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Abstract Bohr proposed the complementarity principle in 1927 as the foundation
of quantum mechanics, since then relevant debates have been critically discussed
for many years. Applying a pair of spin particles, Einstein proposed the EPR para-
dox in 1935. Using nonlocal potential properties, Aharonov and Bohm proposed the
AB effect to test complementary measurement results. Under locality conditions,
Bell established a Bell inequality under classical logic. Using a pair of particles and
double sets of ZMI devices for complementarity measurements, Hardy proposed the
Hardy paradox in 1992. During the past 50 years, locality and nonlocality tests on
complementarity were hot-topics among the advanced quantum information, com-
puting and measurement directions with various theoretical extensions and solid
experimental results.

These complementarity approaches separated local/nonlocal parameters to form dif-
ferent equations without an integrated logic framework to describe these equations
including both local and nonlocal features consistently. The main results provide a
series of paradoxes that conflict with each other.

This paper uses conjugate transformation. Based on the m + 1 kernel form of 0-1
states, n pairs of conjugate partitions were established. Under a given configura-
tion in N bits, a set of 2n 0-1 feature vectors are applied to construct conjugate
transformation operators in logic levels with intrinsic measurements to be a set of
measurement operators.

The key results of the paper are listed in Theorem 5. Two special functions of vector
logic (CNF or DNF expression) and four equivalent expressions of the elementary
equation are examples to show local and nonlocal variables in equations consis-
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tently. Applying two pairs of conjugate sets (A, B) and their complementary sets
(A’ B’), 4 meta measures are established corresponding to {+a4, +bp} quantitative
features under measurement operators. The main results of the paper are represented
in Lemma (1-4), Theorem (1-5) and Corollary (1-7). From a vector logic viewpoint,
conjugate complementary scheme can organize local and nonlocal variables to sat-
isfy the comprehensive properties of modern logic constructions on completeness,
non-conflict and consistence in a united logic framework.

Keywords Conjugate Logic, Conjugate Transformation Structure, Phase Space, Se-
lected Set, Complementary Set, Measure, Complementary Measure

1 Introduction

1.1 Complementarity Principle

The origin of the complementarity principle [1] could be traced back to 1927,
Heisenberg proposed the uncertainty relation and Bohr proposed the complemen-
tarity principle for the foundation of quantum mechanics. In two Solvay confer-
ences of 1927 and 1930, Einstein and Bohr started the strangest debate in the his-
tory of the understanding of the foundation of quantum mechanics [2]. Bohr used
complementarity to explain wave-particle duality to provide the groundwork for the
Copenhagen interpretation of quantum mechanics.

Using a pair of spin particles, Einstein proposed the EPR paradox [3] in 1935 and
Bohr’s reply [4]. Both quantum founders debated this issue for many years, until
both masters were passed away, and there was no a common agreement achieved.

1.2 Complementarity Measurements

From a complementarity measurement viewpoint, Bohm proposed a hidden variable
theory for quantum mechanics in 1952. Aharonov and Bohm proposed theoretical
model and testing methods to use magnetic potentials in a double path interference
device on the AB effect.

Based on the AB effect, Aharonov expanded to apply complementarity schemes
to handle local and nonlocal attributes of topology [7]-[10]. Applying the Schroedinger
equation, the measurement equation established with both § and 6’ complementary
variables [11]. Using differential equations to describe various complementary prop-
erties, there are many research results to describe wave-particle duality in various
measurement models to show multiple interactive effects.
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1.3 Bell Inequality

Under locality conditions, Bell proposed the Bell inequality [12, 13] in 1964 using
classical logic. Based on Bell’s results, Clauser-Horne-Shimony-Holt CHSH pro-
posed the CHSH inequality [14] in 1969, consequently relevant experiments tested.
In 1989, Greenberger-Horne-Zeilinger GHZ proposed the GHZ theorem [15] to ex-
pand quantum interaction effects to break locality conditions in quantum systems
by more than three Qubits [16]-[21].

1.4 Hardy Paradox

Bell inequality uses statistics of joint measurements. With a logical quantum-versus-
classical contradiction without the need for inequality, the Hardy paradox provides
a more striking conflict than that with inequalities. It is considered as “the simplest
version of Bell theorem” and “one of the strangest and most beautiful gems yet to
be found in the extraordinary soil of quantum mechanics” [24].

From 2009, a series of experiments [26]-[29] showed that this type of paradox
existed in reality. Based on the Hardy paradox and extensions, various theoretical
models and experiments were developed [26]-[31], linked with wider applications:
Bell inequality, quantum entanglements, single photon detection etc.

From an algebraic viewpoint, Hardy paradox can be briefly described as (e™,e™) —
(C~,CT|D™,D"), where two pairs of elements (¢™,e™) in interactions as an in-
put resource, two sets of double path interference devices are used to generate two
groups of two pairs of four complementary measurements (C~,C*|D~,D™) as a set
of output results.

In the paper [29], n variables of qubit system describes its index set as [, =
{1,2,---,n}. For the k-th Qubit, its projection set is labeled by {ay,ax,by, by} as
complementary measurements.

Fora,b € {0,1} anda=1-a,b=1—b, o CI,, @ = [Trcq G-

From a representing viewpoint, {ay, d, by, bi } and {aq,dq, ba, bg } provide equiv-
alent information on two groups of two pairs of four measurements (C~,C*|D~,D™)
in Hardy paradox.

1.5 Weakness of Various Complementarity Frameworks

From a logic viewpoint, listed schemes of complementarity have various weak-
nesses.

Studies on Bohr, Heisenberg, Einstein, Bohm and Aharonov have mainly applied
advanced algebraic tools in mathematical physics such as matrix theory and differ-
ential equations. The principle of complementarity was based on classical logic at
the concept level, and there is no any explicit logic equation associated with the
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discussed cases. Typical applications were merely focus on levels of thought exper-
iments and weak measurements such as wave-particle duality, double split interfer-
ences, Schroedinger cat and a pair of spin particles etc.

Studies on Bell, CHSH, GHZ, Hardy, etc. use statistics of joint measurements
in logic and probability equations in classical logic levels. There is a prelimitation
on their expressions to put various complementary variables integrated into a logic
equation to provide separate equations on either local or nonlocal forms respectively.
The main targets provide distinguished paradoxes on various measurements.

In other words, the classical 0-1 logic system cannot provide consistent frame-
work to support two groups of four complementary measurements with local and
nonlocal properties in an equation without intrinsic contradiction. Such as Bell in-
equality and multiple experimental evidence on the Hardy paradox.

1.6 Conjugate Transformation Structure

Applying a balanced organization and pairs of partitions on phase spaces, Jeffrey
Z.J. Zheng proposed conjugate classification, conjugate transformation [32, 33] and
reversible logic equations [34] in the 1990s. In his PhD thesis [35], four regular
plane lattices for binary images were applied for analysis and processing, and a
conjugate transformation structure was established (the Section 5.4 of [35]). In this
regard, the newest progress is a monograph published by Springer[36] in 2019 to
propose a 0-1 vector logic system from logic, measurement and visualization as key
components for variant construction.

To make a proper logic foundation, this paper is initially from 0-1 logic through
two basic vector logic functions and the elementary equation of the conjugate trans-
formation to support Hardy variables consistently.

1.7 Paper’s Structure

Based on the introduction in Section 1, in Section 2, basic logic constructions are
described from variables, states, conjugate states and function spaces. In Section
3, a sequence of state vectors is composed of configuration spaces. In Section 4,
conjugate transformation is established by pairs of two sets of feature vectors to
be a reversible logic expression. In Section 5, various operations on clusters are
described for conjugate transformation. Measurement operators were illustrated in
classical logic equations in DNF and CNF forms and four equivalent expressions of
the elementary equation. In Section 6, four measurements are established to form
probability spaces and in Section 7, the conclusion of the paper and future explo-
rations are discussed.
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2 Transforming Structure

Complemetarity expressions are not restricted to measurement operators. In this
paper, discrete vectors and transformation rules are provided to link with conjugate
transformation with complementarity properties via various operators of different
levels.

Conjugate logic construction is composed of hierarchical levels on 0-1 vector
structures. Using m + 1 logic variables to make a kernel form, multiple invariants
are proposed to partition pairs of vector states into various clusters to construct
multiple levels of phase spaces.

Applying a pair of balanced foreground and background feature clusters, conju-
gate classification organizes multiple invariants to partition its phase spaces into 2n
classes. For a given configuration, it is possible to define a feature class to partition
the relevant configuration as 2n representatives to express this possible phase space
consistently. Under transformation, 2n classes are played in the most important role.
Using this type of meta feature expression, it is feasible to establish an elementary
equation of conjugate transformation.

2.1 Kernel Form

Let K be a kernel form, it has a certain geometric-logic shape with m + 1 vector
logic variables: K = {xg,x1, " , Xk, s %m }, %k € {0,1},0 < k < m.

Let x be a corresponding position of the kernel form K, X be a vector with m+ 1
elements and X = (xX,x1,-- X, - ,Xm), K(%) be the kernel form of the m + 1
elements.

For multiple variables, a kernel form has a special geometric structure and mul-
tiple geometric and topologic invariants, such as translation, reflection and rotation
can be identified.

2.2 Phase Spaces and Conjugate Phase Spaces

Let 2 be a phase space - a state space of a kernel form K (7) For a given K (7),
there are distinguished m + 1 logic variables. For a given x, there are two values
(0,1), using this value as a reference, it is feasible to organize other m variables to
form a pair of two sets with conjugate vector states: S( %) and its conjugation §( %),
x €{0,1},1 <k <m.

S(7):K(x:11x11"'7xk7"'7xm) (l)
§(7):K(x:03xla"'5xka"'axm) (2)
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For convenience, let ® and © express a pair of conjugate phase spaces associated
with two set operators: {A,V},

O = {S(¥)x=1,x€{0,1},1 <k <m} 3)
O = {S(¥)x=0,x,€{0,1},1 <k <m} (4)
Q=0v6O 5)
0=0A70 (©)

Let |R| be the number of states in the set R.

Lemma 1. For a given K(X') and its phase space 2, |®] = |®| =2,

2| =|0]+|6]=2"""

Two conjugate phase spaces partition the phase space in balance, and two con-
jugate phase spaces contain conjugate clusters as one to one pairs to organize all
possible states as a balanced hierarchical structure.

2.3 2n Feature Clusters of Conjugate Classification)

Due to ® and @ with a pair of two vector state sets, each set contains 2" states.
Using a specific partition, it is feasible to define relevant clusters as n groups. This
classification is a conjugate classification if each group has a conjugate group and
all groups are composed of the whole states.

Let I;(I;) be the j-th cluster of @(O), for any state S(¥) e I;, iff, there is one
corresponding state S(X) € [,y = —x = 0,y = w3z, 3% € {0,1},0 < k <m, and
vise versa.

Using a conjugate pair of 1-1 mapping, equations of |I;| = |I;| > 1 are true on
the following equations.

I
<=
oy

® @)
j=1

6=\/T; (8)
j=1

0= GAL =LA =GALG=GAL 1< j#k<n ©)

Theorem 1. For a given conjugate classification, 2n feature classes {{I;}_;, {fj}’]‘:l}
partition a pair of two conjugate phase spaces © and O respectively.
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3 Configuration

Let X be a configuration that is composed of a sample set with N elements, and each
element is a state.

X:(X17"'7Xl7"'aXN);XIEQ-lSZSN (]0)
7
X; = Sf%)’xl €O a1
S(X ),X]E@;

-

x = (xl,xll,--~ ,xfc,--- ,xﬁn),xl,xf( €{0,1},1<k<m (12)

From a representing viewpoint, X may be equivalent to a (m+1) x N 0-1 se-
quence to be composed of N states, and each X; state contains m + 1 bits.

i.e. When consequential states have overlapped parts in m bits, X could be rep-
resented as a 1D cellular automata with a total of N cells and each cell with m+ 1
bits.

3.1 Two Sets of Feature Vectors

For convenient analysis, we suppose two states can be identified, iff they are in two
distinguished groups. Under this condition, the configuration vector can be mapped
into 2n feature vectors.

Using defined 2n classes, their feature values are:

1,X, €l
LX) = {O’Xj ‘I (13)
~ 0,X el
(%) = { LXj ¢f§- (14)

Under this paired mapping rule, all X;,1 < < N correspond to 2n 0-1 feature
vectors.

;71—}(Xl)var}(XN))a1<l<Nal<]§n (15)
,oe fj(xl)’... NJ

)

3.2 Two Constant Vectors

In addition to these feature vectors, there are two constant vectors.
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Ip(X;) =0,1<I<N; (17)
0(X;) =1,1<I<N (18)
_)
Let two constant vectors be 0 and 1,
_>
0 =IH(X) = Ip(Xy)---Tp(X)) - - Tp(Xy)) = (0---0---0),1 <I < N; (19)
%

I =I(X) = To(X1)---To(X)) - To(Xn)) = (1---1---1),1 <I<N  (20)

Two constant vectors in configuration select @ feature groups.

3.3 Feature Counting

In a 1D cellular automata, the /-th position of feature vector I';(X) has a 1 value
if X! € I3} and the I-th position of conjugate feature vector I;(X) has 0 values if
xle 1:] Both feature vectors are 0-1 vectors with N bits to be a feature projection
from the configuration X to be composed of two sets of 2n feature vectors.

Counting the number of 1 elements in I';(X) and the number of 0 elements in
T;(X), two coefficients a;, b; can be calculated.

N

a;j(X) =Y (L;(x)==1) 1)
=1

bj(X) = i(fj(xl) ==0) (22)

N
I
=

In general, the feature vector length N satisfies the following equation for 2n
coefficients.

N=Y (a;(X) +b;(X)) (23)
=

4 Basic Logic Operations on Feature Vectors

4.1 Two Canonical Feature Vectors

Using two logic operators {N, U}, combinations of whole feature vectors to be rep-
resented as two canonical feature vectors
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rx)= LnJFj(X>; (24)
j=0

rx)= ﬁﬁ( X) (25)
j=0

Theorem 2. For a given configuration X, two canonical feature vectors satisfy
rx)=rx.

Proof. For a state in a feature group, its feature value is 1 and a state in a conjugate
feature group, its special value is 0. When two types of feature vectors are merged
together only positions in feature groups keep values 1 under OR operations and
conjugate positions in conjugate groups keep values 0 under AND operations that
make two integrated feature vectors be equally valued.

A useful sample case is shown in Figure 1 to illustrate relevant partitions and
projections on feature vectors.

Fig. 1 Sample Cases for Feature States and Conjugate Feature Vectors
m=1,n=2,N = 16 one configuration X = 1011100011001001 partitions to 4 feature vectors and
2 constant vectors,

I = {11},I5 = {10}, two feature states for 1 values

I; = {00},I; = {01}, two conjugate feature states for 0 values

X = 1011100011001001, one configuration with 16 bits as a cycle
—-X = 0100011100110110, reversed configuration
) = 0000000000000000, 0 constant vector of Iy
I7(X) = 0011000010000001, feature vector of I

Lo(X
(
I3(X) = 1000100001001000, feature vector of I3
IH(X) = 11111111111, T conjugate constant vector of Iy
[(X) = 1111100111011011, conjugate feature vector of I}
I5(X) = 1011111011101101, conjugate feature vector of I3
I'(X)=I[(X)=X = 1011100011001001, two conjugate vectors are equal
ag(X) = 0, counting 1 values in I
a(X) =4
@m(X) =4
a;(X) =aj; +ay = 8, total number of 1 values in I"(X)
bp(X) = 0, counting O values in T
bi(X) =4
bz(X) =4

br(X) = by +by = 8, total number of 0 values in " (X)
N=ar+b; =16
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4.2 Special Logic Operators

Using two logic operators {—,}, the following equations are satisfied.

Theorem 3. For two feature vectors {I;(X),I;(X)}, conjugate operator ~ reverse
feature vector and original configuration.

I(X) = =I;(=X); (26)
=[(X) = T(-X); @7
I(X) = —[(-X) = [(X); (28)
—I(X) = [;(=X) (29)

Proof. For the first equation, the /-th 0 element of I;](X ) describes the j-th group

of X; = 5(7) € I, conjugate operator —X; = §(y )= (Lxh, X)) =

S(?),xﬁ( =—y.,8(y') € [} = =X, € I;. One 1-element of I';(—X) corresponds to
one O-clement of I;(X) undertaken — operations. For other equations, similar oper-
ations can be performed in the proof procedure.

4.3 Irreducible Expression

When two feature vectors are on a logic expression, if the expression cannot be
reduced as a constant vector or simplified as a single feature vector, then this logic
expression is an irreducible expression; otherwise, it is a reducible expression.

Corollary 1. For two distinguished feature vectors under {—,N,U,”} operators,
there are only 6 groups of irreducible expressions.

—I(X) N=I(X) = F(=X) NLG(=X); (30)
I;(X)UL(X) = =I;(=X) U=[i(=X); (31)
—[(X)U-(X) = T (~X) UL (=X); 32)
G(X) NI(X) = =L (~X) N =T (=X); 33)
—IG(X) NIG(X) = —I(X) N =T (=X); (34)
I;(X)U-Li(X) = [(X) UL (=X) (35)

5 Conjugate Transformation

For convenient description of a given configuration, a pair of structures can be es-
tablished.



Complementary Local and Nonlocal Measurements of Conjugate Transformation 11

5.1 A Pair of Parameter Sets

Let/ ={1,---,n} be an index set of feature vectors, and A, B C I be two subsets of
the index set.

(A,B) = {{I}} jea: {Ii }ren} (36)

In (A, B), the first parameter is the index set of the phase space ® and the second
parameter is the index set of the conjugate phase space ©.
e.g.,ifA={2,4},B={3,4}, then (A,B) = {I3,14,13,14}.

5.2 Pair Sets of Feature Vectors

For any configuration X,(A, B)X represents a pair set of feature vectors.

(A,B)X = {{I;(X)} jea, {Tx(X) }en} (37)

To express two sets of selected feature vectors, let I3 (X) be a merged set of the
index set A under OR operations and I'3(X) be a joined set of the index set B of
feature vectors under AND operations.

n(x) = |JLx) (38)
JEA

(x) = N (X) (39)
keB

(A,B)X = {Ix(X),Ip(X)} (40)

(A,B)X is composed of two feature vectg;s. .
While A = B =0, let I3(X) = I5(X) = 0 and I3(X) = I[H(X) = 1" be two con-
stant vectors.

5.3 Three Set Operators

Let {/,V,A} be {complement, union, intersection} operators of index sets. For an
index set I, A a subset and A’ a complement subset, A C I and A’ C [ satisfy the
following equation.

AVA =1 (41)
ANA" =0 (42)
=1 (43)

=0 (44)
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Applying this expression, a canonical vector I'(X) or I'(X) can be described as
two parts linked with a U or N operator.

re) = U600 = UL = ) uli ) @s)
Jj=0 j=1

FX) = (VIX) = () Fi(X) = F(X) " T (X) (46)
k=0 k=1

5.4 Basic Operators of Conjugate Transformation

Using pairs of feature vectors (A, B)X = {I4(X),I3(X)}, it is essential to inves-
tigate eight representatives under three logic operators {—,N,U}. Two irreducible
expressions are expressed as {Fo({A,B)X),Fi((A,B)X)}.

Lemma 2. For A # B,T)(X),I3(X) under {—,N,U}operators, there are eight equa-
tions.

Li(X)NT5(X) = Ix(X) @7)

LX) UTp(X) = [3(X) (48)

Fo((A,B)X) = =3 (X) NI(X) = Ly (X) U—T(X) (49)
SLOUGX) = T (50)

LX) N-[3(X) = 0 1)

Fi((A,B)X) = [ (X) U—I3(X) = =Ly (X) NI (X) (52)
—L(X)N-Ip(X) = ~Ip(X) (53)

—I(X) U-Ip(X) = ~IL(X) (54)

Proof. For Equation (47), feature vector I (X) contains positions of states in set A
with the value 1 and other positions with value 0; and positions of I3(X) in set B
are in values 0 and other positions are in values 1. Two vectors are operated as two
bit vectors, and the result vector has minimal values equal to I3 (X).

For Equation (49): —I(X)NIg(X) = Ly (X) U~I(X),
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LX) NIX) = ~L(X) N T NT3(X)

T = LX) ULy (%)

— L (X) N (<L (X) UL (X)) 0

— (~L(X) N Ly (X) U4 (X)
-+ SL(X) =T (X) =~ (X

— (<[ (X) U (X)) NT(X)
~T(X)=I(X)

— (-F(X) UL (X)) N (X)

= LN () UL (X) "3 (X)

(X) = F(X) N iy (X), L (X) N Tp(X) = Ly (X)
X) NIy (X)) NIp(X) ULy (X)
D¢
(X

Ip(X)
NIy (X)) NIp(X)
),

T (X) Ny (X) = Ly (X)

( B
= ((~fp(x
- (h ) N F(X) U= (X) N T3(X)) U (X)
STp(X) N T3(X) = O, =T (X) N 3(X) = T (X)
= (0 U=y (X)) ULy (X)

= Iy (X) ULy (X)

= Ly(X) U-Ty (X)

(
3(X) U= (X)) N [ (X)) ULy (X)

¢

Following similar patterns, other equations can be proved.
Lemma 3. In general, pairs of functions Fy and F satisfy the following equautions.
Fy((A,B)X) =—F ((A,B)X) = F; ((A",B')X) (55)
Fi((A,B)X) = ~Fy((A,B)X) = Fy((A", B')X) (56)
Proof. First, we prove Fy((A,B)X) = -Fi ((A,B)X),
“Fi((A,B)X) = ~(I(X) U—I3(X))
= LX) N=-I3(X)

= LX) NIE(X)
= Fo((A,B)X)

Then proof —F; ((A,B)X) = Fy ({A’,B")X),
—Fi((A,B)X) = ~I[1(X) NI(X)
*." Equation (49)
= (%) U=Ty ()
= F((A",B')X)
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Corollary 2. Selecting functions Fy((A,B)X) or Fi({A,B)X), the pair ogeature

vectors of conjugate transformation generates four extreme vectors {I'(X), 0, 1 ,=I'(X)};
four extreme vectors are (A,B) = {(0,0),(0,1),(I,0),{I,I)}.

Proof.

F0(<050>X)

~I§(X) N To(X)
nT
— A Constant 1 Vector

(X)NIG(X)
-0 Nrx)

=TI'(X) — An Invariant Vector
R((1,0)X) = ~I;(X) N Ip(X)
-rx)nT
= —I'(X) — A Reversed Vector
—L(X) N1 (X)
-I'(X)NI'(X)
6> A Constatnt O Vector

Fi((0,0)X) = T(X)U—T3(X)

—
U-1

Jo—]
§J¢0¢

Fo((0,1)X) =

Fo((1,1)X)

—~

— A Constant 0 Vector
Fi((0,1)X) = Ty(X) U=Fi(X)

= 0 u-Ix)

= —I'(X) — An Invariant Vector
F((1,0)X) = I1(X )Uﬁfw( )

rxyu-1

=TI'(X) — A Reversed Vector

A((IL1)X) = 17(X) -II(X)
JU-I'(X)

A Constatnt 1 Vector

For another set of equations, the results can be verified directly.

From this set of the four results, pair sets of feature vectors are represented by
two equivalent equations. One type of equation uses M operators, and another uses
U operators. Choosing any equation, it is possible to cover [0, 1] regions on 2"
functions. From quantitative analysis viewpoint, this type of bi-expression cannot
be observed in classical logic systems with intrinsic complementarity properties.
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Corollary 3. For a configuration X and its two sets of feature vectors {I;(X)}_, {L(X) Y,

the elementary equation of conjugate transformation can generate 2°" vector func-
tions.

Proof. Each selection of (A,B) determines a vector logic function. Two sets are
composed of all possible combinations of A,B C I = {1,---,n}, each index set has
2" selections, and a total of 22" vector logic functions can be generated.

5.5 Elementary Equation of Conjugate Transformation

Using (A,B)X,{Fy,Fi} it is feasible to generate all 2" vector logic functions
from 2n feature vectors. From a symmetric viewpoint, each expression is a reversed
form of another one. Since there are internal unbalanced properties, neither equa-
tions has self-conjugate symmetry.

From a conjugate symmetric viewpoint, the elementary equation provides better
properties in optimal forms for balanced organizations.

Let j be a reversing operator, it reverses selected parts of the configuration to
satisfy the following equations.

Let F({(A,B)X) be an elementary equation of Conjugate Transformation

F((A,B)X) = ['(X)5(A,B)X (57)
= (CX)N(~IA(X))) U (~T(X))

Operator § has the following meaning: selected components (A, B)X, the operator
changes selected sets of feature vectors and retains other unselected sets of feature
vectors be invariant.

Theorem 4. The elementary equation is a vector logic equation to reverse the se-
lected sets of feature vectors and keep other unselected sets of feature vectors in-
variant.

Corollary 4. Under the — operator, the elementary equation is a self-conjugate
equation to exchange index sets of feature vectors and to be reversed on the con-
figuration vector.

F({A,B)X) = F((B.A)-X) (58)

Proof.



16 Jeffrey Zheng

—F((A,B)X) = ~((F(X)N(~I1(X))) U (-I5(X)))
de Morgan Rule
~(C(X)N (A (X)) NIp(X)
Distribution Rule
(-C(X)UIi(X)) NIR(X

T(X)
— (<I(X) NL3()) U (TA(X) N T3(X))

-+ 3(X) = ~Ip(~X), T3(X) = ~[3(~X)
— (<I'(X) N [3(X)) UL (X)

Theorem 5. For a (A,B)X € CTS(X), the elementary equation of CTS has four
equivalent expressions.

F({A,B)X) = (I'(X)N—Ix(X))U-Ip(X) (59)
= Ly (X)) U—Ip(X) (60)
= i (X)) NIy (X) (61)
= (M(X)U-Ip(X))N—I;(X) (62)

Proof. From the first one to the second one, we have

F((A,B)X) = (I'(X) N T4 (X)) U-L}(X)
((TA(X) U (X)) N I3 (X)) U—3(X)

— (T(X) N =3 (X)) U (G (X) N0 (X)) U—T3(X)
(0) U (T (X) N L3 (X)) U-3(X)

— (L (X) N =I3 (X)) U-T3(X)

Ly (X) U—I3(X)

The other two expressions can be deduced in a similar way.

From the four equivalent expressions, symmetric properties can be observed in
the formula.

Corollary 5. For a given (A,B), if A= 0 or B=0, then F ({A,B)X) for components
(A,B)X is an equation of dilation or erosion.

Proof.
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F((0,B)X) = (I'(X)N (=15(X))) U (~[5(X))
= I'(X) U (~I3(X))( Dilation)
F((4,0)X) = (I'(X) N (=11 (X)) U (=I5 (X))
= I'(X)N(—Ix(X))( Erosion)

Corollary 6. The eleme:ﬁgrx> equation of conjugate transformation generates four
extreme vectors {I"(X), 0, 1',—I'(X)}; four extreme vectors are (A,B) = {(0,0),

<071>7 <I7m>7 <I’I>}
Proof.

F((0,0)X) = (I'(X) N (=I5(X))) U (~[o(X))
=TI'(X)— An Invariant Vector
F((0.1)X ) (I'(X) N (=Io(X))) U (~I}(X))
(X)u-I;(X)
(X)u-I'(x)
(X)U-I'(X)

— A Constant 1 Vector

F({1,0)X) = (I'(X) N (=I;(X)) U (=I5 (X))

=TI X)Nn(-I(X))
=I'X)N(-I'(X))
ﬁ — A Constatnt 0 Vector

F({1.1)X) = (D(X) N (=17 (X)) U (-13(X))

N (= (X)) U(=I'(X))

5

I(
= —I'(X) — A Reversed Vector

Corollary 7. For a configuration X and its two sets of feature vectors {I';(X)}}_,

{Ti(X)}r_,, the elementary equation of conjugate transformation can generate 2>
vector functions.

Proof. Each selection of (A,B) determines a vector logic function. Two sets are
composed of all possible combinations of A,B C I = {1,---,n}, each index set has
2" selections, and a total of 22" vector logic functions can be generated.
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6 Measurement Structure on Complementarity Expression

6.1 Pairs of Opposites

In Section 6, for any configuration X, it is feasible to partition 2n clusters of
states generating 2n feature vectors in arbitrary combinations. Two basic equations
{Fy,F1} and the elementary equation F, three equations provide full capacity to
apply 2n feature vectors to generate all 22" vector logic functions.

Lemma 4. For any two index sets, the following equations are satisfied.

A'VB' = (AAB) (63)
(AVB) =A'AB (64)

e.g.

I=1{1,2,3,4,5,6}
A=1{1,2,3},A' ={4,5,6}
B = {3,4},B'={1,2,5,6}
AVB = {1,234}, ANB={3}
A'VB = (AANB) ={1,2,4,5,6}
(AVB) = A'AB'={5,6}

Since Conjugate Transformation manages feature vectors as two conjugate sets,
let the selected set be A and its complementary set be A’. From a representative
viewpoint, the whole set of feature vectors is in I, which makes conjugate map-
ping into bilinear structures. For a complementarity formalism, this set of expres-
sions provides idea complementary properties to make pairs of opposites on selected
and non-selected sets corresponding to local and nonlocal effects, respectively. This
paradox style consistently provides the foundational support on both logic and mea-
surement levels.

AVA =1, ANA' =0
BVB =1, BAB' =0

Using feature vectors and their combinations, all measurements are distributed
in the [0,N] region. For a configuration with N length, 2n feature vectors, each
vector set A corresponds to I3 (X) — @4 measurement and its complementary set A’
corresponds to I} (X) — otyr.

Considering 0-1 Logic variables transfer to rational numbers under — operators,
it is natural to assign a pair of measurements in equal quality and opposite directions
satisfing the following equation.

P (65)
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Under this type of pair, 4n measurements are determined. For 1 < i < n, four
classes {A,A’ B, B’} are described as follows.

{ay, -+ ,a;,--- ,a,} — Class A (66)
{-ai,---,—aj,---,—a,} — Class A’ (67)
{b1,--- ,bi,--- by} — Class B (68)
{=by,---,—bj,---,—b,} — Class B' (69)

6.2 Probability Space

Corresponding to probability measurements { p;, py, pi, py }7_, as follows to transfer
each class being probability.

a;
== =1 70
pi a,’,;”’ (70)
a i 1 1)
Dy = —, ) Di=
ar i3
. b &
pi= Y pi=1 (72)
1 =]
5, — ot Z =1 (73)
Pr =1 i:1p, =

A comprehensive sample case is shown in Figure 2 to illustrate various feature
vectors, complementary components, measurements and complementary measure-
ments from a given configuration.

From a dimensional viewpoint, the vector length of conjugate transformation is N
based on 2n feature vectors with N length. After the logic structure is transformed
into a measurement structure, each vector has an opposite to form a total of 4n
measurements in a measurement space.

From 0-1 vectors to be composed into measurement vectors, thhe kernel form
of measurements does not contain multiple symmetric properties superior to the
original feature vectors to satisfy such as I'(X) = I"(X) equations.

7 Conclusion

Under conjugate pairs of partitions on phase spaces, conjugate clusters and feature
vectors can be applied to consistently establish various logic equations including
both local and nonlocal variables. Two groups of selected sets and their comple-
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Fig. 2 Sample Case for Feature Vectors and Pairs of Conjugate-Complementary Measurements
m=1,n=2,N = 16 one configuration X = 1011100011001001 partitions to 4 feature vectors and
2 constant vectors,

I = {11},I3 = {10}, two feature states for 1 values
I = {00},I; = {01}, two conjugate feature states for 0 values
X = 1011100011001001, one configuration with 16 bits as a cycle

—X = 0100011100110110, reversed configuration
Ij(X) = 0000000000000000, 0 constant vector of Ip
I7(X) = 0011000010000001, feature vector of I
I>(X) = 1000100001001000, feature vector of I3
IH(X) = 1111111111, T conjugate constant vector of Iy
[(X) = 1111100111011011, conjugate feature vector of I
I5(X) = 1011111011101101, conjugate feature vector of I3

I'(X)=I[(X)=X = 1011100011001001, two conjugate vectors are equal

. .
= 0, counting 1 values in 0

&
)

Q
P =T S
= =
XX XXX
I

= 4, measurements as a selected set

=

—4, measurements as a complementary set

an(X) =4
ay(X) = —4
a;(X) =aj; +ay = 8, total number of 1 values in I"(X)
bp(X) = 0, counting 0 values in T
b1 (X) = 4, conjugate measurements as a selected set
bi/(X) = —4, conjugate measurements as a complementary set
by(X) = 4
by(X) = —4

bi(X) = by +by = 8, total number of 0 values in I"(X)
N=ar+b; =16
p1 = ai/a; = 0.5,1; probability
pr = ay/ap =0.5,I] complementary probability
p2 = ap/a; = 0.5,13 probability
py = ay/ap =0.5,I3 complementary probability

p1 = b1 /b; =0.5,I] conjugate probability
Py = by /by =0.5,I] conjugate-complementary probability
P2 = by/b; = 0.5,I} conjugate probability

Py = by /by = 0.5, conjugate-complementary probability
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mentary sets correspond to 4n measurements under measurement operators. From
a physical application viewpoint, relevant measurements provide both positive and
negative values for their energies. Four meta measurements support four output vari-
ables of the Hardy paradox in equations without any intrinsic contradiction.

Because new expressions of local and nonlocal complementarity provide addi-
tional information, further explorations are required.

Sample cases on two basic equations and equivalent expressions of elementary
equations are merely examples. The conjugate transformation structure to handle
transforming equations of Hamilton dynamics can be checked in [37].

Under this unified logic framework, it may be possible to provide solid logic
foundations on quantum mechanics, quantum information, quantum gravity, etc. to
resolve other paradoxes and mysteries in further explorations.
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