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S1. DATA FOR NUCLEAR REACTION NETWORK

A. Nuclear Reaction

An atomic nucleus is a small, dense region containing protons and neutrons at the center of an

atom. When a nucleus of an atom collides with subatomic particles (including neutrons, protons,

or high energy electrons) arriving from outside the atom, it will produce one or multiple nuclei.

This process is a nuclear reaction, where the reacting nuclei at rest are also known as target nuclei,

and the ones in motion are projectile nuclei or incident particles. An example of nuclear reaction

is illustrated in Fig.1a. Reaction (i) involves the bombardment by fast neutrons of nuclei 63
29Cu

which produces 60
27Co and alpha particles. Reaction (ii) starts with the nuclei 60

27Co under proton

bombardment yielding 60
28Ni and neutrons.

Studying nuclear reaction is an important research subject in astrophysics, because the origin

and evolution of the chemical elements, as well as astrophysical events are all powered by nuclear
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TABLE S1: Nuclear reactions in JINA REACLIB.

Type Equation Type Equation

1 e1 → e2 7 e1 + e2 → e3 + e4 + e5 + e6

2 e1 → e2 + e3 8 e1 + e2 + e3 → e4

3 e1 → e2 + e3 + e4 9 e1 + e2 + e3 → e4 + e5

4 e2 + e2 → e3 10 e1 + e2 + e3 + e4 → e5 + e6

5 e1 + e2 → e3 + e4 11 e1 → e2 + e3 + e4 + e5

6 e1 + e2 → e3 + e4 + e5

processes. However, all these efforts require reliable reaction rates as an input. It motivates the

compilation of thermonuclear reaction rates and JINA (Joint Institute for Nuclear Astrophysics)

REACLIB is one of such products. It has the latest and most accurate thermonuclear reaction

rates for astrophysical applications[1, 2]. In JINA, nuclear reactions are divided into 11 chapters,

and each chapter summaries one type of reaction. As seen from Table S1, the reactions differ

from each other primarily on the numbers of projectile nuclei and the number of incident particles.

Moreover, JINA REACLIB contains rich information on nuclear reactions, and provides structured

data, such as the involved projectiles, emitted particles,Q-energy, cross section, reaction rates, and

the related parameters needed to compute the rates.

B. Network Representation

To obtain a thorough understanding of the nuclear reactions, we go beyond the astrophysicists’

view, and model the reactions as a directed network, where each nuclide is a node, and each nuclear

reaction, either naturally existing or synthesized in laboratories[3], is represented by a directed

edge. Then, we analyze the network based on complex network theories in an attempt to obtain

a macroscopic perspective. As shown in Figs.1b-d, the nuclear reaction network is very complex,

some nuclides are densely connected with others, while others have only a few links. Also, the

majority of pairs of nuclides do not participate in the same reaction at all. Many explanations from

atomic structure to energetic limitation have been proposed in nuclear science. But, there is still

no reasonable explanation for the observed reaction patterns. Here we are filling this gap.

There is considerable amount of information that can be utilized to study the properties of

individual nucleus and the interactions between nuclides. Our current analysis is built on the
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TABLE S2: Statistics of the 15 most common nuclear reaction modes. The pairs 〈∆n,∆z〉 (row 1 and

5) of nuclear reactions (row 2 and 6) are written in terms of particles n, p, α, or γ rays. Each of these

reaction modes has over 2, 000 reaction instances (row 3, 4, 7 and 8) in JINA REACLIB. The radioactive

decay 〈γ, n〉 is a neutron emission reaction, which accounts for 9.72% of the entire nuclear reaction set.

〈∆n,∆z〉 〈−1, 0〉 〈1, 0〉 〈−1, 1〉 〈−2,−2〉 〈1,−1〉 〈2, 2〉 〈0,−1〉 〈0, 1〉

mode 〈γ, n〉 〈n, γ〉 〈p, n〉 〈γ, α〉 〈n, p〉 〈α, γ〉 〈γ, p〉 〈p, γ〉

freq. 7511 7504 6738 5422 5191 5099 5044 5043

pct. 9.72 9.71 8.72 7.01 6.72 6.60 6.53 6.52

〈∆n,∆z〉 〈−2,−1〉 〈2, 1〉 〈−1,−2〉 〈1, 2〉 〈−2, 1〉 〈−3, 1〉 〈−4, 1〉

mode 〈p, α〉 〈α, p〉 〈n, α〉 〈α, n〉 〈, n〉 〈, 2n〉 〈, 3n〉

freq. 5035 5035 5008 5008 4110 3075 2194

pct. 6.51 6.51 6.48 6.48 5.32 3.98 2.84

number of neutrons and protons within a nuclide. To explore the interaction between nuclides, we

identify the nuclear reactions using the loss or gain in nucleon number during the nuclear process.

To make the analysis simple, not all subatomic particles that involve almost all nuclear reactions

are considered[3], but special attention is given to the target and residual nuclides.

Let A1
Z1

T be the target nucleus with mass number of A1 and proton number of Z1 and A2
Z2

R be

the residual nucleus with massA2 and protons Z2 in any nuclear reaction. The changes of numbers

of neutrons ∆n and protons ∆z can be written using the nucleons of the nuclides in both sides,

i.e., ∆n = (A2 − Z2)− (A1 − Z1) and ∆z = Z2 − Z1. The pair 〈∆n,∆z〉 is simple but sufficient

to categorize the nuclides into several common modes. There are 39 different pairs of 〈∆n,∆z〉 in

total, and the most common 15 modes account for 99.9% of all nuclear reactions in REACLIB (see

Fig. S1a and Table S2). According to Table S2, almost 10% of the reactions are 〈γ, n〉 or 〈n, γ〉

reactions: either losing or picking up a neutron during the reaction. As seen from Fig. S1a, each

green node is a possible residual nucleus produced from the reactant nucleus in red, for which the

reaction modes are shown as the directed edges from a red nucleus to a green one. Each nucleus

can have multiple reaction modes, each of which may be related to a different residual nucleus.

All nuclear reactions happen among nuclides that are close in the glide chart, which results in

at most 4 nucleons of loss or gains during an individual nuclear reaction, i.e. 1 ≤ |∆n|, |∆z| ≤ 4.

Each nucleus is connected to a local intertwined community that has similar numbers of nucle-
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FIG. S1: Characteristics of the nuclear reaction network and our proposed degree model. (a) Charac-

teristics of the nuclear reaction network in terms of the reaction types. (b, both left and right), the distribu-

tion of the lower degree nodes w.r.t their distances to the nearest boundary and (c, considering their numbers

of protons) the element-wise distribution. (d) A diagram of the degree prediction of our model (green line)

related to two spatial distances: the distance to the stable nodes ds, and the distance to the nearest boundary

db. The predictions are rounded up to the nearest integers (in orange).

ons. The bounded nucleon changes are in essence governed by the binding energy of nucleons.

Producing a long range edge is often energetically prohibited, so a nuclear reaction between two

nuclides which are located far from each other in the chart is unlikely to happen.
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S2. MODEL OF NUCLEAR REACTION NETWORK
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FIG. S2: Correlation between reaction modes. (a) Correlation heat map matrix. The axes show the

reaction modes in terms of the changes of nucleons (∆n,∆z) for each type of reaction. The number in each

cell represents the concurrence of a pair of reaction modes, and the diagonal numbers are the total number

of nodes having the corresponding reaction modes. The larger is the number, the stronger is the correlation

between two reaction modes. The matrix is symmetric, therefore only the lower triangular part is shown.

(b) Bipartite illustration of the correlations. The nodes filled with distinct colors represent different reaction

modes, and the sizes describe the corresponding numbers of nuclides having the corresponding reaction

modes (diagonal numbers in a). Each edge represents the concurrence of a pair of reaction modes, and its

weight shows the strength of the concurrence.

S3. VALLEY OF STABILITY

The nucleons in an atomic nucleus attract each other through the strong nuclear force, while

protons repel each other via the electrostatic repulsion force because they are positively charged. It

is the amount of strong nuclear force and the associated binding energy in a nucleus that determines

whether it will be stable or unstable. Neutrons stabilize the nucleus, because they attract protons,

which helps offset the electrical repulsion between protons. The unstable nuclides (e.g. all nuclides

with Z > 82), a.k.a the radioisotopes, are subject to radioactive decay: turning into another
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TABLE S3: Parameters of Kprod and Kmin, and their prediction accuracy. The parameters are searched

using gradient based optimization method and refined with the hyper-optimization approach. There are

Upper (U) and Lower (D) regions separated by Z = 82, i.e. Lead. The parameters α and β are the

exponents of db and ds, respectively, for distance based models. The pair b1 and b2 in Kprod and Kmin are

used for the left and the right region of the valley of stability. The accuracy measures the match between

the rounded up prediction and the real degree.

U/D
Θprod

Accuracy
α β a b1 b2 c

U 0.259 1.341 77.877 0.583 0.037 0.009 0.497

D 0.033 0.021 54.519 0.335 0.944 0.155 0.543

U/D
Θmin

Accuracy
α β a b1 b2 c1 c2

U 0.031 2.022 2.704 -2.604 0.922 4.688 0.001 0.543

D 0.053 1.966 11.882 5.779 8.349 5.708 0.007 0.672

nuclide of the same element or even into another element entirely. A stable nuclide, on the other

hand, has already become what it is going to be, and will not experience further decay.

There is no concrete theory to explain the causes of the stability, but only general observations

based on the available stable nuclides (253 stable nuclides, starting from 1
1H, 2

1H and ending with
209
83 Bi, have been found[4]). Researchers developed some empirical rules, e.g. neutron-to-proton

ratio or nuclear drip line to determine the stability, but none of them work well in all cases.

We are particularly interested in stable nuclides, which are generally either non-radioactive or

radioactive with sufficiently long (equal or greater than the Earth’s age, about 4.5 billion years)

half-lives. Therefore, we analyze their degree distribution, and discover that the stable nuclides

has nearly the same number of incoming edges and outgoing edges. Apart from that, their degrees

are primarily 12 for either in-degree or out-degree, see Fig. S3b.

Both reconstruction models rely on the distance ds to the nearest stable node. However, there

is no corresponding stable nuclide for heavy elements with proton number greater than 82. To

make the computation possible, a linear regression model n = az+ b is calibrated from all known

stable nodes. Given an element whose proton number z is fixed, we are able to position the ‘stable’

nuclide of such element. The predicted stable nodes are represented by the red dots in Fig. S3a.
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FIG. S3: Valley of stability. (a) Stable nodes (in black) versus stable nodes predicted with a linear regres-

sion model (in red), and the blue line indicates nuclides with Z = N . (b) Degree distribution of the stable

nodes. Over 80% of the stable nodes have 12 connections, which correspond exactly to the most common

12 reaction modes.

Furthermore, the blue line illustrating the balance in terms of proton and neutron numbers in

nuclides, i.e. z = n is set as a reference. This line implies a trend of the valley of stability towards

more neutron-rich region due to the increasing Coulomb repulsion for heavier nuclides[5].
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S4. THEORETICAL MODEL OF DEGREE IN VIRTUAL TRIANGULAR CHART

The discoveries of new elements and new nuclides are still continuing to be made[6], and the

boundaries of the nuclide chart are expanding as well. Here we ask the fundamental question: can

we theoretically analyze the degree distribution of a nuclide chart with any given boundaries? The

answer is yes.

To have an intuitive sense of the relations between the spatial location of the nuclide on the

nuclide chart and its degree based on the degree model K(db, ds; Θ), a theoretical model of degree

distribution is needed to be developed. Except the advantages of ease to analyze, a theoretical

model of degree distribution can provide a deep insight into the nature of the networks, e.g., the

exponent in a power law distribution affects the topology of scale-free networks, the properties of

small-world and the critical transition caused by random failure and targeted attacks[7, 8].

To simplify, we approximate the uneven boundaries as straight lines, and assume the nuclide

chart is a triangular plane (accurately speaking, a trapezoid plane) assuming continuous nucleon

numbers, as shown in Fig. S5a. Furthermore, we assume that the triangular has its lower left corner

located at the origin of the NZ-plane. Let gi(n, z) = n − uiz correlates to the valley of stability

(i = 0), the left (i = 1) and the right boundary (i = 2) of the nuclide chart, respectively. The

range of z ∈ [zmin, zmax] controls the bases of the plane and the height of the triangular chart,

accompanied with the slopes ui, i = 0, 1, 2. Another crucial aspect is the choice of the degree

model, based on which we can derive the degree function f(n, z) explicitly written in terms of

n and z. Without loss of generality, Kmin(ds, db; Θ) is assumed to position the active region

S(f(n, z) ≤ k) for any degree threshold k, and then the degree distribution can be derived as:

P (k) = P ′(f(n, z) ≤ k) =
2S ′(f(n, z) ≤ k)

(u2 − u1)(z2max − z2min)
. (S1)

Next, we present the details for the derivation of Eq. (S1).

A. Notations

Given any nuclide with its nucleon numbers n and z, it is easy to express its db and ds with n

and z according to its position with respect to g0, the valley of stability. If at the left side, then

db = n−zu1 and ds = zu0−n; at the right side, db = zu2−n and ds = n−zu0. Correspondingly,

the degree model is denoted as f(n, z) = min{c1(n− zu1)α + b1, c2(zu0− n)β + a} or f(n, z) =

min{c1(zu2 − n)α + b2, c2(n− zu0)β + a} considering at which side of g0 the domain stands.

9



To derive the theoretical form for the degree function, we rely on a divide-and-conquer strat-

egy to obtain the cumulative probability. There are at least two paths, one is purely built upon

the numerical computation, another one is a mixture of both the numerical computation and the

mathematical derivation. We are interested in building an analytical insight, therefore the later

one is our choice. Again, we face another two options: one is to assume discrete z, attempt to

derive the theoretical form using the Bayes’ law. Though a doable approach, it would require

considering all corner cases for each possible number of protons, and finally we still need to do

another summation over all cases to obtain the cumulative probability distribution, which requires

heavy computation and difficult to process. The second option assuming continuous z, is taken

in our analysis. Here, we choose to directly derive the probability from the geometric shapes by

considering where the degree threshold will be applicable.

Before the derivation, we define some useful notations for the complicated mathematical ex-

pressions, and provide some straightforward facts about the degree distribution, and some basic

properties of the related degree functions.

By replacing the corresponding db and ds with the associated functions of n and z, the degree

modelKmin(db, ds; Θ) becomes a function of n and z. Also, it may involve at least three functions

sharing the calibrated parameters reported in Section S2. These member functions are written as

f1(n, z) = c1(n−u1z)α + b1, f0(n, z) = c2(u0z−n)β + a and f2(n, z) = c1(u2z−n)α + b2. One

of them will become active in certain region. Overall, their positions should be able to capture the

camel-shape degree distribution. As illustrated in Fig. S4a, the ds based function f0(n, z) will be

active in the region bounded by the red and the blue lines, while this function counterpart db based

function will automatically become inactive in that region. Similarly, f1(n, z) and f2(n, z) play

their role at the left side of n1(z) and the right side respectively. The red n1(z) and blue n2(z)

lines are the solutions of f1(n, z) = f0(n, z) and f2(n, z) = f0(n, z). These interfaces are peaks

(or maxima), and very important references to determine the active region for a given threshold k,

where the functional value is less or equal to k. Therefore, it’s meaningful to obtain an explicit

expression of both n and z w.r.t k on these lines. Each of the two corresponds to solving an

equivalent equation array. Specifically, f1(n, z) = f0(n, z) = k is equivalent to solving f1(n, z) = c1(n− u1z)α + b1 = k,

f0(n, z) = c2(u0z − n)β + a = k.
(S2)
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Hence, we obtain  n01(k) = [u0h1(k) + u1h0(k)]/(u0 − u1),

z01(k) = [h1(k) + h0(k)]/(u0 − u1).
(S3)

Here, three simple functions h0(k), h1(k) and h2(k) are defined and will be frequently used in our

derivation: 
h0(k) = [(k − a)/c2]

1/β,

h1(k) = [(k − b1)/c1]1/α,

h2(k) = [(k − b2)/c1]1/α.

(S4)

These functions measure distances to gi, i = 0, 1, 2, respectively. Also, a superscript can be added

to denote the representative region and the associated parameters, i.e. u for the upper region (i.e.

z > zsep = 82) and d for the lower region. Similarly, we could solve f2(n, z) = c1(u2z − n)α + b2 = k,

f0(n, z) = c2(n− u0z)β + a = k,
(S5)

for f2(n, z) = f0(n, z) = k and obtain n02(k) = [u0h2(k) + u2h0(k)]/(u2 − u0),

z02(k) = [h2(k) + h0(k)]/(u2 − u0).
(S6)

Also, we note that α, β, c1, c2 > 0, when approaching g0, the ds based function f0 monotoni-

cally decreases and reaches its minimum value at g0 and min f0(n, z) = a. For db based functions,

either f1 or f2 increase when moving toward g0 and reach the peak at g0.

The virtual nuclide chart is defined or segmented by several straight lines: g1 = n − u1z = 0,

g2 = u2z − n = 0 with u1 = 0.8, u2 = 2.4 for the left and right borders, respectively; g0 =

n − u0z = 0 with u0 = 1.5 to represent the valley of stability; zmin = 1 and zmax = 111 defines

the minimum and the maximum number of protons; zsep = 82 separates the trapezoid chart into

upper and lower regions, over each of which we calibrate one set of parameters (see Table S3).

The relative magnitudes of f0, f1 and f2 and their effective regions will be the main task of our

derivation, as illustrated in Fig. S4a. According to the numerical degrees on several critical lines,

e.g. n1(z) and n2(z) in Fig. S4b, and the aforementioned properties, we obtain a preliminary

ordering for some critical values:

bu1 < bu2 < min fu1 (g0) < au < max fu0 (n1) < bd1 < min fu0 (n2) < max fu0 (n2) < bd2

bd2 < min fd1 (g0) < ad < min fd0 (n2) < max fd0 (n1) < max fd0 (n2).
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a b

FIG. S4: Intersection evaluation of functions and numerical degrees. (a) Intersection function for

f1(n, z) = f0(n, z) in red and f2(n, z) = f0(n, z) in blue. (b) Numerical degrees of n1(z) and n2(z),

the solution lines for the intersections. The folded n1(z) (in black) at the tail is actually the function values

of f1 at g0, and the associated region is defined by f1(n, z), and meets f0(n, z) when it reaches a, the

minimum of f0(n, z).

Now, we go through different k’s and obtain the corresponding cumulative probability

P (f(n, z) ≤ k), which can be computed with the fraction area of the associated region with

degree less than k w.r.t the entire region. To reduce redundancies, we denote S = S(f(n, z) ≤ k)

as the area of active region that satisfies f(n, z) ≤ k.

B. Cumulative Probability Distribution of Degrees

Based on the value of k, we give the detailed derivation of the cumulative probability distribu-

tion of degrees.
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1. k < bu1 : S = 0

2. bu1 ≤ k < bu2 : The active region should be only at the left side of n1, where f1(n, z) ≤ k. It

implies n− u1z ≤ hu1(k), which produces a parallelogram of height zmax − zsep and width

hu1(k), therefore the area is

S = (zmax − zsep)hu1(k). (S7)

3. bu2 ≤ k < min fu1 (g0): The active regions contain two components. Both are parallelograms,

one at the left side of n1 along the left boundary has width hu1(k), and the other at the right

side along the right boundary has width hu2(k). Hence, the area

S = (zmax − zsep)[hu1(k) + hu2(k)]. (S8)

4. min fu1 (g0) ≤ k < au: To identify the active region, we need to know the intersection of

the cutting plane and f1 on n1. It requires solving the equation u0z − u1z = hu1(k), i.e.

z∗ = hu1(k)/(u0 − u1). At the left side of n1, the area of the active region is

S1 =
∫ z∗
zsep

[u0z − u1z]dz +
∫ zmax

z∗
hu1(k)dz

= (u0 − u1)[(z∗)2 − z2sep]/2 + (zmax − z∗)hu1(k).

At the other side, we have

S2 =

∫ zmax

zsep

hu2(k)dz = (zmax − zsep)hu2(k).

Therefore, we have

S = S1 + S2 = (u0 − u1)[(z∗)2 − z2sep]/2 + (zmax − z∗)hu1(k)

+(zmax − zsep)hu2(k).
(S9)

5. au ≤ k < max fu0 (n1): The scenario becomes complicated, it requires to solve fu0 (n1) = k

for the intersection between the cutting plane and f0, which has z = zu01(k), but we notice

that the cutting plane leaves the n1 ranging from z = zu01 up to z = zmax beyond the

threshold. The active region has its area equal to

S =
∫ zu01
zsep

[u0z − u1z]dz +
∫ zmax

zu01
[hu0(k) + hu1(k)]dz +

∫ zmax

zsep
[hu0(k) + hu2(k)]dz

= (u0 − u1)[(zu01)2 − z2sep]/2 + (zmax − zu01)[hu0(k) + hu1(k)]

+(zmax − zsep)[hu0(k) + hu2(k)].

(S10)

13



6. max fu0 (n1) ≤ k < bd1: The entire left side of g0 on the upper region has prediction less than

k, and it’s also true for a belt of size (zmax− zsep)×hu0(k) along g0, and another belt of size

(zmax − zsep)× hu2(k) along the right border. Therefore, we have the area

S = (u0 − u1)(z2max − z2sep)/2 + (zmax − zsep)[hu0(k) + hu2(k)]. (S11)

7. bd1 ≤ k < min fu0 (n2): One part of the the effective region should be the entire area for case

max fu0 (n1) ≤ k < bd1. Another part is in the lower region, it is a belt of size zsep × hd1(k).

Hence, the area

S = (u0 − u1)(z2max − z2sep)/2 + (zmax − zsep)[hu0(k) + hu2(k)] + zseph
d
1(k). (S12)

8. min fu0 (n2) ≤ k < max fu0 (n2): Similar to the case min fu0 (n1) ≤ k < max fu0 (n1), the

cutting plane and the degree function intersects at z = zu02. The active region includes the

entire left side S1 of g0 on the upper region, and a belt S2 of width hd1(k) along the lower

left border. Here S1 = (u0 − u1)(z2max − z2sep)/2, S2 = (zsep − zmin)hd1(k) and

S3 =
∫ zu02
zsep

(u2z − u0z)dz +
∫ zmax

zu02
[hu0(k) + hu2(k)]dz,

= (u2 − u0)[(zu02)2 − z2sep]/2 + (zmax − zu02)[hu0(k) + hu2(k)].

Hence, we have the total area

S = S1 + S2 + S3 = (u0 − u1)(z2max − z2sep)/2 + (u2 − u0)[(zu02)2 − z2sep]/2

+(zmax − zu02)[hu0(k) + hu2(k)] + (zsep − zmin)hd1(k).
(S13)

9. max fu0 (n2) ≤ k < bd2: The entire upper region has a prediction less than k and the asso-

ciated area is S1 = (u2 − u1)(z2max − z2sep)/2. As for the lower region, it’s the belt of size

(zsep − zmin)× hd1(k) along the left border. Now, the area is

S = (u2 − u1)(z2max − z2sep)/2 + (zsep − zmin)hd1(k). (S14)

10. bd2 ≤ k < min fd1 (g0): The notation fd1 (g0) is used to present the tail (line in black

in Fig. S4b) of fd0 (u0z, z), where fd1 (u0z, z) < fd0 (u0z, z) and f1 dominates. Since

k < min fd1 (u0z, z), the belt along the left border of width hd1(k), and a belt along the

right border of width hd2(k) are the only effective regions, in addition to the upper region.

Therefore, we have

S = (u2 − u1)(z2max − z2sep)/2 + (zsep − zmin)[hd1(k) + hd2(k)]. (S15)
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11. min fd1 (g0) ≤ k < ad: The upper region is under the cutting plane, hence S1 = (u2 −

u1)(z
2
max− z2sep)/2. But the region encircled by n1 and n2 in the lower region has minimum

degree ad. Therefore, we only need to focus on the two sides. Let z∗ be the intersection of

the cutting plane and g0, then we have z∗ = hd1(k)/(u0 − u1), and the area of the effective

region is

S2 =
∫ z∗
zmin

[u0z − u1z]dz +
∫ zsep
z∗

hd1(k)dz

= (u0 − u1)[(z∗)2 − z2min]/2 + (zsep − z∗)hd1(k).

At the other side, we have

S3 =

∫ zsep

zmin

hd2(k)dz = (zsep − zmin)hd2(k).

Therefore, we have

S = S1 + S2 + S3 = (u2 − u1)(z2max − z2sep)/2

+(u0 − u1)[(z∗)2 − z2min]/2 + (zsep − z∗)hd1(k) + (zsep − zmin)hd2(k).
(S16)

12. ad ≤ k < min fd0 (n2): The cutting plane covers the entire upper region, hence S1 =

(u2 − u1)(z2max − z2sep)/2. Also, it goes through n1 in the lower region from left side of g0

and intersects with n1 at z = zu01. The active region at left of g0 has its area equal to

S2 =
∫ zu01
zmin

(u0z − u1z)dz +
∫ zsep
zu01

[hd1(k) + hd0(k)]dz,

= (u0 − u1)[(zu01)2 − z2min]/2 + (zsep − zu01)[hd1(k) + hd0(k)],

and the right side of g0 has

S3 =
∫ zsep
zmin

[hd0(k) + hd2(k)]dz = (zsep − zmin)[hd2(k) + hd0(k)].

Now, we the total area can be expressed as

S = S1 + S2 + S3 = (u2 − u1)(z2max − z2sep)/2

+(u0 − u1)[(zu01)2 − z2min]/2 + (zsep − zu01)[hd1(k) + hd0(k)]

+(zsep − zmin)[hd2(k) + hd0(k)].

(S17)

13. min fd0 (n2) ≤ k < max fd0 (n1): The cutting plane covers the entire upper region, hence

S1 = (u2 − u1)(z2max − z2sep)/2. Also, it goes through n1 and n2 in the lower region from

both sides. The cutting intersections of n1 and n2 are z = zd01 and z = zd02, respectively.

Let’s consider the active region at both sides of g0 independently. The left side has

S2 =
∫ zd01
zmin

(u0z − u1z)dz +
∫ zsep
zd01

[hd1(k) + hd0(k)]dz,

= (u0 − u1)[(zd01)2 − z2min]/2 + (zsep − zd01)[hd1(k) + hd0(k)],
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and the right side has

S3 =
∫ zd02
zmin

(u2z − u0z)dz +
∫ zsep
zd02

[hd0(k) + hd2(k)]dz,

= (u2 − u0)[(zd02)2 − z2min]/2 + (zsep − zd02)[hd2(k) + hd0(k)].

Thus, we have the total area

S = S1 + S2 + S3 = (u2 − u1)(z2max − z2sep)/2

+(u0 − u1)[(zd01)2 − z2min]/2 + (zsep − zd01)[hd1(k) + hd0(k)]

+(u2 − u0)[(zd02)2 − z2min]/2 + (zsep − zd02)[hd2(k) + hd0(k)].

(S18)

14. max fd0 (n1) ≤ k < max fd0 (n2): The upper region and the left side of g0 are included. The

area is S1 = (u2 − u1)(z
2
max − z2sep)/2 + (u0 − u1)(z

2
sep − z2min)/2. Another region is at

the right side of g0, and it could be identified by searching the intersection on n2 such that

f(n2, z2) = k, then the location must be z = zd02. The right region of g0 is scissored by the

cutting plane through f0 and f2, leaving the intersection line n2 ranging from z = zd02 up to

z = zsep above the plane. Therefore, we obtain the area

S2 =
∫ zd02
zmin

[u2z − u0z]dz +
∫ zsep
zd02

[hd0(k) + hd2(k)]dz,

= (u2 − u0)[(zd02)2 − z2min]/2 + [hd0(k) + hd2(k)](zsep − zd02).

Hence the total area is

S = S1 + S2 = (u2 − u1)(z2max − z2sep)/2 + (u0 − u1)(z2sep − z2min)/2

+(u2 − u0)[(zd02)2 − z2min]/2 + (zsep − zd02)[hd0(k) + hd2(k)].
(S19)

15. k ≥ max fd0 (n1), the entire chart is included. Therefore, we have

S =
∫ zmax

zmin
(u2z − u1z)dz = (u2 − u1)(z2max − z2min)/2. (S20)

As a result, the cumulative probability distribution is

P (f(n, z) ≤ k) =
2S(f(n, z) ≤ k)

(u2 − u1)(z2max − z2min)
, (S21)

and the corresponding degree probability distribution is

P (k) = P ′(f(n, z) ≤ k) =
2S ′(f(n, z) ≤ k)

(u2 − u1)(z2max − z2min)
. (S22)
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a b

FIG. S5: Heatmap diagram of degree distribution on the regular chart and theoretical model of degree

distribution. (a) Heatmap illustration of the degree distribution in the NZ-plane. The numbers of protons

and neutrons are considered as continuous variables. The boundaries are virtually set as n = u1z and

n = u2z with u1 = 0.8 and u2 = 2.4. The valley of stability is defined by n = u0z, where u0 = 2.4. The

corresponding theoretical model is Kmin(db, ds; Θ). (b) The theoretical cumulative probability distribution

P (K(n, z) ≤ k) (blue curve) is monotonically non-decreasing and it gives a bimodal degree distribution

(grey bar) for discrete degree values.

C. Theoretical Degree Probability Distribution

In a general form, the degree of each nuclide can be written as a parametric function, providing

an effective approach for sensitivity analysis of the related parameters in the degree model, the

boundaries and the valley of stability to the degree related properties. The theoretical degree

probability is reported in Fig. S5a, with zmin = 1 and zmax = 111 and inheriting all calibrated

parameters of Kmin(db, ds; Θ) (see Table S3). Overall, it presents a bimodal distribution with one

peak at k = 3 and another one at k = 12. The nuclides generally are involved in more reactions

(and accordingly have more links) when moving along n1 and n2 as z increases in both the lower

and the upper regions. Given an element with fixed z, the degree increases when either walking

away from g0 the valley of stability, or from the boundaries g1 and g2, and an nuclide with highest

degree can be found in an intersection of f1(n, z) and f0(n, z) at the left side of g0 or an intersection

of f2(n, z) and f0(n, z) at the right side of g0. Moreover, the nuclides on the boundaries have less

connections compared to the other nuclides of an element.
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S5. MOVIE: DEGREE MODELS OF INDIVIDUAL ELEMENTS

We include a movie to illustrate the predictive degree models of individual elements. Each

frame corresponds to one of the degree model implementations of one element with all its nu-

clides. The number of neutrons is normalized such that the smallest number of neutrons of one

nuclide becomes zero, and the largest one becomes one, as illustrated by the horizontal axis. The

predicted degrees are shown as green triangles, and they are rounded up to the nearest integers and

represented as purple rectangles. The red rectangles are stable nodes, and the blue dots represent

the true degrees.

S6. REACTION RATES AND PARTITION FUNCTIONS
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FIG. S6: Distribution of reaction rates for varying temperatures. As the temperature T decreases, the

range of the reaction rate λ increases. Note that the x−axis is the logarithmic reaction rate, and the y−axis

is log-scaled fraction of reactions. The large majority of the reactions have a reaction rate λ < 1.
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FIG. S7: Communities of nuclides. For large temperature, some communities of nuclides emerge. Varied

reaction rate thresholds yield different communities. The stable nuclides (black dots) play an important role

in building the connections between different communities.

For T ≥ 0.01, the rate of the reverse reaction is calculated in JINA REACLIB via detailed

balance without partition functions, e.g. 16O(γ, α)12C has a v flag in the data base, and the fit

parameters were derived from 12C(α, γ)16O based on the detailed balance assumption. In the

astrophysical context, however, it should be corrected with the partition functions of the partici-

pating nuclei to account for the distribution of nuclear excited states. Specifically, the revised rate

is λrevT = λTGm(T )/Gi(T ), where Gi and Gm are the temperature-dependent partition functions

of the target and residual nucleus in the reaction x + i → m + y, respectively. Here, we assume

that x and y are neutrons, protons or alpha particles with G = 1 (normalized to the ground state).

The partition functions for 24 different temperatures

{0.1, 0.15, 0.2, 0.3, . . . , 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5, 5.0, 6.0, . . . , 10.0}

are given in [9]. Therefore, we use these temperatures in studying the impact of the temperature

on network connectivity.
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FIG. S8: Modalities of the degree distributions of networks for varying log-reaction rate thresholds

at different temperatures. Column 1 demonstrates the modality curves at different temperatures, ranging

from T = 0.5 to T = 10.0, where T is measured in Gigakelvins. The blue squares represent the critical

points at the threshold where the network experiences a modal shift (Column 2) from bimodal (or even

trimodal) to unimodal degree distribution. The black dots at the left side of each critical point correspond

to the network examples with bimodal (or trimodal) degree distributions (Column 2), and the black dots at

the right side correspond to the unimodal degree distributions (Column 3). The histograms in Column 2,

3 and 4 are the real degree distributions, and the regions painted in red represent the estimated density of

the degree distribution based on Gaussian density estimation approach, while the black crosses show the

detected peaks based on the estimated density distribution.
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