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Dimension is a fundamental property of objects and the space in which they are embedded. Yet ideal notions of dimension, as in Euclidean spaces, do not always translate to physical
spaces, which can be constrained by boundaries
and distorted by inhomogeneities, or to intrinsically discrete systems such as networks. To take
into account locality, finiteness and discreteness,
dynamical processes can be used to probe the
space geometry and define its dimension. Here
we show that each point in space can be assigned
a relative dimension with respect to the source
of a diffusive process, a concept that provides a
scale-dependent definition for local and global dimension also applicable to networks. To showcase
its application to physical systems, we demonstrate that the local dimension of structural protein graphs correlates with structural flexibility,
and the relative dimension with respect to the
active site uncovers regions involved in allosteric
communication. In simple models of epidemics on
networks, the relative dimension is predictive of
the spreading capability of nodes, and identifies
scales at which the graph structure is predictive
of infectivity.
One of the first forays into graph dimensionality originated with Erdös, when he explored the embedding
of graphs into a minimum finite dimensional Euclidean
space [1]. This line of study helped realise the algorithmic importance of geometric interpretations of graphs [2]
but was unfortunately no more than a by-product of the
graph embedding process, yielding little actionable information [3]. Later, by characterising the fractal properties of complex networks, a measure of network dimension
was defined in terms of the scaling property of a networks
topological volume [4–6]. Whilst the fractal approach
showed that dimension plays an important role in characterising network topology and governing dynamical processes such as percolation [7], it was initially limited to
global descriptions of network dimension. Extensions
that considered the local scaling properties of the volume
at different topological distances from a node were introduced [8] and have been used to define a node-centric dimension that can identify influential/central nodes [9, 10]
or vital spreaders in infection models [11].
However, methodologies based on fractal approaches
assume that the topological volume follows a power-law

distribution, a strong assumption, not necessarily accurate in real world networks exhibiting heterogeneities [5].
Similarly, in classic papers such as [12] where the dimension of a node is defined using the decay rate of diffusion,
the same assumptions of homogeneity are required. Take
for example a diffusive source located at the joining of
a 1-d and a 2-d space, by measuring the decay rate we
immediately ignore the heterogeneity of the space and
simply find a dimension somewhere between 1 and 2. In
this paper, we posit that the dimension at a node can,
and should be, defined as relative to another node. Using the solution of diffusion at other nodes relative to the
source we are able to define our relative dimension.
We start with the Green’s function of the diffusion
equation


kxk2
−d/2
,
(1)
Gt (x) = (4πσt)
exp −
4σt
which, together with an initial condition as a delta function at some position x0 , provides a solution of diffusion
equation as p(x, t) = Gt (x − x0 ). As already considered
in [13], these solutions have a maxima in there transient
response at any other location x, at time b
t and amplitude
pb given as
kxk2
b
,
t(x) =
2dσ

d
pb(b
t) = (4eπσb
t) − 2 ,

(2)

where, without loss of generality, x0 = 0. Then, the
dimension at any point x relative to x0 can be evaluated
to yield the definition of the relative dimension
d(x|x0 ) =

−2 ln pb
.
ln 4eπσb
t

(3)

Notice that on the Euclidean space Rd , the relative dimension is always equal to d, independently of x and
x0 . However, if we instead consider a compact subspace
Ω ⊂ Rd , the diffusion dynamics will deviate from those
prescribed in Equation 1 due to the presence of boundaries relative to x and x0 .
The key property of this Equation (3) that allows us
to generalise to graphs is that the positions x0 and x are
not explicit in the right hand side but only used as labels to initialise the diffusion dynamics and measure the
transient response. Consequently, the relative dimension
is intrinsic as it does not rely on any Euclidean embedding, but only on the existence of diffusion dynamic on
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FIG. 1. a-c Line graph example with n = 500 nodes representing the interval [0, 1]. a The relative dimension of nodes given
a source located at x = 1/3. The grey lines are the transient responses of the (non-source) nodes and the position of the peaks
in the transient responses are highlighted by dots, coloured by their relative dimension. Dashed lines are isolines of integer
relative dimensions. Top inset, a histogram of transient response peaks where the far right bin corresponds to nodes where no
peak was observed. b The relative dimension as a function of position in [0, 1] shows a plateau near drel = 1 for nodes near
the source. The grey region indicates the set of nodes for which no peak was observed. c The local dimension of each node
as a function of scale, where above τ = 1, the stationary state is attained and the local dimension is stable. Below, we also
observe the increasing eﬀect of the boundaries. d The local dimension of the grid graph (n = 500) at scale τ = 0.1, showing
inhomogeneities due to the boundaries similar to the line graph. e The evolution of the global dimension as a function of scale
for the same line and grid graph as well as their periodic equivalent graphs, illustrating diﬀering behaviors emerging from the
inﬂuence of the boundaries or the topology. f For the same graphs as in e, we increase the number of nodes in each dimension to
measure the convergence rate to the underlying Euclidean dimension deucl of dglobal = maxτ D(τ ), showing a faster convergence
for lower dimensional spaces and periodic grids. g The relative dimension from a point source (pink dot) to other nodes in
a Delaunay grid graph (edges not shown). Grey nodes indicate unreachable nodes for which no transient response peak was
detected. The regular grid is shown in i, and an additional mass is added in ii-iv, with varying mass and position, showing a
eﬀect similar to gravitational lensing.

the original space. In particular, on graphs we can use
the standard diffusion process
∂t p(t) = −Lp ,

(4)

for a time-dependent node vector p(t) with L the normalised graph Laplacian L = K −1 (K − A) (corresponding to Euclidean diffusion in the continuous limit [14]).
With delta function at node i with mass mi as our initial
condition, the j-th coordinate of the solution of Equa-

tion (4) is given by the heat kernel
pj (t|i) = mi e−tL



ij

.

(5)

Following the previous derivation, we measure the time
b
tij and amplitude pbij of transient response peaks for a
node j relative to the node i by numerically solving Equation (5), and compute the N × N matrix or relative dimensions
−2 ln pbij
.
(6)
dij =
ln 4eπσb
tij
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To illustrate our definition of relative dimension, we
used a line graph (Figure 1a-b) as a discrete representation of the continuous 1-D interval. We observe that due
to the boundaries, a large fraction of nodes do not have
a peak in transient response, however for nodes near the
source, where the boundary has no influence, the relative
dimension is close to the expected d = 1. It is then natural to define the local dimension of the source node by
averaging the relative dimension of the nodes displaying
a peak before a given time τ as
Pn
tij <τ
j=1,j6=i dij (τ )✶b
Pn
,
(7)
Di (τ ) =
j=1,j6=i

✶btij <τ

where ✶btij <τ is the indicator function for nodes that display a transient response peak before time τ . Whilst the
local dimension can be likened to a measure of centrality,
it is directly capturing the dimension of the local embedding space. In Fig. 1c we observe the increasing effect
of the boundaries on local dimension as we increase the
scale. Near the center of the line, and when considering
nearby nodes (at short scales), one can expect to estimate
a dimension near 1, or equivalently 2 for the grid shown
in Fig. 1d. The ’boundary insensitive central region’ collapses at τ = 1 (corresponding to the spectral gap of
the graph) when all nodes have aggregated information
about the boundaries of the line graph.
Finally, we can define a graph measure of dimension
by averaging the local dimensions at each scale to obtain
the global dimension
n

D(τ ) =

1X
Di (τ ) ,
n i=1

(8)

still dependent on τ . In Fig. 1e we display the global dimension (as a ratio to the expected Euclidean dimension)
for the line and grid graphs and their periodic equivalents. The non-periodic graphs display a maximum in
global dimension when the effect of the boundaries is
lowest. In contrast, the periodic graphs do not exhibit
a peak of the same magnitude suggesting that the topological effect of a compact space has less impact on the
global dimension than the presence of a boundary. In the
context of graphs as discrete Euclidean spaces, the maximum of this curve can be seen as an approximation of
the Euclidean dimension, whereas the global dimension
at largest scale characterise the effect of the boundary or
topology of the graph. It should be noted that for a non
grid-like graph, what is a boundary or a topological effect
is not clear, and can be considered together. In addition,
by increasing the graph size, and thus reducing the effects of the boundaries, the global dimension converges
towards the expected Euclidean dimension (Fig. 1f). For
the grid, the surface of the boundary increases with respect to the volume of the space and results in a slower
convergence, whereas the global dimension of the periodic

grids is only affected by the topology, and thus converges
faster.
To develop some intuition for our measure of relative
dimension, we consider a simple constructive example using Delaunay meshes (Figure 1g). Given a source-node
located at the left boundary or an homogeneous delaunay mesh, relative dimension displays an inhomogeneous
distribution radially from the source until nodes are unreachable (Figure 1g(i)). Adding nodes near the centre
of the Delaunay grid graph creates local inhomogeneities
modifying the underlying space, with a clear analogy
to the theory of gravitation. In particular, the added
mass acts as a gravitational lens for the diffusion process, whereby nodes directly behind the point mass that
were previously unreachable can be reached if the mass is
sufficiently large. Small masses are reminiscent of weak
lensing (Figure 1g(ii)), whereas larger masses are closer
to strong lensing (Figure 1g(iii)) [15]. The behaviour
of relative dimension in the presence of inhomogeneities
suggests that diffusion effectively occurs on a curved geometry induced by the presence of the mass. Moving
the mass towards one boundary (Figure 1g(iv)) shows
a coupling between the lensing effect and the presence
of the boundary. All three possible effects, boundaries,
topology and imhomogeneities are thus important in the
notion of dimensions, but may not be distinguishable in
more complex networks. Nevertheless, our notion of relative dimension is able to capture them all in one intrinsic
graph theoretical measure.
To further illustrate the benefits of relative dimension
we examine allostery in proteins, a phenomena whereby
a subset of a protein (active site) can be modulated (activated or inactivated) through binding of a ligand at another subset of the protein (allosteric site). We examine
three well-studied allosteric proteins: HRas GTPas, Lac
repressor and PDK1 in Figure 2 (for more details on these
proteins, see Methods). In HRas, we find a low relative
dimension at the active site given the allosteric site as the
source (Fig. 2a(i)), whilst in reverse the allosteric site is
unreachable to the active site (Fig. 2a(ii)). Whilst an exact statement of allosteric mechanism is not our purpose
here, its interesting to note that a low relative dimension suggests a more ‘direct’ or ‘funneled’ communication
from the allosteric site to the active site. Moreover, the
asymmetry of the communication suggests that each half
of the protein is purposed for diffusion in opposing directions. The lac repressor protein is constructed from two
separate monomers and it is generally understood that
binding of both NPF molecules (one on each monomer)
is required to activate the lac repressor via a cooperative
allosteric effect acting on the hinge region [16]. Given
that the allosteric mechanism is cooperative, we don’t
expect direct communication to the active site from the
allosteric site, and instead we examined the change in
relative dimension upon using a single allosteric site as
a source (Fig. 2b(i)) vs. both allosteric sites as sources
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FIG. 2. Relative dimensionality in allosteric proteins. a The
relative dimensionality of all atoms in HRas GTPase (PDB
ID: 3K8Y) given (i) the allosteric site and (ii) the active site
as the source of diﬀusion. b Relative dimension in the multiallosteric site Lac Repressor protein (PDB ID: 1EFA) given a
(i) single allosteric site source and (ii) for both allosteric sites
simultaneously. c The relative dimension give the allosteric
site as the source in PDK1 (PDB ID: 3ORX).

simultaneously (Fig. 2b(ii)). We find that when binding
NFP to just one monomer the relative dimension across
the entire protein is lowerwhen compared to using both
allosteric sites as sources of diffusion. Finally, binding
at the PDK1 interacting fragment (PIF) on PDK1 triggers a signal to start the phosphorylation of the activation loop of the substrates at the ATP pocket, or active
site [17], and thus we would expect direct communication
between the active and allosteric site. Using the allosteric
site as the source of our diffusion, we find that the ac-

tivation loop is the only protein region that is reachable
and returns a measure of relative dimension (Figure 2c).
Similarly to HRas, we observe a lower relative dimension
at the active site suggesting that communication is more
focused from the allosteric to active site.
Whilst the relative dimension provides insights into
allostery, we can look to the local and global dimension to examine protein dynamics. In Figure 3(a), we
show a strong correlation between the local dimension
and log10 (1/RMSF) of residues for Figure 3a(i) an unglycosylated antibody CH2 domain and Figure 3a(ii) an
Estrogen Related Receptor g protein, and thus a larger
local dimension reduces the flexibility. To examine this
further, we plotted the Pearson correlation between local
dimension and log10 (1/RMSF) for 12 randomly chosen
proteins in Figure 3(b). We see that at middling to long
timescales of diffusion the correlation plateaus with an
average at about σ = 0.55 suggesting that the relationship between local dimension and protein flexibility is
robust. Calculating the global dimension for the same
set of proteins in Figure 3(c), we find a strong correlation (Pearson σ = 0.73) between global dimension and
the log10 (1/hRMSFi) of a protein. The global values of
dimension sit between 1.36 and 1.5 for the 12 proteins.
These results agree with studies that show spectral dimensionality is generally < 2 and decreases with an increase in flexibility [12, 18].
We now take a deeper look at Aquifex Adenylate Kinase (ADK), a dynamical protein with three subdomains:
the lid, AMP and core domains. We find that the closed
conformation displays a higher local dimension due to
the presence of stabilising interactions, not present in the
open conformation, creating a more compact structure
(Figure 3d). The AMP and lid domains are known to
open and close around substrate, agreeably we find both
have a lower local dimension relative to the core domain
(Figure 3e). Furthermore, we find the AMP domain to
have a lower average local dimension than the lid domain
in both conformations, a result that we validated using
experimental fluorescence correlation spectroscopy that
shows the AMP domain to open and close at a faster
rate (16.2µs) than the lid domain (46.6µs) [19, 20].
Until now we have considered systems with spatially
embedded networks and the relationships between dimension and structure. But what about dynamical processes on networks? Using an SIR model on Watts Strogatz small-world networks [21] and by scanning the infection probability β, we show that the local dimension
of a node strongly predicts its infectiousness (Fig. 4a).
Below the critical regime of large infectiousness, we find
that β is positively correlated with the scale, i.e. the
size of the local neighbourhood that should be considered grows with the infection probability. However, near
criticality we observe a behavior similar to a phase transition, whereby the best time scale diverges towards values
near unity, corresponding to the largest scale of the local
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powergrid network, and show similar linear relationships between scale and infection probability β prior to criticality.

dimension.
We further computed the local dimension and SIR dynamics for small-world graphs whilst varying the probability of rewiring p parameter, to interpolate between
near regular graphs to random graphs. We find that the
relationship between the optimal scale to determine local
dimension and infectiousness of a node disappears with
the randomness of the network (Fig. 4). At low β, node
infectiousness is determined by the distance from hubs in
a small-world graph and as β increases, the spreading dy-

namics are faster and nodes further away can be infected.
A local dimension with larger time horizons is therefore
necessary to obtain a better prediction on node infectiousness. However, in random networks all nodes are on
average at equal distance from hubs and no meaningful
scale exists. We find similar linear relationships between
β and scale in a Delaunay grid graph (Fig. 4c) and the
European power grid (Fig. 4d). The decrease in scale
for the local dimension to be a good predictor beyond
β for both graphs echoed the results of high probability
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re-wiring in small-world graphs, suggesting that global
graph structure becomes less important if the infection
probability is sufficiently high.
In this paper we have introduced a new framework to
define intrinsic notions of dimensions not only on graphs,
but on any spaces where a diffusion process can be defined, or even more generally, where a dynamical process
from which we can infer the Euclidean dimension can be
defined. We have shown the relevance of this approach
to examine real world systems such as protein dynamics or epidemic spreading by exploiting the underlying
graph structure, but many other applications are within
the scope of these three measures, through detailed studies with the relative dimension, probing local dimensions
at various scales, or characterising entire graphs with the
global dimension.
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METHOD

Graph diffusion. A network (or a graph) G is a tuple
G = (V, E), consisting of the set of nodes N = |V| vertices
and M = |E| edges connecting them. The network can
be described by its N × N adjacency matrix which indicates the existence and the weight of a connection (edge)
between each pair of nodes. On a graph, there are several non-equivalent definitions of diffusion, which are defined by different forms of the graph Laplacian. However,
only one forms corresponds to the Euclidean diffusion,
described by the normalised Laplacian L = K −1 (K − A)
where K is the diagonal matrix of weighted degrees and
A the weighted adjacency matrix [14]. Using the definition of the Laplacian, we can state the diffusion equation
for a N ×1 time-dependent node vector p(t) as (4), which
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is also known as consensus dynamics [22]. For an initial
condition with a delta function of mass m at node i, the
j-th coordinate of the solution of (4) is given by (5).
For comparability across different graphs, we normalise
the Markov time of diffusion by the second smallest eigenvalue of the graph Laplacian, λ2 (the spectral gap), thus
τ = 1 is the timescale for the diffusion to reach stationarity.
From our choice of Laplacian, the relative dimension
matrix d (that we introduce in the next section) is symmetric if the initial masses m are chosen inversely proportional to the weighted node degrees. In addition, to
ensure that the stationary state of the diffusion sums
to unity, we take mi = k/(nki ) where k is the mean
weighted degree and n is the number of nodes in the
source. This is used in the protein example, where the
initial mass are distributed on all the atoms of the allosteric or active site.
Comparison with fractal dimension Looking more
closely at our definition of relative dimension of Equation 6, it is proportional to the ratio of natural logarithms
of peak amplitude and time, which displays similarities
to the fractal based approaches where an approximate
dimension can be derived from the ratio of natural logarithms of mass at a radius r,
d∼

log(M )
,
log(r)

(9)

where the mass M is simply the number of nodes within
some link distance r [7].
Computational aspects. Python code to compute
the relative, local and global dimensions is available
at https://github.com/barahona-research-group/
DynGDim, based on the package NetworkX and
numpy/scipy standard libraries.
Delaunay mesh with mass. We apply Delaunay triangulation to a 40 by 40 grid to return a weighted planar
graph for which no point is inside the circumcircle of any
triangle. The size of the grid is one unit of the code distance units. We define the weights of each edge as the inverse Euclidean lengths between points and thus obtain a
discretisation of the plane. To simulate the gravitational
lensing effect, we added additional nodes sampled from a
gaussian distribution with parameters with variance 0.05
in the unit square with various positions and number of
nodes.
Protein Graph Construction. The graph representation of the proteins used in this work are computed
using [23], an extension of [24]. In short, from a pdb file,
each atom is represented by a node, and bonds between
atoms by an edge weighted by the energy of the bond.
The choice of bonds is key to create a meaningful graph
representation, and is explained in [23, 24], see [25] to
access the code.
Root-mean square fluctuation calculations. Enzymatic proteins are inherently flexible and known to ex-

hibit motions across a wide range of temporal and spatial
scales. Using simulations, each atom can be assigned a
root-mean square fluctuation (RMSF). We calculate the
RMSF using the CABS-flex 2.0 webserver which simulates protein dynamics using a coarse-grained protein
model [26].
Protein dataset. We present here more details on
the main set of proteins we used in this work.
HRas. HRas plays an important role in signal transduction during cell-cycle regulation [27]. Previous studies have shown that calcium acetate acts as an allosteric
activator and its mechanism of allostery is mediated by
a network of hydrogen bonds, involving structural water molecules, that link the allosteric site to the catalytic
residue Q61 [28]. Here, we treat the allosteric and active
sites, that are located at opposite ends of the protein
(PDB ID: 3K8Y), as the source or target nodes in our
relative dimension (since multiple atoms compose the allosteric and active sites, we use all nodes as the source
of the diffusive process with a uniform distribution on
them).
Lactose repressor (lac). As a second example, we examine the well-studied lactose repressor (lac) (PDB ID:
1EFA) in Figure 2b, present in E. coli and which binds
to the lac operon, a section of DNA, to inhibit the expression of proteins for the metabolism of lactose when no
lactose is present [29, 30]. In its complete form, it consists
of 4 monomers, with two binding sites to a single DNA
strand, inhibiting the genes located between them. The
combination of two monomers co-operate to form one of
the two binding sites (orange region in Figure 2b). On
each monomer there is an allosteric site for the binding
of NPF molecules that activate the lac repressor.
PDK1. Our final allosteric protein is a well-known
protein Kinase called PDK1 (PDB ID: 3ORX) that is
implicated in the progression of Melanoma’s [31]. The allosteric site of PDK1 is a sequence of amino acids, called
the PDK1 interacting fragment (PIF), that binds to a
phosphate on the catalytic domain. This binding triggers a signal to start the phosphorylation of the activation loop of the substrates at the ATP pocket, or active site [17]. The crystallographic structure (PDB ID:
3ORX) used for our analysis has the molecule BI4 bound
at the active site [31] via three hydrogen bounds to a region of high relative dimension, and interacts through
hydrophobic forces on a region of low relative dimension.
Fluorescence correlation microscopy experiments. Protein plasmids of Aquifex Adenylate Kinase
(ID:18092 Plasmid:peT3a-AqAdk/MVGDH) were purchased from AddGene as deposited by ’Dorothee Kern
Lab Plasmids’. The plasmids were already encoded with
two cysteine mutations for maleimide conjugation. ADK
was expressed in a 1 litre culture BL21 (DE3) cells via
inoculation with 1 mM IPTG. BugBuster was used for
cell lysis and TCEP and protease inhibitor was added to
the lysate. ADK was purified via HIS-tag with a gravi-
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trap (GE-healthcare), and a PD-10 column was used to
remove imidazole and exchange into protein buffer (20
mM TRIS, 5 0mM NaCl). TCEP and protease inhibitor
were added throughout the purification process. Alexa
488-labelled ADK was prepared overnight using 20 µM
protein with molar ratio 1:10 of protein:Alexa 488. Excess dye was removed using HIS-tag purification and a
PD-10 column. A Typhoon was used to examine the
gel of the purified-labelled ADK product and showed no
excess fluorophore. The label sites for the FRET experiment were Tyr 52 (AMPbd domain) changed to Cys and
Val 145 changed to Cys (lid domain) [32]. Samples were
diluted to 200 pM in pH 7.5 FRET buffer (20 mM TRIS,
50mM NaCl) with 0.3 mg/ml BSA to prevent surface
adsorption. Measurements were taken at thermal equilibrium such that all processes under analysis are statistical fluctuations around the equilibrium. Freely diffusing single-molecules were detected using a home-built
dual-channel confocal fluorescence microscope. A tunable wavelength argon ion laser (model 35LAP321-230,
Melles Griot, Carlsbad, CA) was set to 514.5 nm to excite Alexa 488. The beam was focused into the sample
solution to a diffraction-limited spot with a high numerical aperture oil-immersion objective (Nikon Plan Apo
TIRF 60x, NA 1.45). The closer refractive indexes of
oil and glass relative to water and glass make oil immersion preferable due to reduced light reflection. Type
FF immersion oil (Cargille, USA) was used due to its
negligible fluorescent properties. The obtained fluctua-

tions of fluorescence intensity are autocorrelated. We fit
the autocorrelation curves with a global model that includes components for triplet excitation, conformational
dynamics and diffusion, with the assumption that they
differed by a factor of 1.6 to distinguish the components,

G(τ ) = G(0)

!


τ
1
τm
1
−
F
+
F
e
1 + ττD


τ
1 − F2 + F2 e τconf ,

where τc , τm and τD are the dynamical timescales of the
protein conformational dynamics, mean triplet relaxation
and the protein diffusion respectively. F1 is the fraction
of molecules entering the triplet state and F2 is the fraction of molecules conformationally fluctuating.
SIR. For the example with SIR dynamics, we simulated the standard SIR model on networks, using the
fast approximation of [33], with open sourced code
available at https://github.com/springer-math/
Mathematics-of-Epidemics-on-Networks and estimated the infectiousness of each node as the averaged
number of removed nodes when the spread started from
this node over 500 realisation of the dynamics. To
estimate the critical value for the infectiousness β, we
computed the average infectability across all nodes for
each β and estimated βcrit as the value for which half of
the nodes are infected.

