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I. REMOVING RECURRENT FLOW CONSTITUENTS

Fluid flows can contain recurrent or periodic constituents in addition to the turbulent

component. The recurrent portions may arise from factors such as acoustic reflections from

walls, or irregularities inherent in an experimental setup. Eliminating them will improve the

computations of statical objects. Here, we use robust mode analysis [1, 2] to compute the

recurrent flow constituents and to remove them from flow data. This section outlines the

computation.

Robust-mode analysis is based on the Koopman decomposition [3–6], which is a natural

approach to searching for collective oscillatory behavior and is based on theKoopman oper-

ator theory [4, 6, 7] that generalizes eigendecomposition to nonlinear systems. Koopman

modes are a generalization of normal modes [6], and each mode represents a global collective

motion within a flow.

Turbulent jet flows are typically modeled by the Navier-Stokes equations [8] with appro-

priate boundary conditions; however, in principle, it is also possible to describe the flow using

alternative sets of variables, particularly those directly measurable in experiments [9], and

an operator U t that transforms them from time 0 to t. Disadvantages of the latter method

include (1) that it only applies to the particular system under study and (2) that the de-

scription may not be compact. The primary advantage is that some (invariant) features of

the evolution may be directly accessible from data. In particular, spectral properties that

determine the stability of the flow and the qualitative characteristics of a flow are contained

in the Koopman spectrum [4, 6]. A fast algorithm proposed by Schmid [7] and referred to

as dynamic mode decomposition (DMD) can be used for computing approximately (a subset

of) the Koopman spectrum from the time series of snapshots of the flow.

Each Koopman mode is an oscillatory global mode and is associated with a complex

eigenvalue whose real and imaginary parts represent the growth rate and frequency of the

mode, respectively. These eigenvalues can be used to address an issue that is critical for

interpretation of nonlinear flows, namely, how to differentiate robust features (i.e., those

that recur in different realizations of an experiment) from noise and other non-robust char-

acteristics. Comparison of Koopman spectra from nominally identical experiments can be

the basis of this differentiation [1, 2]. The starting point is a search for robust Koopman

modes, i.e., those that persist in different experiments.
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Koopman mode analysis is implemented using dynamic-mode decomposition (DMD) [7,

10, 11], an efficient algorithm for computing approximations for the eigenvalues and eigen-

vectors of U t from empirical snapshots that are collected at uniform time intervals δt. Since

U δt is independent of the state u(x, t), one can approximate the transformation of the field

during the time interval [t, t+ δt] as

u (x, t+ δt) ≈ Au (x, t) , (1)

where A ≡ A(δt) is a matrix of size HW × HW in the case of a field of two spatial

dimensions presented on a grid of size H ×W . If one denotes by uk the field corresponding

to the snapshot taken at time t = kδt, Eq. (1) can be re-written as uk+1 ≈ Auk. Thus,

U1 ≡ [u1, u2, . . . , un] ≈ A [u0, u1, u2, . . . , un−1] ≡ AU0. (2)

With sufficiently large n, singular-value decomposition of U0 = VSWT can be used

to compute the spectrum of A (or, equivalently, of VTAV) by noting that VTAV =

VTU1WS−1 [10]. Eigenvectors of A are referred to as dynamic modes of the spatio-temporal

dynamics [7, 10, 11]. DMD provides an approximation to a subset of the Koopman spec-

trum Λn, and the corresponding eigenfunctions Φn(x) approximate Koopman modes. The

spatio-temporal flow field u(x, t) can be expanded as

u(x, t) =
∑

ak(t)Φk(x), (3)

by summing over an appropriate subset of DMD modes.

The jet flows were recorded at 100 kHz; thus, imaginary values of the Koopman spectrum

lay in the range (−π × 105, π × 105). To search for robust modes, the snapshots from

each experiment were subgrouped into the first half, second half, even-numbered and odd-

numbered frames, and dynamic-mode computations were implemented for these sub-groups

as well. Then a search was conducted for (nearly) identical Koopman eigenvalues among

the different groups followed by an investigation on whether the corresponding Koopman

modes were close. Specifically, reproducible dynamic modes of the flow were defined using

the following criteria:
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FIG. 1. Recurrent flow. Three snapshots at times (a) t = 0, (b) t = 0.36 ms, and (c) t = 0.72

ms of the velocity field of the robust flow constituent for Re ≈ 78, 000. Period of the single robust

mode in the flow is ≈ 0.72 ms, as reiterated by images (a) and (c).

• The imaginary parts of the eigenvalues from multiple groups should be sufficiently

close; i.e.,

max
g

(|Im(Λi)− Im(Λ
(g)
j )|) ≤ δI, (4)

where g represents different sub-groupings, and δI is a pre-specified cutoff.

• The real parts of an eigenvalue identified from the first condition should not vary

significantly among the subgroups; i.e.,

max
g

(|Re(Λi)− Re(Λ
(g)
j )|) ≤ δR, (5)

for a cutoff δR. For the work reported here, δR = δI was selected.

• Eigenmodes from the different groupings that satisfy the earlier conditions should be

close. Specifically, if Φi(x) and Φ
(g)
j (x) are normalized eigenfunctions associated with

proximate eigenvalues, then

max
g
{min

θ
| exp(iθ)Φi(x)− Φ

(g)
j (x)|} ≤ ∆, (6)

for a cutoff ∆. Here, it should be noted that eigenfunctions computed from different
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experimental realizations may differ in phase.

At this point a unique and unambiguous set of cutoff values δI , δR, and ∆ for turbulent

jet flows is not available; in fact, these values depend on the level of experimental and

observational noise. Since the left side of Eq. (6) is known to ∈ (0,
√

2), ∆ is selected

first. For the results reported here, ∆ was chosen to be 0.60. Subsequently, δI and δR

are simultaneously increased in small steps to search for robust modes. We found a single

(complex conjugate) pair of robust modes of period 0.72 ms in the jet flow at Re ≈ 78, 000

beginning at δI = δR = 0.6 and no others for values as large as 10.

Once the robust dynamic modes have been identified, the robust flow constituent and its

evolution can be reconstructed using

urob.(x, t) = Re
[∑

ai(t)Φi(x)
]
, (7)

where the summation is over the robust modes. Figure 1 shows three snapshots of the

robust flow constituent. In the pre-processing step, we eliminate this robust mode from the

turbulent flow. Removal of the robust mode improves the evaluation of several statistical

objects, especially those of higher order structure functions, see Fig. 6 below.

II. MEAN FLOW FIELDS & TURBULENT INTENSITY

The mean velocity profile v̄(r) is the time average of the velocity at each grid point. The

axial and radial profiles v̄z(r) and v̄r(r) are given by the Tollmien solution [12] derived by

expressing the Reynold’s equation [13] in cylindrical polar coordinates (r, θ, z) and noting

that for sufficiently large Re the viscous stresses are insignificant compared to turbulent

shear stresses. In the Tollmien solution v̄z(r = 0) decreases linearly with z and the half-

width of the distribution increases linearly with z. These conclusions are verified in the

experiment; cross sectional profiles of v̄z(r) and v̄r(r), normalized by the half-width in the

r-direction and v̄z(r = 0), are shown in Figures 2(a) and (b). Dashed lines show the Tollmien

solution.

Velocity fluctuations v′z(r, z; t) in turbulent jet flows are not homogeneous either. The

standard deviation (over time) σ[v′z] decreases along the z-axis and increase towards the

edges. As Figure 3(a) shows, turbulent intensity T ≡ σ[v′z]/V̄z [14] is nearly constant along
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FIG. 2. Mean scaled velocity profiles for jet flow at Re ≈ 78, 000. The symbols are averages of 30

successive grid lines normal to the flow, each scaled by its peak axial velocity and half-width of the profile.

Error bars are the corresponding standard deviations. (a) The axial velocity profile (diamonds). The dashed

line is the Tollmien solution for the axial velocity. (b) The corresponding comparison for the radial velocity.

the z-direction and increases from ∼ 0.1 to ∼ 0.6 in the r direction. Figure 3(b) shows the

mean and standard deviation of T normal to the flow.

FIG. 3. Turbulent intensity in axisymmetric jet flows for Re ≈ 78,000. (a) Turbulent intensity T
in the domain of observation. (b) Mean and standard deviation of T in the r direction.
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III. POINT-WISE VELOCITY FLUCTUATIONS & THEIR CORRELATIONS

Statistical characterizations of point-wise velocity fluctuations are summarized in Fig-

ure 4. Figures 4(a) and (b) show the distributions of the deviations of velocity from the

mean in the radial and flow directions. The distributions shown here are from a block of 3

points near the center of the field. Both distributions are nearly normally distributed, and

the standard deviation in the flow direction is larger. Similar observations are found at all

locations in the field.

Figure 4(c) shows the standard deviation of radial velocity fluctuations in the entire

field. σrr has a mean and standard deviation of 17.79 m/s and 0.51 m/s respectively over

the domain and decreases away from the symmetry axis. The standard deviation of axial

flow velocities show similar features with a mean and standard deviation of 25.59 m/s

and 1.51 m/s respectively. Figure 4(d) shows the correlation between the radial and axial

velocity fluctuations at the same point. The positive (resp. negative) correlation on the right

(resp. left) of the axis indicate that positive (resp. negative) axial velocity fluctuations are

correlated with radial fluctuations away (resp. toward) the symmetry axis. The correlation

ρxy on the symmetry axis for the duration ∼ 0.1 sec is . 0.1. To simplify the calculations

below, we assume that ρxy = 0 on the axis, as is expected from reflection symmetry for a

longer time series.

IV. DIFFERENTIAL VELOCITIES & THEIR DISTRIBUTIONS

Correlations between velocity fluctuations at neighboring sites in the flow is reflected in

distributions of differential flow velocity between the points. Figure 5 illustrates statistical

features of velocity differentials. Figure 5(a) shows the distribution of v′z(z)−v′z(z′) for pairs

of points on the symmetry axis separated by distances 0.537 mm and 8.049 mm in the flow

direction. The latter is (nearly) a normal distribution as expected from the independence

of velocity fluctuations at distant points. As points approach each other, the distribution

develops broader tails, consistent with earlier reports [15, 16]. The nature of differential-

velocity distributions, in particular if they are normal or not is most easily seen using the
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FIG. 4. Point-wise velocity fluctuations: (a) Distribution of deviations of radial velocity from the mean

in a pre-specified 3×3 block of grid-points near the center of the field. The solid line shows the best centered

normal distribution fit and the redline the differences from the normal. (b) Corresponding distribution for

deviations in the flow direction. (c) Standard deviation of the radial velocity deviations in the domain.

It is seen to decrease as the location moves away from the symmetry axis. (d) The correlation coefficient

between point-wise axial and radial velocity deviations. The correlations far from the axis indicate that

positive (resp. negative) deviations in the flow directions are correlated with positive (resp. negative) radial

deviations.

non-dimensionalized standard deviation of a random variable [17], defined via

σ̃ ≡
√

E [(X − E[Xs])2]

E [|X − E[X]|]
. (8)

σ̃ is independent of the center and scale of a distribution, and changes with the type of

distribution. For example, values of σ̃ for normal and symmetric bi-exponential distribution
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FIG. 5. Differential velocities: (a) Distributions of velocity differences δv = v′z(z; t)−v′z(z′; t) at locations

R and R′ on the symmetry axis. The distribution is normal for larger distances and develops broader tails for

nearby points. (b) Changes in the nature of the distribution can be inferred using the non-dimensionalized

standard deviation σ̃, which reiterates the approach to normality with increasing distance in three directions.

are
√
π/2 and

√
2 respectively.

Figure 5(b) shows the behavior of σ̃ in the flow-direction, the radial direction, and a

direction inclined at tan−11/3 = 18.43o to the flow direction. In each case σ̃ decreases to

a value associated with a normal distributions with increasing inter-point distance. The

approach to normality is faster in the radial direction. The behavior is homogeneous, i.e.,

is independent of the origin.

The normality of the distributions of differential velocities has also been checked through

the use of the Kolmogorov-Smirnov tests [18], which validates the conclusions derived

through the use of σ̃.

V. MORE ON STRUCTURE FUNCTIONS

As seen from Figures 4(a) and (b) of the paper, values of the higher order structure

functions differ from the rescaled expressions Sζ(z) = 2ζ−1S1(z) as z → 0 and z → ∞.

Differences at z →∞ originate from variations in the standard deviation and correlation of

point-wise velocity fluctuations with location. To test this assertion, we note first that the

joint distribution of (v1(t), v2(t)) ≡ (v′z(R; t), v′z(R
′; t)) is nearly a centered bivariate normal
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distribution

W (v1, v2) ∼ N (2)(0,Σ) ≡ 1

2π|Σ|
exp

(
−1

2
(v1, v2)Σ

−1(v1, v2)
T

)
, (9)

whose parameters are evaluated from the time series v′z(R; t) and v′z(R
′; t). The next step

is to find the eigenvalues (Λ1 and Λ2) and eigenvectors (u1 and u2) of Σ−1. Projections of

a point (v1, v2) to the eigen-basis can be written as (v1 cosφ + v2 sinφ, v2 cosφ − v1 sinφ),

where φ is the angle between the original basis and the eigen-basis. It can then be shown

that the difference

v′z(R; t)− v′z(R′; t) ∼ N (0, α2
1Λ

2
1 + α2

2Λ
2
2), (10)

with α1 = cosφ− sinφ and α2 = − cosφ− sinφ. Consequently,

Sζ(R,R
′)→ (α2

1Λ
2
1 + α2

2Λ
2
2)
ζ/2

Σ
ζ/2
11 + Σ

ζ/2
22

, when |R−R′| → ∞. (11)

In Figure 6(a), we show the limiting values of the structure functions at two points along the

symmetry axis. The computation is implemented for four sets of R and R′. (For these points

σ(v1) = 27.16± 1.54, σ(v2) = 24.34± 0.94, and the correlation ρ(v1, v2) = 0.03± 0.01� 1.)

The diamonds are the averages and the error bars are the associated standard deviations of

Sζ(R,R
′) for large |R−R′|. The dashed line shows expression (11).

If the velocity differentials were continuous δv ∼ z ≡ |R − R′|, and hence Sζ(z) ∼ zζ

as z → 0. The form of the structure functions in this limit can be established from

the observation that the distributions of velocity differentials for small distances are

nearly bi-exponential, as seen from Figure 5(a). Expressing the distribution as W (δv) =

(1/2α)exp(−|δv|/α), E[|δv|ζ ] = αζΓ(ζ + 1). Consequently, in this limit

Sζ(z) =
αζΓ(ζ + 1)

√
π

2ζ/2+1Γ
(
ζ+1
2

)
σζ
, (12)

where σ is the standard deviation of the single-point velocity fluctuation at the location.

The parameter α depends on the distance z, as noted in prior studies [15, 19]. To obtain its

limiting value, we write αζ as zµ; it follows that when z → 0

Sζ(z)→ zµ
Γ(ζ + 1)

√
π

2ζ/2+1σζΓ
(
ζ+1
2

) . (13)
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FIG. 6. Properties of structure functions: (a) The diamonds show Sζ(z) as a function of the moment

ζ for z →∞. The dashed line is that given in Eqn. (11). (b) The behavior of Sζ(z) for z → 0 characterized

through the index µ(ζ). The blue line shows µ(ζ) = ζ, that results from assuming continuity of the velocity

differential.

To establish the nature of Sζ(z) as z → 0, for a given ζ, we fit its values for small z

(< 1.5 mm) to a functional form c1z
µ. The results are shown in Figure 6(b). The curve

differs from the µ(ζ) = ζ that is to be expected under continuity of the velocity differential.

The difference may originate from the presence of vortex lines [20, 21].

VI. PROPERTIES OF TRANSVERSE STRUCTURE FUNCTIONS

Transverse structure functions are defined as

S⊥ζ (R,R′) =
〈|v′(R; t)− v′(R′; t)) · e⊥|ζ〉t
〈|v′(R) · e⊥|ζ〉t + 〈|v′(R′) · e⊥|ζ〉t

, (14)

where e⊥ is a unit vector normal to the direction (R′ − R) [22–25]. As in longitudinal

structure functions, large values of ζ give a higher weight to large deviations. Our compu-

tations of transverse structure functions are implemented on a 6000-frame (60 ms) segment

of the flow. As seen from Figure 7, S⊥ζ (R,R′) is nearly isotropic in (R −R′), and can be
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approximated to within 5% as

S⊥ζ (R,R′) =
c1|R−R′|c3

1 + c2|R−R′|c3
, (15)

with c1 = 0.6414, c2 = 0.5695, and c3 = 2.0156 for the flow at Re ≈ 78, 000.

FIG. 7. Transverse structure function: Contour plot for S⊥1 (R,R′) shows that it is nearly isotropic in

(R−R′).

Figure 8 shows some features of the transverse structure function restricted to the flow

direction. The error bars in the figure represent standard deviations associated with four

different origins R.

VII. JET FLOW AT Re ≈ 21,000

We have implemented analyses corresponding to those reported in the text for jet flows

of Reynolds numbers 21,000, 26,200, 31,500, 47,200, 62,300 and 77,900, see Table 1; the

results for all flows are similar. In this section, we will present the figures analogous to those

in the text for the least turbulent flow, i.e., Re ≈ 21, 000. The Taylor micro-scale and the

Kolmogorov scale for this flow are 0.327 mm and 8 µm respectively.

12



FIG. 8. Properties of transverse structure function. (a) The symbols show values of the S⊥1/2 (R,R′),

S⊥1 (R,R′), S⊥2 (R,R′), and S⊥3 (R,R′) in the flow direction, with error bars denoting standard deviations

for four different “origins.” The black line is the best fit of the data S⊥1 (z) for a functional form S⊥1 (z) =

c1z
c3/(1+c2z

c3) that satisfies the boundary conditions. (b) The normalized structure functions NS⊥ζ (z) for

ζ = 1/2, 2, and 3, showing the validity of extended self-similarity [26, 27] for larger z. The lines are 2ζ−1.

(c) No inertial range can be seen for S⊥2 (z). (d) The corresponding function evaluated using single point

data and invoking Taylor’s frozen hypothesis is closer to the Kolmogorov 2/3-law.

Inlet Velocity (m/s) 66 83 100 150 201 251
Reynold’s Number 21,000 26,200 31,500 47,200 62,300 77,900
Taylor Micro-scale (µm) 327 277 247 206 181 165

TABLE I. The inlet velocity, Reynold’s number and Taylor micro-scale for the six experiments on axisym-

metric jet flow. The Kolmogorov scale decreases from 8 to 3 µm. Observe that the Taylor micro-scales for

all flows is comparable to the lattice size 0.268 mm. Thus, we are able to capture turbulent fluctuations in

nearly the entire inertial range.

Results on the time-delayed correlation functions, spectral energy density, and structure

functions for the flow are given in Figures 9, 10, and 11.
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