
Online Resource

1 Details for the Two-nodes network

For the numerical evaluation of the Two-nodes network in Online Resource

Fig. 1, we adopted the following modelling choices: The head losses due to

friction in the pipes are modelled using a Hazen-Williams (HW) model with

known pipe parameters: Both pipes have a diametre of 12 cm and a HW

roughness coefficient of 120. Pipe 1 is 60 m long, and pipe 2 is 30 m long.

Node 1 Node 2

Pipe 1 Pipe 2

Figure S.1: Two-nodes network.

The nodal elevation zi is known, and equal to zero for all demand nodes.

The fixed head at the source node is 20 m at all times. At time step 1, the

demand at node 1 is 8 l/s, and the demand at node 2 is 10 l/s. At time step

2, the demands at both nodes are 9 l/s.

Measurements of the hydraulic head at time t are available from node

2, denoted by h2,t. Leakage is modelled as a pressure-dependent outflow
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dL,i(ci, hi,t) = ci(hi,t − zi)0.5 from the demand nodes, with the unknown leak

coefficients c1 and c2.

2 Model uncertainty in LTownABnet

2.1 Demand uncertainty

Demand model In LTownABnet, the temporal variation of demand for

a customer type is modelled using a multiplicative time series (Vrachimis

et al., 2018; Vrachimis and Eliades, 2020). The total demand from a node

i at time t is calculated as the sum of the residential and the commercial

demand component:

di,t = γr,i χr,t sr,tξr,i,t︸ ︷︷ ︸
residential

+ γc,i χc,t sc,t ξc,i,t︸ ︷︷ ︸
commercial

. (S.1)

The base demands γr,i and γc,i are provided by the network model with a

relative error of 10%. The remaining parameters in Online Resource Eq. (S.1)

are estimated here from demand measurements available in a separate part

of LTown, similar to Steffelbauer et al. (2020).

The estimated residential trend component χr,t and the estimated com-

mercial trend component χc,t are shown in Online Resource Fig. S.2a. The

estimated seasonal components sr,t and sc,t, with weekly periodicity are given

in Online Resource Fig. S.2b.

The time series is perturbed by a random component ξ in Online Resource

2



Jan Mar May Jul Sep Nov Jan
0

0.5

1

1.5

(a) Estimated trend component

Sun Mon Tue Wed Thu Fri Sat Sun

0

0.5

1

1.5

(b) Estimated seasonality component
with weekly periodicity

Figure S.2: Estimated trend and seasonality component of the multiplicative
time series model for the demand from the two customer types in LTownAB-
net.

Eq. (S.1). According to Vrachimis et al. (2018); Vrachimis and Eliades (2020),

the values of ξ are sampled from a truncated normal distribution with mean

µ = 1. We therefore estimate the nodal demand in LTownABnet using Online

Resource Eq. (S.1) with the estimated trend and seasonality components, and

ξc,i,t = 1 and ξr,i,t = 1 for all nodes i and times t.

Uncertainty Since the demand model is multiplicative, we expect that the

error introduced by the random component will be amplified at nodes with

a large base demand. Moreover, we expect a higher level of uncertainty at

times of high demand.

Online Resource Fig. S.2a indicates that the consumption in LTown is

slightly higher in the summer months than during winter and Online Re-

source Fig. S.2b illustrates that the demand at night is much lower than

3



during the day time.

To investigate the impact of different levels of demand uncertainty on the

localisation performance, we will compare the leak localisation performance

on different times over a 24 hour period on a weekday. While the leak events

happen at different times of the year, see Online Resource Table S.2, we

consider their level of uncertainty as comparable over the course of the year:

By comparing Online Resource Fig. S.2a and Online Resource Fig. S.2b, we

consider the change in demand over the year negligible in comparison to the

change over a day.

2.2 Analytical upper bounds for the quadratic approx-

imation errors

We derive an expression for an upper bound on the absolute error ej,QA

introduced by the quadratic approximation (QA) to a calibrated HW model

with respect to the real HW model. Note that this derivation is based on the

analysis in Pecci et al. (2017). First, the absolute error ej,QA is written as

ej,QA = |ajq2j + bjqj − νr,jqnexp

j |. (S.2)

The resistance coefficient of the calibrated HW model is νj = (1 + ∆j)νr,j

where ∆j is the relative error. The maximum expected flow in pipe j is qmax,j.

According to Pecci et al. (2017), the QA coefficients aj and bj can then be

written as aj = (1 + ∆j)νr,jkaq
nexp−2
max,j and bj = (1 + ∆j)νr,jkbq

nexp−1
max,j . For
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nexp = 1.852 as it is the case in the HW model, we have constants ka ≈ 0.912

and kb ≈ 0.095. From Eq. S.2, and using θ = qj/qmax,j we then write

ej,QA = |(1 + ∆j)νr,j(kaq
nexp−2
max,j q2j + kbq

nexp−1
max,j qj)− νr,jqnexp

j | (S.3)

= νr,jq
nexp

max,j |(1 + ∆j)(kaθ
2 + kbθ)− θnexp| (S.4)

= νr,jq
nexp

max,j |(kaθ2 + kbθ − θnexp) + ∆j(kaθ
2 + kbθ)| (S.5)

= νr,jq
nexp

max,j |ϕ1(θ) + ∆jϕ2(θ)| (S.6)

≤ νr,jq
nexp

max,j (|ϕ1(θ)|+ |∆jϕ2(θ)|) . (S.7)

Online Resource Fig. S.3 illustrates the graphs for the functions ϕ1(θ)

and ϕ2(θ). As noted in Pecci et al. (2017), if qj ≤ qj,max, the maximum

of function ϕ1(x) is observed at θ = 1, i.e. when qj = qj,max. We have

ω1 = ϕ1(1) ≈ 6.7 · 10−3. The function ϕ2(θ) is quadratic with positive

coefficients and thus monotonically increasing for θ > 0. If qj ≤ qj,max, we

then also obtain the maximum of ϕ2(θ) at θ = 1, see Fig. S.3a. We have

ω2 = ϕ2(1) = ka + kb ≈ 1.007.

By applying the maxima for ϕ1(.) and ϕ2(.), the upper bound in Online

Resource Eq. S.7 is then

ej,QA ≤ q
nexp

max,jνr,j (|ϕ1(θ)|+ |∆j|ϕ2(θ)) (S.8)

≤ q
nexp

max,jνr,j (|ϕ1(1)|+ |∆j|ϕ2(1)) (S.9)

= q
nexp

max,jνr,j (ω1 + |∆j|ω2). (S.10)

5



0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

(a) A range of θ from zero to one

0 0.5 1 1.5 2

0

0.2

0.4

0.6

0.8

1

(b) A range of θ from zero to two

Figure S.3: Graphs of the functions ϕ1(.) and ϕ2(.).

Online Resource Eq. S.9 suggests that the upper bound for ej,QA increases

with the relative error ∆j in the HW coefficient. Note that the average of the

absolute values |∆j| are given in Online Resource Table S.1. The error ∆j

can be positive or negative depending on the pipe, for both models HWnom

and HWcal.

Average Minimum Maximum

HWnom 0.12 2 · 10−5 0.3
HWcal 0.25 2 · 10−4 1.2

Table S.1: Absolute values |∆j| of relative errors in HW resistance coefficients
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2.3 Errors introduced by the different head loss mod-

els

To investigate the errors due to the different head loss models experimen-

tally, we now run simulations over a 24h period with each of the six available

head loss models: HWreal, HWcal, HWnom, and the three models obtained by

the quadratic approximation to each of the Hazen-Williams models, QAreal,

QAcal, QAnom. We model the demand of 19 July 2018, which is the day

yielding the highest total flow rate in 2018. Moreover, we assume for this

investigation that the pump is active at all times of the day. As a conse-

quence, we expect that the errors illustrated in this section provide an upper

bound of the errors introduced by the head loss models, see Online Resource

Section 2.2.

Note that HWcal was obtained by solving a calibration problem as in Wal-

dron et al. (2020) to obtain calibrated roughness parameters. The problem

was solved using data collected in the second week of January 2018 when

there was no leakage present in the network. The demand was modelled as

described in Online Resource Eq. S.1. Together with diametres and lengths

from HWnom, this yields the set of calibrated pipe parameters HWcal.

The uncertainty introduced by the head loss models corresponds to the er-

rors of the calibrated and the nominal HW model (and the three QA models)

with respect to HWreal. In Online Resource Fig. S.4, the resulting distribu-

tion of absolute errors in terms of heads at the nodes, and in terms of flow
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Figure S.4: LTownABnet: Empirical cumulative distribution functions of the
absolute errors that occur in the simulated hydraulic states (at all nodes and
pipes). All errors are computed with respect to hydraulic states obtained
using the real HW model (HWreal) and considering no demand uncertainty.
The CDFs are shown for the calibrated HW model (HWcal), the nominal HW
model (HWnom), and the QA to each of the Hazen-Williams models. While
QAreal yields smaller errors overall than the calibrated and nominal model,
the calibrated model performs better in terms of head, and worse in terms
of the flow rates, than the nominal model.

rates in the pipes, are compared.

Quadratic approximation introduces negligible errors First, observe

that the errors introduced by QAreal are small in comparison to the errors

introduced by the calibrated and the nominal HW models.

The QAs to the nominal and to the calibrated model yield an error distri-

bution (with respect to HWreal) similar to their HW counterparts. This holds

for both the error in head and the error in flow rate, see Online Resource

Fig. S.4.

We therefore conclude that in the case of LTownABnet, the QA errors,
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introduced with respect to the model they are approximating, are much

smaller overall than the errors due to the calibrated or nominal model. These

observations support the assumption that the uncertainty introduced by the

QA is negligible in comparison to the level of uncertainty already present in

hydraulic networks.

Comparison of nominal and calibrated HW model In Online Re-

source Fig. S.4a, it is illustrated that the HW nominal model, and its quadratic

approximation, result in the largest errors in nodal pressure.

However, in terms of the flow rate, the calibrated model and its QA

yield larger absolute errors in the flow rate than the nominal model and its

QA, see Online Resource Fig. S.4b. The roughness calibration problem is

an under-determined problem, similar to the leak localisation problem. The

calibration, which minimises a least squares loss function, identified a set

of pipe roughness parameters that results in small residuals in terms of the

measured pressure, but that often sends the flow along paths different from

the ones when using the real and nominal model. We conjecture that this

is facilitated by the looped topology of LTownABnet, and the lack of flow

sensors in the centre of network. Moreover, no mechanism like regularisation

or pipe grouping was applied when solving the under-determined roughness

calibration problem.

While we expect that QAreal introduces the least amount of uncertainty,

the real pipe parameters would not be available in a case study with opera-
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tional data. The real, the calibrated and the nominal parameters introduce

different levels of uncertainty, whose impact on the performance of the pro-

posed leak localisation method is studied in Fig. 5a in the main manuscript.

3 Leak events

Leak ID Date Flow rate Leaks (and flow rate) included in model

p427 13 June 1.4 l/s NA
p654 19 September 1.5 l/s p427 (1.4 l/s); p810 (0.6 l/s)
p810 12 November 1.9 l/s p427 (1.4 l/s); p654 (1.5 l/s)
p183 8 August 4.5 l/s p427 (1.4 l/s); p654 (0.3 l/s)

p810 (0.03 l/s)
p866 4 June 5.7 l/s p427 (1.4 l/s)
p369 29 October 5.7 l/s p427 (1.4 l/s); p654 (1.5 l/s)

p810 (1.7 l/s)
p158 8 October 6.8 l/s p427 (1.4 l/s); p654 (1.5 l/s)

p810 (1 l/s)
p232 5 February 7.2 l/s p461 (0.3 l/s)
p673 13 March 7.9 l/s p427 (0.1 l/s); p461 (5 l/s)
p538 30 May 9 l/s p427 (1.4 l/s)
p628 17 May 9.7 l/s p427 (1.4 l/s)

Table S.2: The twelve single leak events in 2018 considered for studying the
impact of uncertainty at different times over a 24 hour period.

4 Choice of the regularisation parameter

To obtain a suitable choice for the regularisation parameter, we simulate leaks

at 172 different leak locations evenly distributed across LTownABnet. A leak
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flow is modelled at node i using a leak coefficient of ci = 0.6 · 10−3 m2.5 · s−1.

The resulting performance profiles in Online Resource Fig. S.5 suggest that

ρ = 1 is the best value for the regularisation parameter. Note that the

performance profiles in Online Resource Fig. S.5 were obtained simulating

the demand at 12 pm on 16 January 2018, with active pump.
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Figure S.5: Performance profiles for different regularisation parameter
choices.

5 Impact of varying demand uncertainty

From Online Resource Section 2.1, we expect that the level of uncertainty

introduced by demand varies over a 24 hour period, i.e. the uncertainty is

smaller at night time when there is less customer demand.

In Online Resource Fig. S.6, the localisation performance β is illustrated

depending on the hour of the day and distinguishing between the number of

time steps used to obtain a leak localisation result. Data is shown using box-
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plots each representing a one hour interval, sorted according to the number

of time steps used. In the case of multiple time steps, 1 h time windows (12

time steps) are attributed to the 1 hour interval with the start of the time

window, i.e. one hour time windows starting at 01:00 am and at 01:30 am

are depicted within the boxplot corresponding to 12 ts in the hour between

01:00 am and 02:00 am. Time windows lasting 3 hours (36 time steps) are

attributed to the one hour time interval at the the centre of the time window,

i.e. the time windows starting at 01:00 am and 01:30 am are attributed to

the hour between 02:00 am and 03:00 am.

We expect that the leak localisation method performs better at night

than at day time since there is less uncertainty introduced by the demand.

This assumption is supported by the data shown in Online Resource Fig. S.6.

12



0
0
:0

0

0
2
:0

0

0
4
:0

0

0
6
:0

0

0
8
:0

0

1
0
:0

0

1
2
:0

0

1
4
:0

0

1
6
:0

0

1
8
:0

0

2
0
:0

0

2
2
:0

0

2
4
:0

0

0

0.5

1
1ts 12ts 36ts

Figure S.6: Leak localisation performance under uncertainty over 24h where
the different time window lengths are compared. The data obtained at the
same hour of a day (1 hour intervals) is summarised within one boxplot.

13



6 Distance δ for the different leak events
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Figure S.7: Comparison of IP-R and SMM in terms of localisation distance
δ. Data is sorted according to each leak event and distances δ greater than
1 km are set to 1 km for illustration purposes. Results are shown for using
36 time steps and the calibrated model.
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