
Appendix 1: Point-wise linear models1

In this appendix we summarize why usual deep learning models are not explainable and then propose2

the point-wise linear model, our explainable deep learning model. We assume in this paper that in3

any vector space the inner product is defined by the dot product. The notation v (u) for arbitrary4

vectors v and u indicates that every element of v is a function of the elements of u. Additionally, we5

use the Einstein summation convention. aαbα ≡
∑D

α=1 aαbα = a1b1 + a2b2 · · · aDbD for arbitrary6

D-dimensional vectors a and b. AαβBβγ ≡
∑D

β=1 AαβBβγ for arbitrary D-dimensional tensors7

Aαβ and Bβγ . A Greek-character subscript index to indicate components of a vector.8

1.1 Idea of point-wise linear models9

Let x(n) ∈ RD (n = 1, · · · , N) represent a feature vector with N denoting the sample size and R10

indicating the real number set. Firstly, we defined a logistic regression model as follows:11

y(n) = σ(wµx
(n)
µ ), (1.1)

where w ∈ RD is a weight vector for x(n), σ is a sigmoid function, and y(n) := {y(n) ∈ R|0 ≤12

y(n) ≤ 1} is a probability value. For simplicity of notations in these subsections, bias parameters13

have been removed from Eq (1.1) and other equations with learning weights. Fig A1 (a) shows the14

network architecture of the logistic regression model. The weight vector w is bound to the feature15

vector x(n). We can understand the importance of each feature variable by analyzing the magnitude16

of the element in w.17
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Figure A1: Comparison of network architectures. (a) shows a logistic regression model. x(n) and
y(n) are a feature vector and a target value ((n) is sample index), respectively. w is a vector of
learning parameters for x(n). (b) shows a fully connected neural network. ϕ(n) and w′ are an inner
vector and learning parameters, respectively. (c) shows a point-wise linear model. The upper block in
(c) is a meta-machine generating a learning parameter ξ(x(n)) in Eq (1.5). The lower block in (c) is
a logistic regression model for each feature vector x(n).
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Next, we give a usual deep learning model as shown in Fig A1(b). A new feature vector ϕ(x(n)) ∈18

RD′
is nonlinearly generated from the original feature vector x(n) through the following L-layer19

neural network (NN):20

ϕ(x(n)) = f (L)g(L) · · · f (l)g(l) · · · f (2)g(2)f (1)g(1)(x(n)), (1.2)

where f (l) is an activation function such as sigmoid, tanh, or ReLU. The function g(l) is expressed as21

g(l)(x) = W (l)x, (1.3)

where W (l) ∈ RD(l+1)×D(l)

(D(1) = D and D(L+1) = D′) is a weight matrix. The pair of functions22

f (l) and g(l) is called “the l-th inner layer”. A deep-learning-based nonlinear classification function23

predicts probability y(n) as follows:24

y(n) = σ
(
w′

µϕµ(x
(n))
)
, (1.4)

where w′ ∈ RD′
is a universal weight vector for ϕ. The magnitude of each w′ element represents25

the contribution of the corresponding element of ϕ to the prediction as shown in Fig A1 (b). However,26

one cannot “explain” the machine’s prediction by w′ because one cannot understand the meanings of27

the new feature vector ϕ with which the machine makes its predictions.28

In order to make a deep NN explainable, we considered a meta-learning to generate a logistic29

regression model defined as30

y(n) = σ
(
ξµ(x

(n))x(n)
µ

)
, (1.5)

where each element of ξ ∈ RD is a function of x(n) that the NN determines. ξ behaves as the weight31

vector for the original feature vector x(n). The magnitude of each element of ξ describes the impor-32

tance of the corresponding feature variable. Unlike ϕ, the original vector x(n) is comprehensible,33

and hence the model defined by Eq (1.5) is “explainable.” Here we should notice that this weight34

vector is tailored to each sample because ξ depends on x(n). We call Eq (1.5) a point-wise linear35

model over the sample index (n). The architecture of the point-wise linear model consists of two36

blocks as shown in Fig A1(c). The upper block is a meta-learning machine of logistic regression37

models. The lower block is the logistic regression model for the inference task. In the following38

subsections we introduce two techniques for constructing the point-wise linear models.39

1.2 Straightforward model40

As one simple way to construct the weight vector, we considered a matrix W̃ ∈ RD×D′
that41

transforms the nonlinear feature vector ϕ ∈ RD′
into a vector in the original feature space RD:42

ηµ(x
(n)) = W̃µνϕν(x

(n)), (1.6)

where η ∈ RD. We can construct a point-wise function in a straightforward manner by defining ξ in43

Eq (1.5) as44

ξ(x(n)) ≡ η(x(n)). (1.7)

To train the meta-learning machine Eq (1.5) path through Eq (1.7), we minimized the negative log45

likelihood (NLL) loss of the output y(n) for the target label t(n) := {0, 1}:46

2



min

N∑
n=1

t(n) log
[
σ
(
ξµ(x

(n))x(n)
µ

)]
+ (1− t(n)) log

[
1− σ

(
ξµ(x

(n))x(n)
µ

)]
. (1.8)

To investigate the performance of the explainable point-wise linear model given by Eq (1.5) with47

(1.7), we trained a simple toy dataset (sklearn.datasets.make_circle) by using the straightforward48

model, the logistic regression model (Eq (1.1)), and a self-normalizing neural networks (SNNs) [1]49

model as a state-of-the-art NN model. The circle in a circle is not a linearly separable problem,50

so as shown in Fig A2 (b), the logistic regression model could not classify the two circles. The51

SNNs correctly classified the blue and orange dots as shown in Fig A2 (c). On the other hand, the52

point-wise linear model (Eq (1.5) with Eq (1.7)) tried to learn the labels of all samples as it generated53

a weight vector optimized for each sample, which resulted in failure in Fig A2 (d). The next section54

describes another approach to generating a point-wise linear function, an approach that improve the55

generalization ability.56
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Figure A2: Classification results for a simple toy dataset. (a) is a large circle (orange dots) that
contains a smaller circle (blue dots) obtained by sklearn.datasets.make_circle. (b) and (c) are
the boundaries classified by the logistic regression model and self-normalizing networks (SNNs)
model, respectively. (d) and (e) are the boundaries classified by the point-wise linear model of the
straightforward model Eq (1.7) and the reallocation-based model Eq (1.9), respectively. (f) is the
boundary classified by the reallocated feature vectors ρ. (g) is the arctangent of the angle between
the horizontal and vertical elements of the weight vector ξ(n). The weight vector smoothly changes
for each data sample.

1.3 Reallocation technique57

We propose an alternative point-wise linear model by using instead of Eq (1.7)58

ξ(x(n)) ≡ w � η(x(n)), (1.9)

where η is defined in Eq (1.6), w ∈ RD is a universal weight vector that is independent of x(n), � is59

the Hadamard product. ξ(n) ≡ ξ(x(n)) gives a weight vector for each sample x(n). As in Eq (1.5),60

we can analyze the magnitude of ξ(n) for each dimension in the original feature space with which the61

machine makes decisions. In contrast to the model defined by Eq (1.7), the model defined by Eq (1.9)62

accurately predicts the classification boundary, as shown in Fig A2(e). The weight vectors ξ(n) in63

Eq (1.9) smoothly change for each data sample (Fig A2(g)). The reallocation-based point-wise linear64

model thus enables generalization.65

To clarify the mechanism of the alternative point-wise linear model, we reformulated Eq (1.5) with66

Eq (1.9) as follows:67
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y(n) = σ

[(
w � η(x(n))

)
µ
x(n)
µ

]
= σ

[
wµ

(
η(x(n))� x(n)

)
µ

]
≡ σ

(
wµρµ(x

(n))
)
. (1.10)

We call ρ(x(n)) ≡ η(x(n))� x(n) a reallocated feature vector in Rd. NNs have a versatile ability to68

map a linear feature space to a nonlinear feature space. By utilizing this ability, Eq (1.10) reallocates69

the feature vector x(n) into the new vector ρ that is linearly separable by a single hyperplane drawn70

by w. Additionally, Eq (1.10) can impose a limit on the reallocation by71

ρ(x(n)) = C
(
η(x(n))� x(n)

)
, (1.11)

where C is a clamp function that operates on each vector element as follows:72

C(x) =


min if x < min

x if min ≤ x ≤ max

max if max < x

. (1.12)

Fig A2 (f) shows the reallocated feature vectors ρ(x(n)); the blue and orange dots are linearly73

classified. Note that we used C (min = 0.0 and max = 1.0) in Eq (1.11). As long as the reallocated74

vector ρ is defined by the Hadamard product operator as in Eq (1.11), one can obtain the weight ξ(n)75

in the same manner as Eq (1.10).76

A framework of multiplicative interactions [2] provides another viewpoint of the point-wise linear77

model. Eq (1.10) can be reformulated as a special form of multiplicative interaction function between78

η(x(n)) and x(n):79

y(n) = σ(ηµ(x
(n))Wµνx

(n)
ν ), (1.13)

where Wµν is restricted as80

Wµν =

{
wµ µ = ν

0 µ 6= ν
. (1.14)

Namely, the reallocation-based point-wise linear can be listed as the variation of self-multiplicative81

interactions. Various NNs, including RNNs and CNNs, can be used to compose the reallocation82

vector η. Moreover, the lower block of the point-wise linear (Fig. A1 (c)) enables all these NNs to83

explain the machine’s prediction with respect to the low-dimensional original feature vector x, while84

that of the upper block can improve the predictions accuracy by using the high-dimensional feature85

vector ϕ.86

Regularization87

To avoid the overfitting problem, the loss functions of prediction models have the Lp-norm of the88

learning parameters as the regularization term. Logistic regression models generally use L1 and89

L2-norm regularization, which are equivalent to lasso and ridge regression models, respectively [3].90

From the viewpoint of the point-wise linear model, the learning parameter is ξ, and the regularization91

terms should correspond to the L1-norm |ξ|L1 and L2-norm |ξ|L2. The Lp (p = 1, 2) regularization92

term is given by93
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Table A1: Variations of the reallocation functions.

Type Transform function Transform weight Reallocation function
I u(n) = η(x(n)) W̃ ∈ Rd×d(L)

ρ(x(n)) = u(n) � x(n)

II u(n) = η(x(n)) W̃ ∈ Rd×d(L)

ρ(x(n)) = u(n) + x(n)

III (u(n),v(n)) = η(x(n)) W̃ ∈ R2d×d(L)

ρ(x(n)) = u(n) � (x(n) + v(n))

IV (u(n),v(n)) = η(x(n)) W̃ ∈ R2d×d(L)

ρ(x(n)) = (u(n) � x(n)) + v(n)

Lp
(
ξ(x(n))

)
=
∣∣∣w � η(x(n))

∣∣∣
p
. (1.15)

The above equation constrains the range (magnitude) of η(x(n)). The Lp-norm reduces the cost of94

the reallocation of the original feature vector x(n). It induces sparseness in the network pathway of95

ϕ. Additionally, Eq (1.15) can be extended to an elastic-net regularization term as follows:96

Lelastic

(
ξ(x(n))

)
= αL1

(
ξ(x(n))

)
+ (1− α)L2

(
ξ(x(n))

)
, (1.16)

where α is a mixing parameter with 0 ≤ α ≤ 1.97

Variants98

The necessary condition for constructing a point-wise function is that the reallocation function is99

linear (see Table A1). These reallocation functions allow us to calculate an element-wise magnitude100

of the point-wise learning weight for each feature. For example, the learning weight and bias term101

of the type II (adaptive reallocation) function are wµu
(n)
µ and wµx

(n)
µ , respectively. The functions102

of types I-IV have almost equal prediction abilities, as shown in Fig A3. Each panel shows the103

classification boundaries in feature vectors (generated by sklearn.datasets.make_moon). The type I104

(multiplicative reallocation) vector ρ is equivalent to the weight of the logistic regression-type linear105

models, so medical researchers familiar with logistic regression may find the properties of type I106

especially useful.107

(a) (b) (c) (d)

Figure A3: Classification results for each reallocation function. The dataset is
sklearn.datasets.make_moon. Each panel shows the classification boundary obtained by one of
the following the reallocation functions: (a) u(n) � x(n), (b) u(n) + x(n), (c) u(n) � (x(n) + v(n)),
or (d) (u(n) � x(n)) + v(n).

Unified architecture108

NNs (Fig A1(b)) likely cause overfitting when the number of layers L is increased [3]. A possible109

reason for this phenomenon is that the progression of learning is confined to the upper-layer param-110

eters; i.e., there is a lack of advanced learning in the lower layers. Residual NNs can be used to111

tackle this problem by adding skip connections [4, 5]. This approach mixes the current and previous112

inner-layer outputs and transfers the mixed output to the next layer. The lower inner layers can get113

gradients during the back-propagation process. We used this skip-connection approach and developed114
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an architecture characterized by the neurons being bound to each network layer in a mesh-like form115

as shown in Fig A4. We named this architecture deep unified networks (DUNs) [6]. The mesh116

connections provide gradients to all layers to train their weights. Here we propose a black box breaker117

(B3) consisting of compound NNs of the DUNs and the point-wise linear function. In B3, DUNs118

construct a vector that corresponds to η in Eq (1.6) for each inner layer. As a result, B3 explains the119

inner layers’ decisions in the original feature space.120
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Figure A4: Network architecture of black box breaker (B3). Deep unified networks (DUNs) outputs
the weight of the logistic regression for each layer and sample.

In this subsection, we omit the sample index (n) for simplicity. B3 consists of data units, transform121

units, reporting units, an attention unit, and a classification unit as shown in Fig A4. The data units122

correspond to the inner layers of conventional NNs. The data units are defined as follows:123

z(l+1) = f (l)g(l)(z(l)), (1.17)

where z(l) ∈ RD(l)

(z(1) = x) represents the input and output of the data units. f (l)
µ is an activation124

function such as sigmoid, tanh, or ReLU. g(l) is a function with a learning weight such as Eq (1.3).125

When there are more than two layers, we use highway networks [5] as g(l).126

The transform units convert z(l) ∈ RD′
into a vector η(l) in the original feature space Rd:127

η(l)(z(l)) = W̃ (l)z(l), (1.18)

where W̃ (l) ∈ RD×D(l)

is a weight matrix. The transform units are bound to the data units when128

l ≥ 2.129

To extract the abstract information of the data unit vector z(l), the reporting units compress the130

D(l)-dimensional vector z(l) into a DR-dimensional vector r(l). The reporting units are defined as131

follows:132

r(l)(z(l)) = σ(Ŵ (l)z(l)), (1.19)
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where Ŵ (l) ∈ RDR×D(l)

is a weight matrix, and σ is a sigmoid function applied to each element of133

the vector. The reporting units are bound to the data units when l ≥ 2.134

From r(l) an attention unit calculates attention weights for each layer. In particular, we use a135

dot-attention unit that calculates the attention weights a(l) as136

a(l) = softmax

(
w̃

(
RR>
√
L

))(l)

, (1.20)

where w̃ ∈ RL is a learnable key vector for the attention and the softmax function serves as137

an activation function. The matrix R ∈ RL×DR is composed by stacking the reporting vectors138

{r(2), · · · , r(L+1)}. R> is the transposed matrix of R. A similar attention mechanism was used in139

Transformer [7]. We used the learnable key w̃ in our classification application.140

B3 evaluates the attention averaged transform vector η̄ as141

η̄(x) =

L+1∑
l=2

a(l)η(l)(z(l)). (1.21)

η̄ is determined by running through the feature pathway (Eqs (1.17) and (1.18)) and the attention142

pathway (Eqs (1.17), (1.19), and (1.20)). The number of inner layers of the transform function is143

interpreted as the number of data units L in the feature pathway. This architecture is a fully connected144

attention network similar to the transposed form of the attention networks of RNNs in [8].145

Finally, the point-wise linear model broke the black box of the NNs. In B3 we used the attention146

averaged transform vector η̄ instead of η in Eq (1.9):147

y = σ
[
(w � η̄(x))µ xµ

]
, (1.22)

= σ

[(
L+1∑
l=2

a(l)ξ(l)µ (x)

)
xµ

]
, (1.23)

= σ
(
ξ̄µ(x)xµ

)
, (1.24)

where ξ(l) ≡ w � η(l) and ξ̄ ≡ w � η̄. B3 provides the magnitude of a(l)ξ(l) as the feature148

importance for each layer and sample and is a fully explainable deep architecture. In addition, the149

input layer is connected directly to the neurons of the output layer as shown in Eq (1.22). The long150

skip connection of the B3 architecture avoids the overfitting problem.151
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