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Section 1  

Photon statistics: theory 

The coherent state |𝛼𝛼⟩ in quantum mechanics is defined as: 

 |𝛼𝛼⟩ = ∑ 𝛼𝛼𝑛𝑛
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𝑛𝑛=0 ,       (S1-1) 

where |𝑛𝑛⟩ is a Fock state. The corresponding probability 𝑃𝑃𝑛𝑛 of finding n photons using Born rule is as 
follows: 

 𝑃𝑃𝑛𝑛 = 〈𝑛𝑛〉𝑛𝑛

𝑛𝑛!
𝑒𝑒−〈𝑛𝑛〉,        (S1-2) 

where 〈𝑛𝑛〉 is the mean photon number.  

Figure S1 is numerical calculations for equation (S1-2) for both Fock state n and its expected photon 
number or mean photon number 〈𝑛𝑛〉. As shown in the upper panels, the ratio of 𝑃𝑃𝑛𝑛+1/𝑃𝑃𝑛𝑛 is ~1% if 〈𝑛𝑛〉 < 0.05. 
For example the ratio of doubly bunched photon to single photon is 4% for 〈𝑛𝑛〉 < 0.04. In other words, sub-
Poisson photon distribution is obtained within 4% error if 〈𝑛𝑛〉 < 0.05. However, if 〈𝑛𝑛〉 > 1, such sub-Poisson 
distribution cannot be possible as shown in the lower panels. 

 

Fig. S1. Numerical calculations of Poisson distributed photon statistics.  
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Photon statistics: experiments 

Figure S2 shows coherent photon statistics for Fig. 2 with 〈𝑛𝑛〉~0.04, where the observations were done by the 
fast digital oscilloscope via single photon counting modules (SPCMs). Figure S2(a) and (b) show two split 
photon streams propagating both paths of the first MZI C in Fig. 1. Figure S2(c) shows 14 measured doubly 
bunched photon pairs detected in Fig. S2(a) for 1 ms. Based on the 22 ns dead time of the SPCMs, the mean 
photon number of the attenuated laser is 〈𝑛𝑛〉~0.04, where the mean photon number used for CBWs in Fig. 2 is 
〈𝑛𝑛〉𝑑𝑑~0.0003, which is ~1 % of 〈𝑛𝑛〉. Considering the dead time of SPCMs, the measured data of the doubly 
bunched photons in Fig. S2 coincide with the photon statistics in Fig. S1. 

 

Fig. S2. Coherent photon statistics. (a) and (b) Nearly antibunched single photon streams measured in C MZI of 
Fig. 1. (c) Counted 14-doubly bunched photon pairs in (a). The counted pulse numbers in (a) and (b) are 1,036 
and 1,004, respectively.  
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Section 2 

Analysis of phase sensitivity of CBW 

 
Fig. S3. Phase sensitivity. (a) For n=3 (solid) and n=1 (dotted). (b) Corresponding slopes. Δ𝐼𝐼𝛾𝛾𝛾𝛾 = 𝐼𝐼𝛾𝛾 − 𝐼𝐼𝛾𝛾 . 

Phase sensitivity Δψ in Fig. S4 is defined as:  

 Δψ = Δ𝐼𝐼𝛾𝛾𝛾𝛾
δ𝐼𝐼𝛾𝛾𝛾𝛾
δ𝜑𝜑

,        (S3-1) 

where Δ𝐼𝐼𝛾𝛾𝛾𝛾 = 𝐼𝐼𝛾𝛾 − 𝐼𝐼𝛾𝛾  in Fig. 4. From equations (2) and (3), the classical value of 
δ𝐼𝐼𝛾𝛾𝛾𝛾
δ𝜑𝜑

 is calculated: 

 
δ𝐼𝐼𝛾𝛾𝛾𝛾
δ𝜓𝜓

= ±𝐼𝐼0𝑠𝑠𝑠𝑠𝑛𝑛𝑠𝑠.        (S3-2) 

From equation (6) and (7), generalized nth-order output intensities of CBWs are as follows: 

 𝐼𝐼𝛾𝛾
(𝑛𝑛) = 𝐼𝐼0

2
(1 + 𝑐𝑐𝑐𝑐𝑠𝑠𝑛𝑛𝑠𝑠),       (S3-3) 

 𝐼𝐼𝛾𝛾
(𝑛𝑛) = 𝐼𝐼0

2
(1 − 𝑐𝑐𝑐𝑐𝑠𝑠𝑛𝑛𝑠𝑠).       (S3-4) 

Thus, the 
δ𝐼𝐼𝛾𝛾𝛾𝛾
δ𝜓𝜓

 value of the nth CBW is calculated from equations (S4-3) and (S4-4): 

 
δ𝐼𝐼𝛾𝛾𝛾𝛾
δ𝜓𝜓

= ±𝑛𝑛𝐼𝐼0𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛𝑠𝑠.        (S3-5) 

At ψ = π/2, the ratio of equation (S3-5) to equation (S3-2) is n. Thus, the phase sensitivity of CBW increases 
n times of the classical limit in a single MZI. The numbers in Fig. S3(b) indicate each slope, where the solid of 
CBW is tripled of the dotted (classical). 

  



4 

 

Section 3 

Deterministic 𝝋𝝋-basis control 

Figure S2 shows a schematic of the control of φ using a rotating glass plate by a micrometer.  

 
Fig. S2. Schematic of glass plate rotation-based phase control of MZI B in Fig. 1. (a) Rotated glass plate with 
respect to the laser beam. (b) Expansion for (a). (c) Numerical simulation for path length change. n: refractive 
index of the glass plate. d: thickness of the glass plate.  
 
According to Snell’s law, the following equations are induced for the path length change ΔL: 

 ΔL = d � 𝑛𝑛
�1−𝑠𝑠𝑠𝑠𝑛𝑛2𝜃𝜃

− 1�.       (S2-1) 

As shown in the inset of Fig. S2(c), the rotation-angle induced path length change ΔL is linear across θ = 45°, 
where the slope is 8.36 μm/°. For the fine tuning of ΔL, one end of the glass plate is pushed by a micrometer 
with respect to the pivot of the center as a rotation axis. For the glass length of 5 cm, the rotation angle variation 
Δθ per unit distance (μm) by the micrometer push is as follows: 
 Δθ = 0.023°/μm.        (S2-2) 
Thus, the fine tuning of φ is possible. For the numerical calculations in Fig. S2(c), the related Matlab program 
is as follows: 
-------------------- Matlab program ------------------------- 
clear 
dd=0.01*pi; 
x=[0:dd:pi/2]; %incidence angle wrt the glass plate (from normal) 
t=1000; % the thickness of the glass plate in microns 
n=1.5; % the refractive index of the glass plate 
%dt=length difference inside the glass plate 
%dtt=comparable length difference in free space xn 
s=sqrt(1-(sin(x)./n).^2); 
dt=-(1-1./s).*t; 
dtt=dt.*n; 
xx=x./pi; 
yy=x./pi.*180; 
plot(yy,dtt) 
 
 


