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Abstract7

The evolution of molecular interstellar clouds, during which stars form, is a complex, multi-scale8

process. The power-law density exponent describes the steepness of density profiles in the log-log9

space, and it has been used to characterize the density structures of the clouds. Its effectiveness10

results from the widespread emergence of power-law-like density structures in complex systems that11

have reached intermediate asymptotic states. However, its usage is usually limited to spherically12

symmetric systems. Importing the Level-Set Method, we develop a new formalism that generates13

robust maps of a generalized density exponent kρ at every location for complex density distributions.14

By applying it to a high fidelity, high dynamical range map of the Perseus molecular cloud constructed15

using data from the Herschel and Planck satellites, we find that the density exponent exhibits a16

surprisingly wide range of variation (−3.5 . kρ . −0.5). Regions at later stages of gravitational17

collapse are associated with steeper density profiles. Inside a region, gas located in the vicinities of18

dense structures has very steep density profiles with kρ ≈ −3, which form because of depletion. This19

density exponent analysis reveals diverse density structures in a molecular cloud, forming a coherent20

picture that gravitational collapse and accretion contribute to a continued steepening of the density21

profile. We expect our method to be effective in studying other power-law-like density structures,22

including the density structure of granular materials and the Large-Scale Structure of the Universe.23

1 Introduction24

Many astrophysical processes, including the gravitational collapse of molecular clouds, are complex and25

multi-scaled. Residing in the Galactic disk, the clouds are the nurseries of stars. They are open systems26

that interact with the environment constantly. Their collapses involve an interplay between turbulence27

[1], gravity, magnetic field [2], ionization radiation, and Galactic shear, resulting in highly complex28

density distributions.29

A clear picture of how the collapse occurs is yet to be achieved. Modern, high spatial dynamical30

range observations provide maps that contain an unprecedented amount of information [3]. Measures31

like density (Probability Distribution Function) PDF [4], correlation function [5] and fractal dimension32

[6] have been proposed to quantify the structure of the star-forming regions. Despite their successes,33

these measures are degenerate, where original data from regions are often “compressed” into 1D curves to34

enable subsequent analyses. The loss of information during the compression means that the complexity35

of the underlying structures is often overlooked. Besides, to derive these measures, one needs to specify36

the boundary of a region in advance, which can be a challenging task, especially for data that contain37

heterogeneous structures.38

Power-law density structures such as ρ ∝ rkρ (kρ < 0) are common in systems which have reached39

intermediate asymptotic states, such that the behaviors are independent of the details of the initial40

and/or boundary conditions [7, 8]. One such example is the gravitational collapse of molecular cloud,41

where stationary collapse leads to ρ ∼ r−2 [9, 10, 11, 12, 13], and accretion flow around dense objects42

have ρ ∼ r−1.5 [14, 15]. For these systems, measuring the power-law density exponent kρ would enable43

us to distinguish different structures, and the value of kρ can be directly compared against models to44

achieve understandings. Various attempts have been made to measure the density exponent. The most45

obvious approach is to fit spherical models to observational data. However, as the majority of regions46
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Figure 1: Evaluation the

Level-Set Density Exponent.

We first divide a region using
a set of isosurfaces. A typical
region R1 would be surrounded
by an isosurface at ρ = ρ1. Inside
this region, there exists one or a
few subregions (R2,i) surrounded
by isosurfaces at ρ = ρ2. The
equations on the right hand side
describe how the density exponent
kρ at voxels included in R1 yet
not included in R2,i) is computed.
The spacing between the adjacent
isosurfaces are exaggerated for a
clearer view.

we study are non-spherical, this approach is limited in practice. Another way is to derive the power-law47

density exponent using the density probability distribution function (PDF) [10, 16, 17]. Although the48

procedure is straightforward, this statistical approach only allows for the derivation of an “effective”49

density exponent, which contains no information on how gas organizes spatially.50

To fully exploit the diagnostics power of the density exponent kρ, importing the Level-Set Method51

(LSM), we propose a new formalism to measure its value for non-spherical yet centrally condensed52

regions. The Level-Sets are contourlines, and the Level-Set Method is a conceptual framework where53

analyses of surfaces and shapes can be performed with the help of Level-Sets. By applying the LSM to54

state-of-the-art high dynamical range observations of star-forming regions, we obtain spatially-resolved55

maps of the density exponent, and reveal, for the first time, the complexity and regularity of molecular56

cloud structures.57

2 Method58

For a spherical system, the density structure can be described as ρ(r) where r is the radius. To measure
the steepness of the density profile in a given location, we adopt a local model where ρ ∼ rkρ , and in the
vicinity of r, the value of kρ can be derived as

kρ(r) =
log(ρ(r + δr))− log(ρ(r))

log(r + δr)− log(r)
,

where δr << r.59

The goal is to measure the density exponent for clouds of arbitrary geometries. Assuming a 3D60

density structure ρ(x, y, z), we divide the region using a set of densely-spaced iso-density contours, after61

which each subregion should be surrounded by a contour at ρ = ρ1, one or a few contours at ρ = ρ2, and62

it should contain values ranging from ρ1 to ρ2. Assuming that the region R1 has a volume of V1, inside63

this region, there can be a few (n) subregions R2,i surrounded by isosurfaces with ρ = ρ2 (ρ2 > ρ1), and64

these subregions have volumes of V2,i = V2,1, . . . V2,n. The size of the region can be approximated as65

r1 ∝ (V1)
1/3, and the effective size of all subregions altogether can be approximated as r2 ∝ (

∑

i V2,i)
1/3.66

The Level-Set Density Exponent is67

kρ =
log(ρ2)− log(ρ1)

log(r2)− log(r1)
. (1)

The procedure is illustrated in Fig. 1, and the resulting map is called the Density Exponent Map.68

The advantage of the Density Exponent Analysis lies in its robustness and resolving power: the69

method is directly applicable to maps that contain heterogeneous structures and can be used to dis-70

tinguish these structures. As an example (Fig. 2), we construct a model which contains two spherical71

clumps of different density profiles. We derive its density PDF and produce a density exponent map. The72

density PDF contains limited information since the spatial information is lost completely. In contrast,73

the Density Exponent Map indicates that the map should be separated into regions characterized by74

different density exponents and the map contain values of the density exponent at every location. The75

2
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Figure 2: Methods for analyz-

ing cloud structure. We con-
sider an example made of two
clumps (clump 1: ρ ∼ (r+0.01)−1,
clump 2: ρ ∼ (r + 0.015)−3).
Upper Left: Density distribu-
tion. Upper Right: Density
PDF. Lower Left: Density Ex-
ponent Map. Color represents the
density exponent, and brightness
represents surface density. The
colormap is the same as the one
in Fig. 3. Lower Right: mass-
weighed density exponent distri-
bution. The normalization of the
y-axis is arbitrary.

additional spatial information retrieved by the method makes it a powerful tool to analyze complex,76

spatially inhomogeneous datasets, such as the density structures of nearby molecular clouds.77

3 Results & Discussions78

Located at a distance of ∼ 290 pc [18], the Perseus star-forming region is nearby and well-resolved. We79

use the surface density map derived using data from the Herschel and the Planck telescope [3]. The cloud80

has a size of ∼ 30 pc, and the map has a resolution of 36 arcsec (∼ 0.05 pc). The enormous (∼ 103)81

spatial dynamical range allows detailed studies.82

Derivation of the level-set density exponent kρ requires 3D density distributions. As observations are83

done mostly in 2D, we develop a method (see Method A) to construct 3D density distributions using84

2D maps. This is achieved by first decomposing a 2D surface density map into component maps that85

contain structures of different sizes and by assigning thicknesses to these component maps and combining86

them. For cloud-like density structures, the reconstruction allows us to measure the mass-weighted mean87

density exponent to an accuracy of . 0.1. In our calculations, we focus on gas with ρH2
> 1000 cm−3.88

This corresponds to 40% of the gas contained in the Perseus region and the region is surrounded by89

a diffuse envelope that contains gas that does not contribute directly to the star formation. We also90

excluded unresolved regions – patches surround by contours whose sizes are smaller than 3 pixels (0.0891

pc), from our analyses. To derive the density exponent map, the data is divided using 100 contour levels92

equally spaced in log(ρ).93

In Fig. 3 we plot the density exponent distribution at the cloud center plane, which contains all the94

line-of-sight density maximums. kρ ranges from -3.5 to -0.5, forming a highly inhomogeneous pattern95

which contain variations on different scales.96

3.1 Inter-regional variations: Density-driven collapse97

The Perseus clouds can be separated into a few pc-sized subregions. Each region has a corresponding98

gravitational potential dip [19], and tehse regions can collapse to from star clusters or associations. We99

first divide the cloud into these regions and evaluate parameters including the mass-weighed mean density100

exponent and the mean densities. We also characterize these regions by deriving a quantify called the101

dense gas fraction (see Methods B). Since all the dense gas would collapse to form individual or multiple102

stars, the dense gas mass fraction is a direct indicator for the star formation activity.103

Correlations between these quantities are summarized in the right panel of Fig. 3, where the detailed104

results from the individual regions are contained in the Method (C) section. In general, regions of steeper105

density profiles have higher dense gas mass fractions. Thus, the formation of dense gas, which occurs on106

tiny scales, is deeply linked to a global steepening of the density profile.107

By plotting the mass-weighted density exponent against the mean density (Fig. 3), we find that108

regions of higher densities tend to have steeper density profiles, which suggests a density-driven collapse109
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Pie charts: dense gas fraction 
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5 pc

Colormap

Blue:    Green:   Red:   −3 ± 0.7 −2 ± 0.7 −1 ± 0.7

Figure 3: Results from the Perseus molecular cloud. Left: Density Exponent Map of the Perseus
region. We plot the results at the midplane of the reconstructed 3D density distribution. The brightness
represents the density, and the colors represent the density exponent kρ. The color channels have response
functions of Gaussian shapes (see the colormap on the upper right). Right: Density exponent plotted
against the mean density. Pie charts show the dense gas mass fractions of the corresponding regions,
where the yellow areas stand for the diffuse gas and the orange areas stand for the dense gas.
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Figure 4: Stratified density structures of two subregions. In the background, we plot the density
exponent map of the IC348 region and the NGC1333 region, respectively. The centers of the circles
represent to the location of dense cores, and the radii of the circles correspond to the accretion zone radii
of the dense cores racc = Gmcore/σ

2
v. The colormap is the same as that used in Fig. 3.

scenario. Since all regions belong to the Perseus molecular cloud, we assume that they have almost the110

same age tPerseus. Provided that they evolve at paces set by their free-fall time tff , which is related to the111

mean densities by tff ≈

√

1/(Gρ), the evolutionary stage can be parameterized using f = tPerseus/tff ∼112

ρ1/2, and regions with larger ρ are more evolved and thus their steeper density profiles and higher dense113

gas fractions. The picture of a steepening density profile is consistent with findings from some recent114

simulations [20], and the correlations point to a simple picture where the mean gas density sets the pace115

at which a region evolves.116

The map also allows us to identified a new region called “Perseus Cirrous” (Fig. 3) for the first time.117

Although overlooked by previous studies, the region stands out in our analyses due to its shallow density118

profile (kρ ≈ −1). The region occupies the shallow end of the density exponent parameter space, and its119

structure should be representative of the structure gas at early stages of gravitational collapse.120

3.2 Intra-regional stratification: Gas depletion by accretion121

The density exponent map also reveals stratified density structures inside individual regions. In evolved122

regions such as the NGC1333, dense, filamentary structures of steep density profiles (kρ ≈ −2) are123

surrounded by gas of even steeper density profiles (kρ ≈ −3). In previous studies, regions are usually124

described using single power-laws [16, 17]. From our maps, we concluded that these density structures125

are more complex than previously believed, where multiple power-law are required to describe them.126

According to theoretical studies, kρ = −2 represents the limiting case of stationary collapse [12].127

These even steeper density profiles (kρ ≈ −3) demand an explanation. We propose that they are likely128

the result of gas depletion caused by accretion. To verify this, following the approach adopted in a129

previous paper [21], in Fig. 4 we plot the accretion zones of the dense cores. These zones are defined as130

r < racc = Gmcore/σ
2
v, where r is the distance from the dense core, mcore is the core mass, and σv is the131

velocity dispersion of the ambient medium. Gas located within these zones is expected to get accreted by132

the dense cores. The dense core catalogue is taken from literature [22], and we adopt σv = 1 km/s, which133

corresponds to the velocity dispersion measured at ∼ 1 pc scale [23]. Since the radii of the accretion134

zones of the majority of the cores are smaller than 1 pc, where the velocity dispersions can be smaller,135

we might be under-estimating the accretion radii in most cases.136

We find that for regions such the NGC1333, the accretion zones of different cores overlap very signif-137

icantly, meaning that these cores are accreting competitively. Remarkably, these overlapping accretion138

zones appear to coincide with the presence of very steep density exponents (kρ ≈ −3), suggesting that139

gas depletion by competitive accretion is the cause of the steep density profiles.140
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3.3 Summary & Future Extensions141

The evolution of molecular clouds is exemplary of complex, multi-scale processes. Regions in molecular142

clouds appear to be gravitationally bound at ∼ pc scale [19], and the collapse of dense cores, which is143

directly related to star formation, occurs at . 0.05 pc. Importing the Level-Set Method, we develop a144

new, robust formalism to compute spatially resolved maps of the density exponent. On the pc scale, the145

mass-weighted mean density exponent correlates with the star formation activity. On smaller scales (.146

1 pc), the density exponent kρ still exhibits significant variations. This complex pattern results from a147

continued steepening of the density profile driven by gravitational collapse and accretion.148

The spatial information our method provides is valuable for large, inhomogeneous datasets. The Level149

Set-based formalism can be modified to suit different models, for example, to derive the scale length for150

exponential-like structures, which we will explore in the future. We expect our method to be effective151

for other structures including the density structure of granular materials and the Large-Scale Structure152

of the Universe.153
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Methods:205

A Reconstruction of 3D density structure206

We develop a formalism to construct 3D density structures from 2D observations. The reconstruction207

consists of two steps. First, using a method called “constrained diffusion decomposition” (Li 2021 ApJS208

under revision), we decompose the surface density maps into component maps that contain structures of209

different sizes. The first of these maps contain structures whose sizes range from 1 to 2 pixels, and the210

nth of these maps contain structures of sizes between 2n−1 and 2n pixels. Second, a 3D density structure211

is constructed using the component maps. During our reconstruction, the channels are assumed to be212

slabs of different thicknesses, where and along the line of sight, the nth channel has a Gaussian density213

profile of dispersion of 2n pixels. The final 3D density structure is assumed to be the sum of these slabs.214

When combining these slabs, we aligned them such that the density maximums stay on the same plane.215

Due to the lack of information on the distribution of gas along the line of sight direction, the density216

structure we constructed is not identical to but resembles the real one. We first test our method by217

producing a 3D clump of where ρ ∼ r−2, projected it to 2D, and verified that our reconstruction allows us218

to recover the density exponent to an accuracy of . 0.01. Then, using results from numerical simulations219

[24], we perform density exponent analysis on both the original data and the 3D data constructed from220

a 2D projection. We limit ourselves to gas with n(H2) & 250 cm−3 and find that the reconstructed221

cloud and the original cloud are similar in terms of kρ (Fig. 5). The original cloud has a mass-weighted222

density exponent of -1.66, and the reconstructed cloud has kρ = −1.69. The difference is noticeable but223

is still small compared to the variations we are interested in. Although some small-scale details are lost,224

compared to the original cloud, the reconstructed cloud has very similar density exponent distributions.225

B Measurement of dense gas fraction and star formation activ-226

ity227

The star formation activity is characterized by the dense gas ratio – the ratio between the amount of the228

dense gas which should collapse to form stars and the total amount of gas in a region. To trace the dense229

gas, we use the 870µm observation towards the Perseus region where only dense gas can be observed230

[25], and created a mask containing significant (& 3.5σ) detections. Using the Herschel-Planck surface231

density map [3], the total amount of gas is derived by integrating over whole regions, and the amount of232

dense gas is derived by integrating over subregions with significant Bolocam 870µm detections.233
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Simulation Reconstructed

Figure 5: Testing the 3D density reconstruction method. Left panel: Map of mass-weighted
mean density exponent of a simulated cloud. Right panel: Map of mass-weighted mean density ex-
ponent of the reconstructed cloud. The brightness represents the density, and the color represents the
density exponent. Red: kρ = −1± 0.7, green: kρ = −2± 0.7, and blue: kρ = −3± 0.7.

C Results from all subregions234

In Fig. 6 we plot results from all subregions. These plots are arranged according to their evolutionary235

stages inferred from the mass-weighed mean density exponent. Regions in the bottom panels are more236

evolved compared to regions in the top panels. The amount of unresolved gas – gas contained in regions237

whose sizes are smaller than three pixels (56”, 0.08 pc), are also indicated.238
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Figure 6: Results from individual regions. Left panels: maps of the density exponent kρ. Right

panels: we plot the total amount of gas, the amount of dense gas, the amount of spatially-unresolved
gas, as well as a distribution of gas in regions of different kρ. Properties including total gas mass,
mean density, dense gas fraction, and mass-weighted density exponent, are indicated in the right panels.
Limited by the resolution, it is impossible to derive the density exponent for gas contained in contours
whose sizes are smaller than 3 pixels. Mass contained in these contours are excluded from the analyses.
The total amount of unresolved gas are indicated as “unresolved”.
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