (s+15.08) (s-2.034) (s2 + 9.788s + 95.58) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.87) (s+15.01) (s+0.1194) 

(s2 + 0.0389s + 29.51) (s2 + 0.3488s + 154.2) 

11 

-5.7775e-06 (s+9.594e06) (s-7.224e05) (s+2.974e04) (s+271.3) (s+50) 

(s+20.69) (s+15.08) (s+0.03232) (s2 + 9.787s + 95.58) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+15.08) (s+0.1171) 

(s+0.02904) (s2 + 8.167e-09s + 11.07) (s2 + 16.17s + 158.9) 

 

Pathway Sub# System identification using experimental data 
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1 

 

-0.0001314 (s+9.594e06) (s-6.287e05) (s+2.974e04) (s+50) (s+24.3) 

(s+20.69) (s2 + 9.784s + 95.62) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+10.07) (s+3.396) (s+0.1023) 

(s2 + 0.7806s + 104.5) 

2 

7.1761e-06 (s+9.594e06) (s+7.948e06) (s+2.974e04) (s+50) (s+20.69) 

(s+0.2589) (s2 + 9.798s + 95.27) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+0.01201) 

(s2 + 1.818e-07s + 1.392) (s2 + 14.34s + 184.3) 

3* 

-6.4407e-06 (s-1.418e07) (s+9.594e06) (s+2.974e04) (s+50) (s+20.69) 

(s-0.0002072) (s2 + 9.806s + 95.39) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+1.85e-07) 

(s2 + 0.7226s + 0.1593) (s2 + 13.63s + 134.2) 

4* 

-4.0486e-06 (s-2.217e07) (s+9.594e06) (s+2.974e04) (s+50) (s+20.69) 

(s+0.2873) (s2 + 9.807s + 95.39) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+0.1526) 

(s2 + 0.9892s + 0.334) (s2 + 13.21s + 128.8) 

5 

-0.00036085 (s+9.594e06) (s-6.958e05) (s+2.974e04) (s+50) (s+20.71) 

(s+6.755) (s2 + 10.47s + 95.46) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.7) (s+0.004357) 

(s2 + 1.647s + 5.839) (s2 + 12.69s + 1.236e04) 

6 

-0.00011381 (s+9.594e06) (s-6.888e05) (s+2.974e04) (s+50) (s+20.69)           

(s+0.01007) (s2 + 9.786s + 95.59) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+10.94) (s+0.07898) 

(s+0.0003096) (s2 + 3.334s + 106.9) 

7 

3.979e-05 (s+9.594e06) (s-5.539e06) (s+2.974e04) (s+50) (s+20.69) 

(s-26.62) (s2 + 9.78s + 95.01) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.7) (s+0.0299) 

(s2 + 4.234s + 61.46) (s2 + 10.08s + 866.8) 

8 

-0.00012905 (s+9.594e06) (s-7.575e05) (s+2.974e04) (s+50) (s+20.69)         

(s+15.37) (s^2 + 9.788s + 95.58) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+0.07885) 

(s2 + 11.39s + 38.1)(s2 + 2.882s + 72.64) 



9 

-0.00010241 (s+9.594e06) (s-7.936e05) (s+2.974e04) (s+50) (s+20.69) 

(s+0.02554) (s2 + 9.789s + 95.57) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+7.556) (s+0.08572) 

(s+0.008279) (s2 + 6.699s + 92.43) 

10* 

4.2886e-05 (s+9.594e06) (s+5.559e05) (s+2.974e04) (s+50) (s+20.69) 

(s+0.3596) (s2 + 9.773s + 95.01) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+0.006075) 

(s2 + 0.3037s + 1.635) (s2 + 14.04s + 198.6) 

11 

0.00065547 (s+9.594e06) (s-2.297e05) (s+2.974e04) (s+50) (s+20.69) 

(s-0.2695) (s2 + 9.713s + 95.37) / 

(s+9.594e06) (s+2.974e04) (s+50) (s+20.69) (s+9.175) (s+0.3927) 

(s+0.01357) (s2 + 4.764s + 192.3) 

 

Pathway Sub# System identification using experimental data 
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1 

-1384.1 (s+9.637e06) (s+47.75) (s+19.28) (s-1.495) (s2 - 1.579s + 5.417)/ 

(s+9.594e06) (s+50) (s+20.69) (s+3.306) (s+0.2176) 

(s2 + 9.804s + 95.24) 

2 

-442.07 (s+9.782e06) (s+42.82) (s+16.87) (s-41.28) (s2 - 1.584s + 1.571)/ 

(s+9.594e06) (s+50) (s+20.69) (s+3.307) (s+0.214) 

(s2 + 9.804s + 95.24) 

3* 

-237.98 (s+9.853e06) (s-59.05) (s+43.7) (s+17.73) (s2 - 1.018s + 1.018)/ 

(s+9.594e06) (s+50) (s+20.69) (s+3.305) (s+0.221) 

(s2 + 9.804s + 95.24) 

4* 

-63371 (s+9.596e06) (s+49.84) (s+20.57) (s+5.68) (s-0.2409) (s+0.1248)/ 

(s+9.594e06) (s+50) (s+20.69) (s+3.323) (s+0.1037) 

(s2 + 9.803s + 95.23) 

5 

-788.75 (s+9.678e06) (s+45.97) (s+18.37) (s-11.58) (s2 - 1.587s + 1.712)/ 

(s+9.594e06) (s+50) (s+20.69) (s+3.306) (s+0.2184) 

(s2 + 9.804s + 95.24) 

6 
-164.87 (s+1.005e07) (s-117) (s+41.65) (s+16.78) (s2 - 1.243s + 1.207)/ 

(s+9.594e06) (s+50) (s+20.69) (s+3.306) (s+0.217) (s2 + 9.804s + 95.24) 

7 

-583.73 (s+9.718e06) (s+44.6) (s+17.73) (s-22.51) (s2 - 1.488s + 1.519)/ 

(s+9.594e06) (s+50) (s+20.69) (s+3.306) (s+0.2169) 

(s2 + 9.804s + 95.24) 

8 

-71.969 (s+1.066e07) (s-282.5) (s+40.61) (s+16.47) (s2 - 1.234s + 1.185)/ 

(s+9.594e06) (s+50) (s+20.69) (s+3.306) (s+0.2166) 

(s2 + 9.804s + 95.24) 

9 

-88213 (s+9.595e06) (s+49.86) (s+20.58) (s+5.842) (s+0.191) (s-0.2035)/ 

(s+9.594e06) (s+50) (s+20.69) (s+3.301) (s+0.2129) 

(s2 + 9.803s + 95.23) 

10* 

-338.73 (s+9.796e06) (s-43.91) (s+43.7) (s+17.54) (s2 - 1.222s + 1.212) / 

(s+9.594e06) (s+50) (s+20.69) (s+3.306) (s+0.2188) 

(s2 + 9.804s + 95.24) 

11 

-492.03 (s+9.747e06) (s+43.88) (s+17.42) (s-30.58) (s2 - 1.463s + 1.471)/ 

(s+9.594e06) (s+50) (s+20.69) (s+3.306) (s+0.2164) 

(s2 + 9.804s + 95.24) 

 



F: Model fitting and simulated model outputs for 10 minutes of fNIRS-tHb time-series 

from stimulated hemisphere 

Simulated grey-box model outputs for the proposed pathway using 10-minute estimation data 

from fNIRS total hemoglobin concentration changes from tDCS stimulated sensorimotor 

region 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 

Supplementary Figure S1: Simulated grey-box linear model output for the four pathways fitted individually to 

each of the 11 participants' fNIRS-tHb data (600 seconds from HD-tDCS stimulated region). Averaged 

experimental fNIRS-tHb response across all subjects is also shown with a dashed line. Pathway: 1: tDCS 

modulating vessel response through synaptic potassium pathway, Pathway 2: tDCS modulating vessel response 

through astrocytic pathway, Pathway 3:  tDCS modulating vessel response through perivascular potassium 

pathway, and Pathway 4: tDCS modulating vessel response via the smooth muscle cell pathway. 

Supplementary Table S4: Mean-square error (MSE) for the grey-box model analysis using experimental fNIRS-

tHb data from tDCS-stimulated side for 600 seconds of each subject for the four model pathways. * subjects 

with >-0.5 Correlation Coefficient between Oxy-Hb & Dxy-Hb. 

Sub 

# 

Pathway 1 

(Synaptic 

Potassium → 

vessel 

circumference) 

Pathway 2 

(Astrocytic 

membrane 

potential→ 

vessel 

circumference) 

Pathway 3 

(Perivascular 

Potassium → 

vessel 

circumference) 

Pathway 4  

(Voltage-gated 

ion channel on 

SMC → vessel 

circumference) 

1 0.03194 0.05235 0.2203 0.1321 

2 0.1128 0.1422 0.004508 0.07534 

3* 0.08671 0.1937 0.05579 0.1598 

4* 0.01857 0.04674 0.07505 0.0679 

5 0.06443 0.08512 0.005981 0.1466 

6 0.008047 0.1361 0.008353 0.08054 

7 0.06033 0.02859 0.02679 0.08053 

8 0.09873 0.2548 0.3909 0.1242 



9 0.00289 0.03508 0.01706 0.04097 

10* 0.05032 0.1326 0.00422 0.08931 

11 0.05409 0.2009 0.004483 0.08612 

 

Supplementary Figure S2: Boxplot of the mean square error (MSE) across all the 11 participants for the grey-

box model fitting using experimental fNIRS-tHb data from tDCS-stimulated side for 600 seconds for the four 

model pathways 

_________________________________________________________________________ 

  



G: Residual checks 

The following plots show the residual analysis of the refined models obtained for the proposed 

pathways using grey-box model estimation data of 11 volunteers (fitted to initial 150 seconds 

of tDCS, model outputs presented in Figure 4 of the main manuscript).The plots display the 

autocorrelation curves for the residuals and cross-correlation curves between input and 

residuals for the proposed pathways. The confidence interval for the curves are shown by 

dashed lines 

(a) Pathway 1: tDCS modulating vessel response through synaptic potassium pathway 

 
(b) Pathway 2: tDCS modulating vessel response through astrocytic pathway 

 



(c) Pathway 3: tDCS modulating vessel response through perivascular potassium pathway 

 
(d) Pathway 4: tDCS modulating vessel response via the smooth muscle cell pathway 

 

Legend  

Supplementary Figure S3: Autocorrelation curves for the residuals and cross-correlation curves between input 

and residuals for the proposed four pathways. 

  



H: Electric Field in brain tissues 

A)  

B)  



C)  

D)  



E)  

Supplementary Figure S4: Simulation of transcranial electrical stimulation (TES) using ROAST: An Open-Source, 

Fully-Automated, Realistic Volumetric-Approach-Based Simulator For TES 

(https://github.com/andypotatohy/roast). (A) Tissue segmentation for finite element modeling of the electric field. 

(B) Electric field (V/m) in the brain. (C) Electric field (V/m) in the cerebrospinal fluid (CSF) – note that the 

magnitude difference with the brain in the color scale. (D) Electric field (V/m) in the grey matter. (E) Electric 

field (V/m) in the white matter. 

E  

 

D 

 


