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Abstract 

The gravitational natures of phenomena separately attributed to dark matter and dark energy and challenges 
encountered in identifying such sources motivate enquiry into the capabilities of the field, itself, to generate such  
phenomena. It is found that, in curvature-free Friedmann-Lemaître-Robertson-Walker and gravitationally perturbed 
Robertson-Walker spacetimes, gravity has an equation of state parameter 𝑤 = −1  and negative pressures. 
Expanding space is proposed as the form of a growing cosmic gravitational field. The gravitational-spatial 
expansion is locally isobaric. Barotropic gravitational dynamics yield the Hubble-Lemaître law. The expansion 
results from the induction of gravity by matter, radiation and by itself. Gravitational auto-induction is a dynamical 
feedback process that produces an isotropic spatial expansion with an invariant Hubble parameter like a 
‘cosmological constant’ of density 2𝐻2/𝜅 or, equivalently, of a density parameter of 2/3. The Planck 2018 result 
is moderately higher at about the 2.5σ level. A new expression of the Hubble parameter in the late homogeneous 
universe is obtained. The growth of the field isotropically stretches geodesics. In homogeneous regions, this 
manifests as the Hubble acceleration of bodies and the redshifting of radiation attributed to dark energy. Geodesics 
may depend on gravitational energy density that retains its values at comoving locations. In inhomogeneous regions, 
such retentions lead to similar retentions of circular speeds and deflection angles - geodesic stretching - attributed 
to clustering dark matter. The baryonic Tully-Fisher relation is explained. Dependence of geodesics on gravitational 
energy explains tidal interactions as being inertial gravitational processes. 

Key words: gravitation, Hubble expansion, dark energy, dark matter 

 

1.0 Introduction 

In an effort to obtain a finite static universe, Einstein proposed a cosmological constant in an additive term in his 
general field equations. [1] On the empirical establishment of the Hubble expansion, he withdrew this proposal. 
Clearly, Einstein expected that the universe’s expansion could be explained without recourse to a cosmological 
constant. This may imply an inherent instability in Einstein’s field equations. The source of such a spacetime 
instability may be the source of both the spatial expansion and the extended geodesics. 
  An examination of Einstein’s derivation of the field equations [2] has revealed an underlying gravitational 
process that is inherently unstable. Presented, here, is an exploration of this dynamical process with regards to its 
potential to explain the large-scale expansion and the extension of the small-scale geodesics. 
  These considerations arise in the absence of a widely accepted theory that explains the apparently mutually 
exclusive sets of dynamic phenomena separately attributed to hypothesized dark energy (DE) and dark matter (DM). 
So, there occurs a dichotomy within gravitational science. The Friedmann-Lemaître-Robertson-Walker (FLRW) 
theory of an expanding universe without spatial curvature at large scales, with its determinations of the spatial 
expansion, continues to be affirmed by observations. However, at relatively small scales - such as in solar systems, 
galaxies, superclusters, that is, for gravitationally bound systems - it is not applicable.  
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  Theoretical explorations of the relations of spacetimes applicable to galaxies, on one hand and, on the other, 
to very large, effectively homogeneous, regions have not changed this situation. In fact, in 1945, Einstein and Straus, 
in [3], established the conditions for the coexistence of the spherically symmetric static Schwarzschild spacetime - 
that explained significant phenomena at the scale of our solar system - and the FLRW spacetime. However, the two 
had to be mutually excluded in space and they only had external relations, with the small-scale Schwarzschild 
spacetimes simply existing in spherical vacuoles [4,5] transported in the Hubble flow within the FLRW spacetime. 
It has been shown that such coexistence is fragile for the Schwarzschild spacetime, with instability under isotropic 
radial changes and vulnerability to non-spherical perturbations [4]. This Einstein-Straus ‘Swiss cheese' model has 
remained, in theory, the fundamental architecture of the cosmos. [4] 
   Nevertheless, there have been attempts to develop unitary explanations of gravitational phenomena 
separately ascribed to DM and DE. These include [6] that proposes the coexistence of bodies with negative and 
positive masses in a modified ΛCDM universe and [7] that proposes, in a modification of Friedmann's theory, that 
gravity acts, across all scales, in the manner of the strong force of quantum chromodynamics. 
   The endeavour, here, is to develop a unitary explanation - completely within the paradigm of Einstein’s 
gravitational field theory [2] - that explains both sets of phenomena. The intent is to include the universal empirical 
element of the Hubble expansion of space [8] without resort to exotic agencies.  
  A barotropic nature of gravitational fields in spatially flat and expanding spacetimes is established and 
ensuing dynamics explored in §2. In §3 and §4, gravitational induction is explored and its potential relations with 
the spatial expansion are developed. Effects of the expansion on geodesics are explored and relations between 
gravitational energy density and geodesics are developed in §5. Certain tidal interactions of the gravitational fields 
variously associated with stellar systems are explored in §6. In §7, there is a discussion of aspects of the views 
presented here. Conclusions of the explanations given here and the direction of future work are summarized in §8. 

2.0 Barotropic gravity  
2.1  A generalized FLRW spacetime 

 It is clear that the spatial homogeneity is only approximated at very large scales in the universe. So, in order to 
accommodate small-scale phenomena [9], the principle of homogeneity has to be surrendered. 
  However, the universe still appears fairly isotropic [10] as observed from within our solar system and since 
galaxies display galactocentric kinematics and distributions of matter, then a spherically symmetric metric seems 
appropriate. Most important in the choice of a spacetime is the fact that the cosmic expansion is isotropic and its 
fundamental relation, the Hubble-Lemaître law, is linear. 
  Consider a universe with a spherically symmetric line element of the form: (d𝑠)2 = 𝑔𝑡𝑡(d𝑥0)2 + 𝑔𝑟𝑟  [(d𝑥1)2 +  (dx2)2 +  (d𝑥3)2]       (1) 

Now, in observance of the empirically supported universal isotropy, rewrite as: (d𝑠)2 =  𝑔𝑡𝑡(d𝑥𝑡)2 +  𝑔𝑟𝑟(d𝑥𝑟)2 (2) 

Where: d𝑥𝑟 = d𝑟 =  [(d𝑥1)2 +  (dx2)2 +  (d𝑥3)2]1/2 (3) 

The line element - d𝑠 - is the invariant locally determined distance, or duration, corresponding to the 
infinitesimal coordinate vector components d𝑥ν  by means of the 𝑔𝜇𝜈  that are components of the metric, with 
tensorial indices 𝜇, 𝜈 = 0, 1, 2, 3. Equation (1), that permits a curvilinear 𝑔𝑡𝑡 and a 𝑔𝑟𝑟 that may also depend on 
location, generalizes the spatially flat FLRW equation of the linear element, with a time positive signature, that has 𝑔𝑡𝑡 = 1  and 𝑔𝑟𝑟 = −𝑎2,  where 𝑎 = 𝑎(𝑥𝑡)  is the dimensionless time-dependent scale factor, 𝑥𝑡 = c𝑡,  c  is the 
maximum speed of light, and 𝑡 is time in seconds. 

Equation (2) specifies the line element in an isotropic coordinate frame that simplifies descriptions in the 
isotropic applications that ensue. 

2.2 A Gravitational barotrope 

The gravitational field components are, here, defined by the negative of the Christoffel symbol of the second kind: 
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Γμντ =  − 𝑔𝜎𝜏2  (𝜕𝑔𝜇𝜎𝜕𝑥𝜈 +  𝜕𝑔𝜈𝜎𝜕𝑥𝜇 −  𝜕𝑔𝜇𝜈𝜕𝑥𝜎 ) 
(4) 

 Where, 𝑔𝜎𝜏 are components of the inverse metric. (This is the original definition of the gravitational field 
components given by Einstein [2]. It is the negative of that given, for example, in the influential [11].) 
  Substitutions of the tensorial Greek indices by those of the isotropic frame beginning with 𝑟 yields: Γrrr =  − 𝑔𝑟𝑟2 (𝜕𝑔𝑟𝑟𝜕𝑥𝑟 +  𝜕𝑔𝑟𝑟𝜕𝑥𝑟 −  𝜕𝑔𝑟𝑟𝜕𝑥𝑟 ) =  − 𝑔𝑟𝑟2  𝜕𝑔𝑟𝑟𝜕𝑥𝑟  (5) 

Similarly obtained, the other field components are: 

   Γttt = − 𝑔𝑡𝑡2  𝜕𝑔𝑡𝑡𝜕𝑥𝑡  
 

(6) 
 

   Γrtr =  Γtrr = − 𝑔𝑟𝑟2 𝜕𝑔𝑟𝑟𝜕𝑥𝑡  
 

(7) 
 Γrtt =  Γtrt =  − 𝑔𝑡𝑡2 𝜕𝑔𝑡𝑡𝜕𝑥𝑟  (8) 

Γttr =  𝑔𝑟𝑟2 𝜕𝑔𝑡𝑡𝜕𝑥𝑟  (9) Γrrt =  𝑔𝑡𝑡2 𝜕𝑔𝑟𝑟𝜕𝑥𝑡   (10) 

 Within the coordinate constraint √−𝑔 = 1  where 𝑔  is the determinant of the metric, the energetic flux 
densities of gravity are given in [2] as the pseudo-tensors: 𝑡̂𝜎𝛼 =  1𝜅 (𝛿𝜎𝛼2 𝑔𝜇𝜈Γ𝜇𝛽𝜆 Γ𝜈𝜆𝛽  −  𝑔𝜇𝜈Γ𝜇𝛽𝛼 Γ𝜈𝜎𝛽 ) (11) 

Where, 𝜅 = 8𝜋G/c2 is the Einstein constant, G is Newton's constant, and 𝛿𝜎𝛼 is the Kronecker delta. 
 The expansion of space has usefully been ascribed to barotropic agents. These include DE [8], for example, 
and the false vacuum of inflation [12]. So, here, the gravitational field will be examined to determine its suitability 
for such a role. 
 Now, only the diagonal elements of the gravitational energy pseudo-tensors 𝑡̂𝛼𝛼  (or energy tensors) are 
associated with changes of volume. These elements are normal stresses and energy density. Momentum flux 
densities and transverse energetic fluxes, such as shear stresses, do not change volumes. So, at first, setting the 
indexes α and σ to 𝑟 in eq. (11) and applying the Einstein summation rule yields: 𝜅𝑡̂𝑟𝑟 =  𝑔𝑟𝑟2 Γ𝑟𝛽𝜆 Γ𝑟𝜆𝛽 −  𝑔𝑟𝑟Γ𝑟𝛽𝑟 Γ𝑟𝑟𝛽 +  𝑔𝑡𝑡2 Γ𝑡𝛽𝜆 Γ𝑡𝜆𝛽 −  𝑔𝑡𝑡Γ𝑡𝛽𝑟 Γ𝑡𝑟𝛽  (12) 

With further substitutions of tensorial indices and applications of the summation rule, then the above equation 
becomes: 𝜅𝑡̂𝑟𝑟 =  − 𝑔𝑟𝑟2 Γrrr Γrrr +  𝑔𝑟𝑟2 Γrtt Γrtt −  𝑔𝑡𝑡2 Γrtr Γrtr +  𝑔𝑡𝑡2  Γttt  Γttt  (13) 

  Proceeding similarly, by first setting α = σ = 𝑡 in eq. (11) and so on, as before, or simply by interchanging 
the indices 𝑟 and 𝑡 in the above equation, then the other energetic gravitational flux density of interest here, 𝑡̂𝑡𝑡, is 
given in: 𝜅𝑡̂𝑡𝑡 =  𝑔𝑟𝑟2 Γrrr Γrrr −  𝑔𝑟𝑟2 Γrtt Γrtt +  𝑔𝑡𝑡2 Γrtr Γrtr −  𝑔𝑡𝑡2  Γttt  Γttt   (14) 
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Therefore: 𝑡̂𝑡𝑡 =  − 𝑡̂𝑟𝑟 (15) 

 The diagonal elements of the gravitational pseudo-tensors are:  diag{𝑡̂𝛿𝛼} = [𝑡̂00, 𝑡̂11, 𝑡̂22, 𝑡̂33] (16) 

Where, the first element in the square brackets 𝑡̂00 is the energy density, here also denoted as 𝑡̂𝑡𝑡 . The other elements 
- 𝑡̂𝑖𝑖 for 𝑖 = 1, 2, 3 - are normal stresses that, within the isotropic gravitational field, are all equal to the gravitational 
pressure 𝑡̂𝑟𝑟 . Therefore, regarding gravity in generalized FLRW spacetimes as a fluid, eq. (15) reveals that it has an 
equation of state (EoS) parameter, the ratio of the pressure to the energy density, of w = −1. 
 The FLRW spacetime is widely acknowledged as one that provides descriptions of the spatial expansion at 
large scales. Substituting its metric components 𝑔𝑟𝑟 = −𝑎2  and 𝑔𝑡𝑡 = 1  into the expressions of the field 
components given in eqs. (5) to (10) results in the vanishing of all the field components with the exceptions of Γrrt  
and Γrtr = −𝑎̇/𝑎 = −𝐻, where 𝐻 is the Hubble parameter. Substituting the latter field component into (13) yields 
the gravitational pressure: 𝑡̂𝑟𝑟 = −(Γrtr )2/2𝜅 = −𝐻2/2𝜅 < 0.  A similar substitution in eq. (14) yields the 
gravitational energy density as 𝑡̂𝑡𝑡 = (Γrtr )2/2𝜅 = 𝐻2/2𝜅 =  − 𝑡̂𝑟𝑟 . So, the gravitational field in the curvature-free 
FLRW spacetime possesses the significant barotrope characterized by an EoS parameter of 𝑤 = −1 and negative 
pressure. 

2.3 The barotropic dynamics of gravity and the spatial expansion 

The foregoing naturally motivates consideration of the barotropic dynamics of the gravitational field in relation to 
the spatial expansion. Such an expansion of space is simplest conceived as resulting from its coincidence with an 
expanding barotropic gravitational field. 
 Any expansion of the gravitational field would occur under the constraints of its two energy conservation 
laws, one in the absences of matter and radiation and the other of the ‘total system' - the latter including matter 
and/or radiation and the gravitational field - expressed, respectively, in [2] as: 𝜕𝑡̂𝜇𝜎𝜕𝑥𝜎 = 0   (17) 

and  𝜕𝜕𝑥𝜎 (𝑡̂𝜇𝜎 + 𝑇𝜇𝜎) = 0   (18) 

Where, 𝑇𝜇𝜎 is the energy tensor of matter and, or, radiation.  
 Equation (17) expresses the divergence-free (divergenceless everywhere) nature of the energetic flux 
densities of gravity. That is, locally, the densities of energetic gravitational fluxes do not change. 
  Expansion of the gravitational field, under this constraint, implies increasing energy that only develops in 
emergent fields that come into being in simultaneously emergent infinitesimal spaces at the same energy densities 
as that of the infinitesimal regions of the pre-existent gravitational field contiguous to these infinitesimal emergent 
spaces. So, the expansion of space would occur as a smooth interstitial emergence of the gravitational field in new 
spaces throughout the pre-existent spatial manifold. This may occur, most simply, if space is the form of the 

transparent gravitational field. This notion is buttressed by the singular metric coupling of the gravitational field 
and space expressed by eqs. (1) and (4). 
  Now, since the gravitational energy flux densities are conserved, then a gravitationally driven expansion, in 
an isotropic universe, would be locally isobaric. All isobaric expansions require the injection of energy. In 
thermodynamics, this is in the form of heat transfer. In the non-thermal isobaric gravitational expansion of space, 
emergent gravitational energy - that, by virtue of the constraint of the conservation of gravitational energy density, 
may only occur in emergent spaces – may perform the same role in the expansion of space as heat transfer does in 
isobaric thermodynamic expansions.  
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  Consider the isobaric expansion of the gravitational field as a spatial expansion of a sphere resulting in an 
incremental volume in the form of a spherical shell of inner radius 𝑟 and infinitesimal thickness d𝑟. This expansion 
is due to the work that is done by the gravitational pressure through the displacement d𝑟 that yields the emergent 
volume in the form of the shell.  
 Let d𝑊 be the work done by the gravitational pressure 𝑡̂𝑟𝑟 and d𝑈 be the gravitational energy at a density 𝑡̂𝑡𝑡 
emerging in the simultaneously emergent space solely as a result of the gravitational pressure. The work d𝑊 is the 
product of the pressure, the area of the inner surface of the shell - 4𝜋𝑟2, and the displacement and is, here, expressed 
as: d𝑊 = 4𝜋𝑟2𝑡̂𝑟𝑟d𝑟   (19) 

Recall the volume of the sphere: 𝑉 = 43 𝜋𝑟3   (20) 

The isotropic expansion of gravity results in the emergence of space of infinitesimal volume: d𝑉 = 4𝜋𝑟2d𝑟   (21) 

In this non-thermal process, conservation of energy, during the expansion, requires that d𝑊 + d𝑈 = 0, so: d𝑈 = −d𝑊 = −4𝜋𝑟2𝑡̂𝑟𝑟d𝑟  (22) 

Then, eqs. (19), (21), (22) and (15) yield the resulting energy density within the shell as: 𝜌 =  d𝑈d𝑉  =  − 4𝜋𝑟2𝑡̂𝑟𝑟d𝑟4𝜋𝑟2d𝑟 =  −𝑡̂𝑟𝑟 = 𝑡̂𝑡𝑡    (23) 

This shows how emergent spaces develop and are simultaneously occupied by incremental gravitational energy at 
local pre-existent densities through the actions of the gravitational pressure at local pre-existent intensities.  
  It follows that the gravitational field has no rest energy and, therefore, its perturbations travel at the speed 
of light. This is consistent with predictions of Einstein's linearized field theory of gravitational waves (GWs) in the 
far field. This has been strongly supported by GW evidence garnered from the binary neutron star merger and the 
associated gamma-ray burst (GRB) in events labelled, respectively, as GW170817 and GRB 170817A by the 
detection of a delay of < 2 s between the arrivals of the gravitational waves and the gamma rays after traveling for 
more than 100 million years. [13] 
  Consider the expansion of space as it occurs in two separate spherical regions - each of arbitrary and 
increasing radius. The spheres are located in gravitational fields, possibly of different gravitational pressures. The 
objective, firstly, is to compare the rates of fractional volumetric increase of space that result from these pressures. 
  The power per unit volume, injected isobarically throughout a sphere, is directly proportional to the constant 
gravitational pressure applied. That is: 1𝑉 d𝑊dxt ∝ 𝑡̂𝑟𝑟   
 In these non-thermal isobaric expansions 𝑑𝑊 = 𝑡̂𝑟𝑟𝑑𝑉, as eqs. (21) and (22) affirm. So, the power, per unit 
volume of the sphere, delivered by the pressure is given by: 1𝑉 d𝑊d𝑥𝑡  = 𝑡̂𝑟𝑟𝑉 d𝑉d𝑥𝑡  (25) 

   Denoting the two scenarios of the expanding spheres by the indices 1 and 2, respectively, the two relations 
above may be combined as: 
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𝑡̂𝑟,2𝑟𝑡̂𝑟,1𝑟 = 1𝑉2 d𝑊2d𝑥𝑡1𝑉1 d𝑊1d𝑥𝑡  = 𝑡̂𝑟,2𝑟𝑉2 d𝑉2d𝑥𝑡𝑡̂𝑟,1𝑟𝑉1 d𝑉1d𝑥𝑡    (26) 

Equality of the first and last terms of the above equation first yields: 1𝑉1 d𝑉1d𝑥𝑡 = 1𝑉2 d𝑉2d𝑥𝑡    (27) 

So, the fractional volumetric expansion rates are equivalent. Substituting from eqs. (20) and (21) yields: 1𝑟1 d𝑟1d𝑥𝑡 = 1𝑟2 d𝑟2d𝑥𝑡 = 𝐻  (28) 

And, the isotropic relative linear expansion rates are equivalent. This is the Hubble-Lemaître law. 
 So, in the unconditioned gravitational expansion of space, the Hubble parameter 𝐻 is the same everywhere, 
irrespective of the separations and the pressures and energy densities of the gravitational field involved, due solely 
to the non-thermal isobaric nature of the expansion of the invisible gravitational field proposed to underlie the 
observable spatial expansion.  
  Therefore, in the expansion, the field conserves its energy density everywhere in pre-existent space, 
whereby gravitational energy is divergence-free as implied by eq. (17). Yet, in this process, energy is being created 

everywhere in emergent gravitational fields within emergent spaces. So, the gravitational field has a dynamically 
energetic nature: it grows by creating energy. This behaviour of gravity is a radical departure from those of matter 
and radiation as, also, is the related unconditionality of its conservation of energy density. This singular nature of 
gravity is explored in the next section.  

3.0 Gravitational auto-induction and growth 

In presenting his theory of gravitation in [2], Einstein derived his general field equations that represent the ’total 
system’ from his field equations of gravity in the absence of matter and radiation - 𝑅𝜇𝜈 = 0 - and eq. (11). The 
quantity 𝑅𝜇𝜈 is the Ricci tensor. In so doing, he first arrived at the following relation: 𝜕𝜕𝑥𝛼 (𝑔𝛽𝜎Γ𝜇𝛽𝛼 ) = −𝜅 (𝑡̂𝜇𝜎 − δ𝜇𝜎2 𝑡̂) (29) 

Where, 𝑡̂ = 𝑡̂𝜇𝜇 = 𝑡𝑟{𝑡̂𝜇𝜎} is the trace of the pseudo-tensors given by the sum of its diagonal elements, the latter given 
in eq. (16). Then, at this point, Einstein made the remarkable substitutions: 𝑡̂  ⟶  𝑡̂ + 𝑇   and   𝑡̂𝜇𝜎  ⟶  𝑡̂𝜇𝜎  +  𝑇𝜇𝜎   (30) 

Where, 𝑇𝜇𝜎 is the energy tensor of matter and radiation and 𝑇 is the trace of the energy tensor of matter (the energy 
tensor of radiation being traceless). As a result of gravity’s isotropy, negative pressure and EoS, the trace of its 
energetic flux densities is given by: 𝑡̂ = 2𝑡̂𝑟𝑟 = −2𝑡̂𝑡𝑡 < 0 (31) 

 So, by means of the substitutions of (30), Einstein then arrived at: 𝜕𝜕𝑥𝛼 (𝑔𝛽𝜎𝛤𝜇𝛽𝛼 ) = −𝜅 [(𝑡̂𝜇𝜎 + 𝑇𝜇𝜎) −  𝛿𝜇𝜎2 (𝑡̂ + 𝑇)]             (32) 

  In explaining the substitutions, Einstein offered the following: 
  ’It must be admitted that this introduction of the energy-tensor of matter is not justified by the relativity 
postulate [of the general covariance of the laws of nature] alone. For this reason, we have deduced it from the 
requirement that the energy of the gravitational field acts in the same way as other kinds of energy’ [2]. 
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   The action that Einstein referred to, described in the above equation, is the induction of the gravitational 
field by the energy tensors of matter and radiation and by energy pseudo-tensors of gravity. Equation (32) is the 
general equation of gravitational induction. 
  And, by this pathway, Einstein arrived at his general field equations: 𝑅𝜇𝜈 = −𝜅(𝑇𝜇𝜈 − 𝑔𝜇𝜈𝑇/2). [2] 
   Einstein’s substitutions make explicit a feedback mechanism, actually already present in eq. (29), that drives 
continuous changes in the field components of gravity and, correspondingly, in its energy components even in the 
absence of energetic fluxes of matter. This is the dynamical auto-induction of gravity. 
  In the exploration of the process of gravitational auto-induction, it is facilitative to ensure the exclusion of 
external factors by setting the energy tensors in eq. (32) to zero, yielding eq. (29), then rewrite it as: d(𝑔𝛽𝜎𝛤𝜇𝛽𝛼 ) = −𝜅 (𝑡̂𝜇𝜎 − δ𝜇𝜎2 𝑡̂) d𝑥𝛼   (33) 

  So, the components of the field that evolve, due only to the passage of time, are identified by denoting the 
index 𝛼 by 𝑡 in the above equation. Finite changes in these components are obtained by integrating eq. (33), firstly, 
yielding: 

∆(𝑔𝛽𝜎𝛤𝜇𝛽𝑡 ) = −𝜅 ∫ (𝑡̂𝜇𝜎 − δ𝜇𝜎2 𝑡̂)𝑐𝑡
𝑐𝑡𝑜 d𝑥𝑡   (34) 

Multiply by the metric and rewrite as: 

𝑔𝛽𝜎(𝑟, 𝑡)𝑔𝛽𝜎(𝑟, 𝑡)Γ𝜇𝛽𝑡 (𝑟, 𝑡)  = 𝑔𝛽𝜎(𝑟, 𝑡)𝑔𝛽𝜎(𝑟0, 𝑡0)Γ𝜇𝛽𝑡 (𝑟0, 𝑡0) − 𝑔𝛽𝜎(𝑟, 𝑡)𝜅 ∫ (𝑡̂𝜇𝜎 − δ𝜇𝜎2 𝑡̂)𝑥𝑡
𝑥0𝑡

d𝑥𝑡 (35) 

Within the isotropic coordinate system, the indexes, 𝛽  and 𝜎  for example, no longer indicate generalized 

coordinates, but permutations of 𝑟 and 𝑡, therefore, 𝑔𝛽𝜎(𝑟, 𝑡)𝑔𝛽𝜎(𝑟, 𝑡) = δ𝛽𝛽 = 1. Also, as pseudo-tensors do not 

change in time, then the integrand is time invariant. Therefore, the auto-induced augmented time components of the 
gravitational field, in the absence of matter and radiation, are given by: Γ𝜇𝛽𝑡 (𝑟, 𝑡) = 𝑔𝛽𝜎(𝑟, 𝑡)𝑔𝛽𝜎(𝑟0, 𝑡0)Γ𝜇𝛽𝑡 (𝑟0, 𝑡0) − 𝑔𝛽𝜎(𝑟, 𝑡)𝜅 (𝑡̂𝜇𝜎 − δ𝜇𝜎2 𝑡̂) ∆𝑥𝑡 (36) 

 This equation - that, by its last term, increments the time components of the gravitational field - is the critical 
regenerative phase of a positive gravitational feedback cycle. It describes the auto-induction of the time components 
of the field. In this regenerative process, the spatial extents of the time components of the gravitational field grow 
from 𝑟0 to 𝑟, as is indicated in eq. (36).  
  The space components of the gravitational field, in the absence of matter and radiation, undergo similar 
augmentation triggered not by the passage of time, as in the previous case, but by the spatial extension of the field 
initiated by the augmented time components of the field. Since, in the expansion, the gravitational field conserves 
its densities at comoving locations, then this process is described by the preceding development after replacing the 
index 𝑡 by 𝑟.  
 The growth of the field described for its time components in eq. (36) - and correspondingly for its space 
components, for they share the same extents - mathematically implies, according to eqs. (13) and (14), the 
simultaneous growth of the energy pseudo-tensors and, by means of eq. (31), of their trace, whereby, the 
regenerative cycle returns to eq. (36) to recommence. Gravitational auto-induction leads to the continuous growth 
of the field throughout the gravitational manifold. As the gravitational field grows, so does its form - space. 
  Consider a homogeneous region of the universe undergoing the Hubble expansion without peculiar motions 
or astrophysical processes that breach its baryonic or radiative contents in total or in composition. The spatial 
expansion is described by a linear time-varying scale factor 𝑎(𝑥𝑡) . Denoting, in eq. (32), 𝛼  by 𝑟  and initial 
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conditions by the subscript 0, then, as the energy tensor of radiation is traceless, there results the following equation 
describing the rate of growth of the gravitational field over time: 𝜕𝜕𝑥𝑟 (𝑔𝛽𝜎Γ𝜇𝛽𝑟 ) = −𝜅 {𝑡̂𝜇𝜎 + 𝑇𝜇,0,𝐵𝜎 [𝑎(𝑥𝑡)]−3 + 𝑇𝜇,0,𝑅𝜎 [𝑎(𝑥𝑡)]−4 −  𝛿𝜇𝜎2 [𝑡̂ + 𝑇0,𝐵(𝑎(𝑥𝑡))−3]} (37) 

Where, the subscripts 𝐵  and 𝑅  indicate baryons and radiation, respectively. The Hubble expansion dilutes the 
energy tensors of matter and radiation. So, their impacts in the induction of the gravitational field are progressively 
reduced. However, at comoving locations, the growing gravitational field conserves its energetic flux densities 
during the coinciding spatial expansion. Therefore, over time, gravity would increasingly dominate matter and 
radiation in the induction and growth of the gravitational field.  

4.0 The gravitational-spatial expansion in the presence of energy tensors 

The generic Hubble parameter is given in the relations: 𝐻 = 𝑎̇ 𝑎⁄ = 𝑣/𝑟 (38) 

 The equality of the first and last terms constitute the empirical Hubble-Lemaître law. This law holds in 
homogeneous universes and regions. It may be derived from purely formal considerations, that is, without reference 
to underlying physics, for example, as in [14]. In §2.3, unconditioned isobaric dynamics of gravity, enabled by the 
proposition of a spatial form of gravity, led to the Hubble- Lemaître law with an invariant Hubble parameter. This 
implies that the conditions of gravitational induction and growth, explored in the previous section, may directly 
impact the expansion of space. Influences of these conditions on the gravitational-spatial expansion will be explored 
in the following subsections. 

4.1 A general Hubble parameter 

 The field components of gravity are derived solely from the invariance of distances across physical space 
measurable by rods (or time intervals locally measurable by clocks) generally expressed as 𝛿(Δ𝑠) = 0. [2] So, 
clearly, field components of gravity are existentially related to distances (and proper time intervals). The length of 
the geodesic line element - d𝑠 - is independent of coordinate systems, although being specified, in equations of line 
elements, by coordinate intervals and metric components. The components of the gravitational field are functions 
of components of the inverse metric and of coordinate derivatives of the metric components. The metric, itself, is a 
function of coordinate derivatives of coordinate intervals. A function of the metric, in the equation of the line 
element, is to ensure the essential correspondence between coordinate intervals (with determinations influenced by 
the conditions of measurement) of a coordinate chart and the distance - the invariant length of a line element in 
physical space. The metric may perform a similar role, in equations of the gravitational field components, of 
ensuring that these relate, in a direct way, to distances across the field components' physical extents. So, by virtue 
of complete dependences on a common metric, gravity and physical space are coupled. This is not inconsistent with 
an inert expanding 3-D physical space being the form of an energetically evolving 4-D field for, by virtue of the 
shared metric, they have identical spatial extents. 
  Therefore, if indeed space is the form of the gravitational field, then, eq. (37), that describes the growth of 
the field due to its induction, may also provide a description of the expansion of physical space over time. Towards 
this end, in this equation, denote the indices 𝛽, 𝜎 and 𝜇 as 𝑡 and, as 𝛿𝑡𝑡 = 1 and eq. (31) implies 𝑡̂ = −2𝑡̂𝑡𝑡, then - 
with the energy tensor of radiation being traceless - eq. (37) may be rewritten as: d(𝑔𝑡𝑡Γ𝑡𝑡𝑟 ) = − 𝜅2 [4𝑡̂𝑡𝑡 + 2𝑇𝑡,𝐵𝑡 + 2𝑇𝑡,𝑅𝑡 −  𝑇𝐵]d𝑥𝑟 (39) 

This equation describes the growth of the gravitational field component - Γ𝑡𝑡𝑟 . However, in §5.3.3, it will be shown 
that the quantity Γ𝑡𝑡𝑟 /𝑔𝑡𝑡 = 𝑔𝑡𝑡Γ𝑡𝑡𝑟  is a locally determined peculiar geodesic acceleration due to the field component Γ𝑡𝑡𝑟 . It follows that, d(𝑔𝑡𝑡Γ𝑡𝑡𝑟 ),  also, is a locally determined infinitesimal incremental geodesic acceleration. 
However, it is due only to the growth of the gravitational field: it is an increasing proper acceleration. Proper 
motions of bodies occur solely due to their embedment in the growing gravitational field. In peculiar motions, bodies 
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traverse the growing field while being embedded in it. So, here, the expression d(𝑔𝑡𝑡Γ𝑡𝑡𝑟 ) describes this coincidence 
of peculiar and proper gravitational motions. Since eq. (37) describes the growth of the space components of 
gravity that follows the growth of the time components of gravity, as described in §3, then such an accelerating 
growth occurs for all field components of gravity. (Though, as will be encountered in §5.3.1, some components are 
vanishingly faint deep in cosmic voids and indistinct at the large scales of homogeneity.) 
 Consider this proper motion starting relatively from rest with an increasing acceleration due to the growth of 
the field that, over the infinitesimal duration d𝑥𝑡 , results in the incremental infinitesimal collinear velocity d𝑣 due 
to the linear growth d𝑟  of space. The proper acceleration and velocity, in the comoving frame, are generally 
described as being positive. So, the relative acceleration may be expressed, to a first order, as |d(𝑔𝑡𝑡Γ𝑡𝑡𝑟 )| =d𝑣/d𝑥𝑡 = (d𝑣/d𝑟)(d𝑟/d𝑥𝑡) = (d𝑣)2/d𝑟 = 𝐻d𝑣.  Where, the infinitesimal form of the empirical Hubble-
Lemaître law, given in eq. (38), is applied as the spatial expansion is considered, here, as being the form of the 
growing gravitational field. Substituting from these expressions of the accelerating growth of the gravitational-
spatial manifold into eq. (39) and denoting 𝑥𝑟 as 𝑟 yield the Hubble parameter: 𝐻 = d𝑣d𝑟 = |d(𝑔𝑡𝑡Γ𝑡𝑡𝑟 )d𝑥𝑟 |1/2 =  [𝜅2 (4𝑡̂𝑡𝑡 + 2𝑇𝑡,𝐵𝑡 + 2𝑇𝑡,𝑅𝑡 −  𝑇𝐵)]1/2

 (40) 

This equation is the Hubble-Lemaître law with a generally applicable expression of the Hubble parameter. It implies 
that, at infinitesimal scales, the energetic induction of gravity gives rise to the growth of the gravitational-spatial 
manifold at increasing speeds and accelerations, that taken relative to the distance, are equal to the Hubble parameter 
and its square, respectively.  

4.2 The Hubble parameter in the late homogeneous universe 

Setting the 3-velocity 𝑢𝑟 = d𝑥𝑟/d𝑠 = 0, then, the energy density flux of matter may be expressed, locally within 
the FLRW spacetime, as the mixed tensor 𝑇𝑡,𝐵𝑡 = (𝑝𝐵 + 𝜌𝐵)𝑢𝑡𝑢𝑡 − 𝑝𝐵𝑔𝑡𝑡 , where 𝑝𝐵 and 𝜌𝐵 are the pressure and 
rest energy density, respectively, and g𝑡𝑡 = δ𝑡𝑡 = 1. With 𝑔𝑡𝑡 = 1 and 𝑢𝑟 = 0, then, eq. (2) implies 𝑢𝑡 = d𝑥𝑡/d𝑠 =1, so, 𝑢𝑡 = 𝑔𝑡𝑡𝑢𝑡 = 1. With the pressure 𝑝𝐵 being negligible in the later universe, then, 𝑇𝑡,𝐵𝑡 = 𝑇𝐵 = 𝜌𝐵. Also, in 
the late universe, the radiation density 𝑇𝑡,𝑅𝑡  is negligible. Making these substitutions in eq. (40) yields:  

𝐻 = {𝜅2 [4𝑡̂𝑡𝑡 + 𝜌𝐵]}1/2
 (41) 

It may be expected that, in a homogeneous universe, pseudo-tensors that do not change with time, also, do not 
change with location, as is the case in the FLRW universe (cf. §2.2). So, this equation yields the Hubble parameter 
as: 

𝐻(𝑥𝑡) = [𝜅2 (4𝑡̂𝑡𝑡 + 𝜌𝐵,0[𝑎(𝑥𝑡)]−3)]1/2
 (42) 

This equation recalls, to a factor of √2/3, the first Friedmann equation, without curvature, if the term 4𝜅𝑡̂𝑡𝑡  is 
identified as a gravitational ‘cosmological constant' Λ𝐺  with density 𝜌Λ𝐺 = 4𝑡̂𝑡𝑡.  
 Recall 𝑎(𝑡) = 1 + 𝑧, where 𝑧 is the redshift. Differentiate this expression and, with substitution from eq. (38), 
write as d𝑎/d𝑡 = d𝑧/d𝑡 = (d𝑧/d𝑟)(d𝑟/d𝑡) = 𝑎𝐻 = c(d𝑧/d𝑟),  as the speed of light c = d𝑟/d𝑡 . The Hubble-
Lemaître law may be obtained from 𝐿 = 𝑎𝑟, where 𝐿 is the distance and 𝑟 is a comoving coordinate interval. [14] 
So, the infinitesimal linear gravitational growth underlying the spatial expansion is d𝐿 = 𝑎d𝑟 = (c/𝐻)d𝑧. In order 
to facilitate comparisons with observations, a lookback time frame is assumed. Substitute 𝑎 = 1/ (𝑧 + 1) into eq. 
(42) then substitute the result into the preceding equation: 
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d𝐿 = c√2𝜅𝑡̂𝑡𝑡 [1 + 𝜌𝐵,04𝑡̂𝑡𝑡 (1 + 𝑧)3]−12 d𝑧 
(43) 

In a universe empty of matter and radiation, or deep in a large void in the late universe, 𝜌𝐵,0 = 0. In the above 
equation, this yields 𝑑𝐿 = [c/(2𝜅𝑡̂𝑡𝑡)1/2]d𝑧. Here, the absence of energy tensors invokes the isobaric relative 
expansion rate 𝐻 of the gravitational-spatial manifold encountered in §2.3 that, notably, is invariant under changes 
in the pressure 𝑡̂𝑟𝑟  and, therefore, according to eq. (15), also to changes in density 𝑡̂𝑡𝑡 . Along with its spatial 
invariance in the homogeneous universe, this implies the temporal invariance of 𝐻 in the absence of energy tensors. 
So, deep in cosmic voids (or in a de Sitter universe), the expansion is described by an invariant Hubble parameter 
that may be expressed as 𝐻 = (2𝜅𝑡̂𝑡𝑡)1/2 = (Λ𝐺/2)1/2. As obtained in §2.2, in the homogeneous FLRW universe, 𝑡̂𝑡𝑡 = 𝐻2/2𝜅, therefore, the gravitational ‘cosmological constant’ - Λ𝐺  - has a density of 𝜌Λ𝐺 = 4𝑡̂𝑡𝑡 = 2𝐻2/𝜅 or, 
equivalently, a density parameter of ΩΛ𝐺 = 2/3.  This latter value is moderately lower than the Planck 2018 
cosmological constant result [15] at about the 2.5σ level. So, in the absence of matter and radiation, there results 
the de Sitter expansion that, here, is due only to gravity.  
 It follows, from eq. (42), that the Hubble parameter in the late homogeneous universe may be expressed as: 

𝐻 = [Λ𝐺2 + 𝜅2 𝜌𝐵,0(1 + 𝑧)3]12
 (44) 

So, the Hubble constant may be given here as: 𝐻0 = (Λ𝐺2 + 𝜅2 𝜌𝐵,0)1/2
 (45) 

  Therefore, both ΛCDM's and de Sitter's cosmological constants may be perceived as symbolic placeholders 
for the physical gravitational field due to their common invariant impacts in the expansions of homogeneous 
universes.  
  Furthermore, as proposed agents of the expansion of our universe, the gravitational ‘cosmological constant' 
𝐺  and the concordance model's cosmological constant Λ  have striking similarities. Along with moderately 
different densities, they have, in common, dynamical barotropic natures, negative pressures and an identical EoS 
parameter 𝑤 = −1 that yields an isobaric spatial expansion with a rate that, taken relative to the linear growth, has 
a constant 𝐻 acceleration that is increased in the presence of matter and radiation, and both are invisible (‘dark'). 

5.0 Gravitational-spatial expansion and geodesics  

5.1 The gravitationally perturbed Robertson-Walker spacetime 

 If the spatial expansion - established at large scales across which the universe appears homogeneous - is due to the 
growth of the gravitational field, then this growth may influence orbits. Such an influence was implied in the last 
section in the coincidence of the proper infinitesimal incremental linear acceleration |d(𝑔𝑡𝑡Γ𝑡𝑡𝑟 )| - due to the growth 
of the field component Γ𝑡𝑡𝑟  - and the peculiar acceleration - Γ𝑡𝑡𝑟 /𝑔𝑡𝑡 = 𝑔𝑡𝑡Γ𝑡𝑡𝑟  - guided by the same field component. 
However, in order to describe orbits, the small-scale granular inhomogeneity of bodies must be represented. Such 
considerations of the coincidence of the proper and peculiar motions of orbiting bodies may be accommodated in a 
gravitationally perturbed Robertson-Walker (gpRW) spacetime.  
 The gpRW metric is usually applied in descriptions of the peculiar gravitational motions, against the 
background of the cosmic Hubble flow, that expresses and enhances incipient cosmological inhomogeneity and 
lead to gravitational collapse in the earlier universe [16]. Therefore, it is capable of accommodating descriptions of 
phenomena simultaneously involving gravitational attraction and the cosmic recession.  
 In describing gravitational collapse, the potential term in the gpRW metric usually reflects linear density 
fluctuations preceding the collapse. [16] However, here, this metric provides an expanding spacetime for 
gravitational systems associated with spherical bodies including stars, compact bodies and planets, as well as for 
spherical gravitational systems including solar systems, stellar clusters, spheroidal galaxies and much larger 
spheroidal agglomerations in the forms of galactic clusters. All these gravitational systems form through 
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gravitational collapse, exhibit gravitational attraction and curvilinear geodesics while, given the above-mentioned 
coincidence of their proper and peculiar accelerations, remaining in the cosmic recession produced by the growth 
of the monolithic cosmic gravitational field.  
 It is its accommodation of orbiting bodies and deflecting radiation that enables the use of the gpRW metric 
in describing the influence of the expansion on the evolutions of quasi-Schwarzschild gravitational systems. Quasi-
Schwarzschild gravitating systems, here, imply gravitationally collapsed objects and the curvilinear parts of the 
expanding gravitational field in which they exist. Such entities, regardless of the morphology of their baryonic 
distributions, converge to point mass gravitating objects at intermediate distances, while the associated gravitational 
curvilinearity, more remotely, vanishes asymptotically.  
  In an isotropic frame, the components of the gpRW metric and its inverse are: 𝑔𝑟𝑟 =  − 𝑎2 (1 + 2Φ(𝑟)c2 )−1

 (46) 𝑔𝑟𝑟 = − 1𝑎2 (1 + 2Φ(𝑟)c2 ) (47) 

𝑔𝑡𝑡 =  (1 + 2Φ(𝑟)c2 ) (48) 

𝑔𝑡𝑡 = (1 + 2Φ(𝑟)c2 )−1
 (49) 

Where, Φ(𝑟) is the gravitational potential.  
 So, here, the scale factor represents a background expansion stretching physical and, so, coordinate intervals 
alike, due to the embedment of bodies and radiation in the expanding cosmic gravitational-spatial manifold, even 
during their traversals, so leading to the coincidence of proper and peculiar motions encountered in the last section. 
The outcomes of such coincidences will be explored here.  
 The linear expansion may be expressed as the product of the scale factor and an unchanging comoving radial 
coordinate 𝜒 defined as: 𝜒 = 𝑟/𝑎 (50) 

This is the radial variable of the FLRW and gpRW line elements. 
 Explorations, here, of the expansion include geodesics in a void, a model of spherically symmetric gravitating 
bodies with satellites of infinitesimal masses such as idealized solar systems and an Hernquist analytical model 
representing spheroidal agglomerations such as galaxies and their clusters.  
 The state of a gravitational system is taken, here, to be indicated by the radial profiles of its energetic fluxes 
and the characteristics of its geodesics - radial acceleration and circular speeds of satellites and the speeds and 
angles of deflection of radiation. The initial states of these evolving gravitational systems are taken to be those 
existing at times of completion of collapse to form bodies or at times of virialization to form galaxies at which the 
scale factor is, ideally here, normalized to unity. 
 In the descriptions that follow, the centroids of gravitating bodies and galactic agglomerations bear the origins 
of the frames of reference applied and have no peculiar motion. 

5.2 Initial gravitational energy densities in gravitational systems 

In order to understand the strange kinematics of the satellites and unexpected gravitational optics, consider the 
influences of the growing gravitational field on orbits and gravitational lenses. For this purpose, the gravitational 
field is, here, represented [11] by its energy density. 
 The gravitational potential around a spherically symmetric body is given by Φ(𝑟) = − G𝑀/𝑟. Substituting 
this, along with the Schwarzschild radius 𝑟𝑠 = 2G𝑀/c2, into eqs. (46) to (49) yields: 𝑔𝑟𝑟 =  − 𝑎2 (1 −  𝑟𝑠𝑟 )−1

 (51) 
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𝑔𝑟𝑟 = − 1𝑎2 (1 −  𝑟𝑠𝑟 ) (52) 𝑔𝑡𝑡 =  (1 −  𝑟𝑠𝑟 ) (53) 

𝑔𝑡𝑡 = (1 −  𝑟𝑠𝑟 )−1
 (54) 

 The coordinate first derivatives of the components of the metric are: 𝜕𝑔𝑟𝑟𝜕𝑥𝑟 =  𝑎2𝑟𝑠𝑟2 (1 −  𝑟𝑠𝑟 )−2
 (55) 𝜕𝑔𝑟𝑟𝜕𝑥𝑡 = −2𝑎𝑎̇ (1 −  𝑟𝑠𝑟 )−1 +  𝑎2𝑟̇𝑟𝑠𝑟2  (1 −  𝑟𝑠𝑟 )−2

  (56) 𝜕𝑔𝑡𝑡𝜕𝑥𝑟 =  𝑟𝑠𝑟2 (57) 𝜕𝑔𝑡𝑡𝜕𝑥𝑡 =  𝑟𝑠𝑟̇𝑟2  (58) 

Substituting from eq. (52) and eqs. (54) to (58) into eqs. (5) to (8) and, subsequently, from this last set and into eq. 
(14), leads to: 𝜅𝑡̂𝑡𝑡 =  𝑎̇22𝑎2 (1 −  𝑟𝑠𝑟 )−1 − 𝑎̇𝑟̇𝑟𝑠2𝑎𝑟2  (1 −  𝑟𝑠𝑟 )−2

 (59) 

By means of eq. (38), the quotient 𝑎̇/𝑎 may be replaced by 𝐻. Then, in the Hubble flow, both the ‘stationary’ 
observer and the locally observed move away from the centre of the spherical body - that serves as the origin of the 
coordinate chart here applied - at the radial speed given by eq. (38) as: 𝑟̇ = d𝑥𝑟d𝑥𝑡 = 1c  d𝑟d𝑡 = 𝐻𝑟 (60) 

Where, 𝐻 is the Hubble parameter in units equivalent to per c seconds and c is the speed of light in the absence of 
matter. So, with these substitutions, eq. (59) becomes: 𝑡̂𝑡𝑡 = 𝐻22𝜅 [(1 −  𝑟𝑠𝑟 )−1 − 𝑟𝑠𝑟 (1 − 𝑟𝑠𝑟 )−2] (61) 

This function vanishes at 𝑟 = 2𝑟𝑠 and becomes negative at lesser radii. For 𝑟 > 2𝑟𝑠 , the density turns out to be 
positive and directly proportional to the square of the Hubble parameter. It is in these latter regions that the 
expansion occurs according to the barotropic dynamics of gravity encountered in §2.3. So, in general, descriptions 
here will be limited to such regions. Panel (a) of fig. 1 shows the initial radial profile of the gravitational energy 
density. It rises curvilinearly from zero, at 𝑟 = 2𝑟𝑠, asymptotically attaining a maximal 𝐻2/2𝜅 ~ 1.52E-27 0.66ℎ2 
kg m-3 and becoming flatter (linear), remotely. 
 With regards to galactic systems, a Hernquist model of a spherically symmetric system - galaxy or galactic 
cluster - is adopted from [17]. Its matter distribution and potential, respectively, are: 𝜌(𝑟) = 𝜌𝐺 [ 𝑟𝑎𝐺 (1 +  𝑟𝑎𝐺)3]−1

 

and 

(62) 

Φ(𝑟) =  − σ𝐺2  1 + 𝑟𝑎𝐺  (63) 
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Where, 𝜌𝐺 = σ𝐺2 /2𝜋𝑎𝐺,2  σ𝐺 = √G𝑀𝐺/𝑎𝐺 , 𝑀𝐺  and 𝑎𝐺  are the characteristic density, characteristic velocity, total 
mass, and scale length, respectively, of the model.  
 Substituting from eq. (63) into eqs. (46) to (49), then the components of the metric and its inverse are: 

𝑔𝑟𝑟 =  − 𝑎2 [1 − 2σ𝐺2c2 (1 +  𝑟𝑎𝐺)]−1
 (64) 

𝑔𝑟𝑟 = − 1𝑎2 [1 − 2σ𝐺2c2 (1 +  𝑟𝑎𝐺)] (65) 

𝑔𝑡𝑡 =  1 − 2σ𝐺2c2 (1 +  𝑟𝑎𝐺) (66) 

𝑔𝑡𝑡 =  [1 − 2σ𝐺2c2 (1 +  𝑟𝑎𝐺)]−1
 (67) 

 The coordinate first derivatives of the components of the metric are: 𝜕𝑔𝑟𝑟𝜕𝑥𝑟 = 2𝑎2σ𝐺2𝑎𝐺c2 (1 − 2σ𝐺2c2 + 𝑟𝑎𝐺)−2
 (68) 

𝜕𝑔𝑟𝑟𝜕𝑥𝑡 = −2𝑎𝑎̇ [1 − 2σ𝐺2c2 (1 +  𝑟𝑎𝐺)]−1    
+  2𝑎2σ𝐺2 𝑟̇𝑎𝐺c2  (1 − 2σ𝐺2c2 + 𝑟𝑎𝐺)−2

 

(69) 

𝜕𝑔𝑡𝑡𝜕𝑥𝑟 =  2σ𝐺2𝑎𝐺c2 (1 +  𝑟𝑎𝐺)2 (70) 

𝜕𝑔𝑡𝑡𝜕𝑥𝑡 =  2σ𝐺2 𝑟̇𝑎𝐺c2 (1 +  𝑟𝑎𝐺)2 (71) 

 Substituting from eqs. (60) and (65) and eqs. (69) to (71) into eqs. (5) to (8) and, subsequently, from the latter 
set into eq. (14), that with the replacement of 𝑎̇/𝑎 by the Hubble parameter, leads to: 

𝑡̂𝑡𝑡 =  𝐻22𝜅   [1 − 2σ𝐺2c2 (1 +  𝑟𝑎𝐺)]−1 −  σ𝐺2 𝐻2𝑟2𝑎𝐺𝜅c2 (1 − 2σ𝐺2c2 + 𝑟𝑎𝐺)−2
 (72) 

 Panel (a) of fig. 2 shows the galactocentric radial energy density profile obtained from eq. (72). As the 
centroid is approached, the profile declines curvilinearly by < 1.0E-8 of the constant value of 𝐻2/2𝜅 ~ 1.52E-27 
0.66ℎ2 kg m-3 attained remotely where it asymptotically becomes flat. 

5.3 Influences of the expansion at small scales  

5.3.1  Geodesics in cosmic voids  
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In these parts, in the limit as 𝑟𝑠/𝑟 →  0, or as 𝑟/𝑎𝐺 → ∞, the equation of the gpRW line element - obtained by 
substituting eqs. (51) and (53), or (64) and (66), respectively, into eq. (1) - turns out to be similar to that of the 
FLWR universe: (d𝑠)2 = (d𝑥0)2 − 𝑎2{(d𝑥1)2 + (d𝑥2)2 + (d𝑥3)2} (73) 

  The common form of the metric of expanding voids and the FLRW universe reflects the homogeneity of 
the conditions of the expansions. In homogeneous regions, that is, in voids and in the FLRW universe, the potential 
vanishes as there is no net gravitational attraction. In the FLRW universe, the Hubble parameter decreases with the 
accompanying dilution of matter. However, (ignoring the extremely rarefied baryonic medium), here deep in the 
cosmic voids, homogeneity pertains only to the growing gravitational field. This is gravity acting on its own - 
uniformly, isotropically, with a constant 𝐻 relative recession rate, both in growing itself and in expanding space, 
the latter, just like the cosmological constant. 
 So, unlike static curvilinear spacetimes, the gpRW spacetime does not asymptotically vanish remote from 
bodies to be replaced by a Minkowskian spacetime that is without gravity (Birkhoff's theorem [18]). Instead, in 
regions remote from bodies, where 𝑟𝑠/𝑟 → 0, or 𝑟/𝑎𝐺 → ∞, the field is most energetic, with maximum magnitudes 
of energy density, (as shown in §5.2) and pressure. So, these are not regions of the vacuum (as addressed by 
Birkhoff’s theorem), but are domains, remote from matter, in an energetic and dynamical fluidic gravitational field 
of a ‘fluid filled' spacetime [18]. The significantly greater portion of the observable universe consists of large spaces 
almost empty of baryons [19]. Therefore, the maximal flatness and energy intensity of the field prevail over the 
significantly greater portion of the observable universe. 
 Equation (73) implies that null geodesics in the voids are rectilinear and the velocity of light, locally 
undiminished, apparently reduces with increasing distance along the line of sight from the observer according to 
the relation γ = d𝑥𝑟/d𝑥𝑡 = ±1/𝑎 = ±(1 + 𝑧)−1.  This occurs due to the extension of the distance between 
comoving observer and target, or emitter, due to the expansion of the gravitational-spatial manifold in cosmic voids 
during the flight of photons. 
  In vast voids surrounding regions of static curvilinear spacetimes, the vanishing of the coordinate derivatives 
of the components of the metric in eq. (11) implies vanishing gravitational fields. However, in the dynamic ‘fluid 
filled' [18] gpRW spacetime, the quantity 𝜕𝑔𝑟𝑟/𝜕𝑥𝑡 , remote from bodies, approaches a non-zero value. So, for the 
field around spherical bodies, eqs. (52), (56) and (7) yield: Γtrr = − 𝑎̇𝑎  +  𝑟̇𝑟𝑠2𝑟2  (1 −  𝑟𝑠𝑟 )−1

 (74) 

Substituting from eqs. (38) and (60) yields: Γrtr  = −𝐻 + 𝐻𝑟𝑠2𝑟  (1 −  𝑟𝑠𝑟 )−1 →  −𝐻 ∶ 𝑟𝑠/𝑟 → 0 (75) 

 In the case of the field related to spheroidal galaxies, eqs. (7), (65) and (69) yield: 

Γrtr  = − 𝑎̇𝑎  +  σ𝐺2 𝑟̇𝑎2𝑎𝐺c2 1(1 + 𝑟𝑎𝐺) (1 − 2σ𝐺2c2 + 𝑟𝑎𝐺)−1  (76) 

Substitute from eqs. (38) and (60): 

Γrtr  = −𝐻 + σ𝐺2 𝐻𝑟𝑎2𝑎𝐺c2 1(1 + 𝑟𝑎𝐺) (1 − 2σ𝐺2c2 + 𝑟𝑎𝐺)−1 →  −𝐻                                            ∶ 𝑟/𝑎𝐺 → ∞ (77) 

It is this field component, as shown by its presence in eqs. (13) and (14) amidst the vanishing faintness of the others, 
that gives rise to the high gravitational pressures and energy densities in these regions remote from bodies.  
  The existence of the gravitational field in cosmic voids and in the FLRW universe where the gravitational 
potential vanishes implies that the latter does not characterize the gravitational field, but only applies in 
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gravitationally curvilinear regions in the vicinities of inhomogeneous matter. The gravitational field is most intense 
in the absence of matter and the potential. 
 Consider the geodesic 3-acceleration of bodies guided by the field component Γrtr  given by: d2𝑥𝑟d𝑠2 = Γrtr  d𝑥𝑟d𝑠 d𝑥𝑡d𝑠   (78) 

Substitute from equations (3), (64) and (75), or (77), as well as, 𝑥𝑡 = c𝑡 and d𝑠 = cd𝜏, and rewrite the equation 
above as: 1c2 d2𝑟d𝜏2 = −𝐻 d𝑟d𝑥𝑡 (d𝑡d𝜏)2

 (79) 

Then, with 𝑣 = d𝑟/d𝑥𝑡 , rewrite eq. (40) as d𝑣/d𝑟 = (d𝑣/d𝑥𝑡)(dxt/d𝑟) = 𝐻 so that 𝑣̇ = 𝐻(d𝑟/d𝑥𝑡) and rewrite 
the equation above as: d2𝑟d𝜏2 = − d2𝑟d𝑡2 (d𝑡d𝜏)2

 (80) 

On the right of this last equation, the first factor is the apparent acceleration of the receding target that is remotely 
obtained by the observer. It is accompanied by a coordinate time transformation that corrects this apparent 
acceleration to obtain the actual acceleration of the target, given on the left, that is directly measurable locally, in 
principle, as indicated by the presence of the locally determinable proper time interval d𝜏, as opposed to the 
remotely determined coordinate time interval d𝑡 that may vary with frames of reference. 
  Similarly, the infinitesimal vector displacement due to the recession, remotely observable as the coordinate 
radial vector interval d𝑟, is locally observed at the target as the physical displacement −d𝐷. (This may be obtained 
at the target in the time slice d𝑥0 = 0 taken at the time of emission of the signal 𝑡 = 0, when 𝑎 = 1, from the 
equation of the space-like line element obtained from eq. (73) of the time-like line element, with a substitution from 
eq. (2), by negation of the coefficients of coordinate vector intervals, and then denoting d𝑠 as −d𝐷.) The differences 
in notation and sign between d𝑟 and −d𝐷 encode, respectively, the difference in proximity to the target - remote 
and local - and that of the relative orientation - facing - of two observers of the same interval. Making these changes 
in (80) yields: d2𝐷d𝜏2 = d2𝑟d𝑡2 (d𝑡d𝜏)2

 (81) 

 This is the Hubble acceleration observed remotely where d𝑡/d𝜏 > 1 and locally where d𝑡 = d𝜏. Similar 
considerations attend the determination of the locally measured speed of recession, directly obtainable at the target 
and that is to be determined by the remote observer, given as: d𝐷d𝜏 = d𝑟d𝜏 = d𝑟d𝑡 d𝑡d𝜏 (82) 

  So, in order to remotely obtain the locally measurable speed or acceleration of the target, d𝑡/d𝜏 must be 
determined. This time transformation reflects the changes observed remotely, by means of an electromagnetic 
signal, by a distant observer with the aid of an oscillator (clock) in her location, of the apparent time rate (relative 
to an affine parameter), as remotely determined, of the target’s oscillator (source of electromagnetic radiation) 
relative to its locally determined time rate (that, fortunately, is reproducible in the observer’s location). These 
changes occur to the radiation, as it travels from the emitter to the observer, due to it being embedded in the 

expanding field (as opposed to just noninteractively traversing empty space): as the wavevector is being stretched, 
the consequent extension of the wavelength leads to the frequency decreasing; the radiation redshifts. (In regions 
of curvilinear gravitational fields, this embedment of radiation leads to gravitational lensing that will be discussed 
in §5.3.6). 
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  Denote the parameters of the wave produced by the emitting oscillator by the subscript 𝑒 and measurements 
of them by means of the observer’s oscillator by 𝑜. Now, since the time rate is proportional to the period and, 
thereby, to the wavelength, then: d𝑡d𝜏 = 𝑜

𝑒 = 𝑜 − 𝑒
𝑒 + 1 = 𝑧 + 1 (83) 

Where, 𝑧 = (𝑜 − 𝑒)/𝑒  is the fractional change in wavelength that occurs during transmission due to the 
embedment of radiation in the expanding gravitational-spatial manifold - the cosmological redshift. Therefore, by 
spectroscopically determining 𝑧, the transformation d𝑡/d𝜏 is obtained and by means of eqs. (81) and (82), the actual 
acceleration and speed, respectively. 
  Furthermore, note that as the wavelength changes due to the Hubble expansion, then:  d𝑡d𝜏 = 𝑜

𝑒 = 𝑎 = 1 + 𝑧 (84) 

Therefore, the scale factor 𝑎(𝑥𝑡) not only dilates space, but also dilates time. It is a linear and homogeneous space 
and time transformation. 
  So, it is the field component Γrtr  that, in the vast voids, governs the linear isotropic geodesic recession of 
bodies resulting from the metric expansion of space. Here, the geodesic acceleration due to Γrtr , in cosmic voids, 
yields the scale factor and the constant Hubble parameter, as well as, the cosmological redshift that characterize the 
rectilinear null geodesics in these vast regions. 
  In these gravitationally flat, cumulatively dominant, regions - almost empty of baryons - there occurs the 
conflation of the incompressible expanding fields associated variously with remote bodies in the vicinities of which 
the fields are curvilinear. The result is that, cosmically, gravitational curvilinearity appears as isolated, widely 
dispersed and purely local departures, in the vicinities of similarly dispersed bodies and virialized agglomerations 
of matter, from a flat cosmic field. 

5.3.2  Accelerating recession of bodies in free fall  

 Consider the isotropic geodesic 3-acceleration: d2𝑥𝑟d𝑠2 = Γttr  d𝑥𝑡d𝑠 d𝑥𝑡d𝑠 + Γrrr  d𝑥𝑟d𝑠 d𝑥𝑟d𝑠 + Γrtr  d𝑥𝑟d𝑠 d𝑥𝑡d𝑠  (85) 

 Set d𝑥𝑡/d𝑠 = 1 so that eq. (2) may be rewritten as (d𝑥𝑟/d𝑠)2 = (1 − 𝑔𝑡𝑡)/𝑔𝑟𝑟 . Substitute from eqs. (51) 
and (53) into this last equation and from the resulting equation and into (85). Now, substitute from eqs. (52), (55) 
and (57) and into eqs. (5), (7) and (9), then from these last three and into (85). Then, initializing the system's 
expansion by normalizing the scale factor at 𝑎 = 1, the acceleration may be expressed as: d2𝑟d𝑠2 = − 𝑟𝑠2𝑟2 − 𝑟𝑠22𝑟3 + 𝐻𝐷̇ (1 − 𝑟𝑠2𝑟)               ∶ 𝑟 = 𝑎(χ − 2𝑟𝑠) + 2𝑟𝑠 > 2𝑟𝑠   (86) 

 The first term, on the right, is the attractive Newtonian acceleration. The potential corresponding to the second 
attractive acceleration term is −𝑟𝑠2/4𝑟2. With 𝑟𝑠 = 2G𝑀/c2and 𝑟𝑠/2𝑟 = 𝑟̇𝑟𝑜𝑡2 = (𝐿/𝑚𝑐𝑟)2 - where, 𝑟̇𝑟𝑜𝑡 is the 
circular speed and 𝐿 and 𝑚 are the angular momentum and mass of the satellite, respectively - substituted into the 
potential term, it becomes −𝐿2G𝑀/𝑚2c4𝑟3. This term is recognizable as the relativistic potential that gives rise to 
the precession of orbits. The last acceleration term of eq. (86) describes the recessional Hubble acceleration. It is 
obtained by setting d𝑟 = −(1 − 𝑟𝑠/2𝑟)d𝐷 - for the same reasons d𝑟 was set to −d𝐷 in eqs. (81) and (82) and to 
describe the apparent contraction  of the spatial coordinate interval in the presence of inhomogeneous matter 
distribution that gives rise to the potential expressed, here, as −𝑟𝑠/2𝑟  - then dividing by d𝑥𝑡  to yield 𝑟̇ =−(1 − 𝑟𝑠/2𝑟)𝐷̇ and substituting 𝑎̇/𝑎 = 𝐻 from eq. (38).  
 Equation (86) explicitly includes all isotropic geodesic accelerations - peculiar and proper - and applies at all 

scales. However, the potential and the attractive accelerations become faint remote from gravitating bodies and 
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recessional accelerations are faint across quasi-Schwarzschild systems. The equation shows that, in small-scale 
regions in the vicinities of central gravitating bodies, the Hubble expansion occurs along with the orbits. However, 
here, the relatively small distances and the relatively large peculiar curvilinear motions challenge observations of 
the expansion. Yet, the peculiar motions bear the imprint of the expansion in the unexpected stretching of their 
curvilinear geodesics due to the Hubble acceleration - 𝐻𝐷̇, as locally determined. This effect may be integrally 
obtained by applying the inverse coordinate time transformation 1/𝑎(𝑥𝑡) to the spatial variables in the terms on the 
right of (86). With eq. (50), this leads to the vanishing of the additive Hubble term as −(1 − 𝑟𝑠/2𝑟)𝐷̇/a = 𝑟̇/𝑎 =dχ/d𝑥𝑡 = 0.  However, in effect, the Hubble acceleration reappears in the attractive terms that, similarly 
transformed, also directly express the Hubble recession. So, the Hubble expansion results in extremely slowly 

extending orbits of constant radial accelerations given by: d2𝑟d𝑠2 = − 𝑎2𝑟𝑠2𝑟2 − 𝑎3𝑟𝑠22𝑟3                ∶ 𝑟 = 𝑎(χ − 2𝑟𝑠) + 2𝑟𝑠 > 2𝑟𝑠     (87) 

That is, natural satellites move under coinciding contradictory influences of attraction and recession due to a 
dialectical gravitational field. This outcome was already heralded in the coincidence of the proper and peculiar 
accelerations encountered in the previous section. The result is that the peculiar accelerations retain their values, 
established when 𝑎 = 1 and 𝑟 = χ, during the metric expansion of the gravitational-spatial manifold. So, although 
coinciding, the peculiar acceleration and the proper acceleration are independent of each other. Here, the only 
impact of the coincidence of accelerations is that the radii of orbits increase as geodesics are isotropically stretched. 
  In vast, almost empty, spaces - across which quasi-Schwarzschild systems appear as points of light - the 
attractive acceleration terms and the potential in eq. (86) become vanishingly small leaving the Hubble acceleration 
effectively bare and, in principle, readily discernible.  
  Unlike the attractive peculiar accelerations that are due to interactions of the field and bodies - as in the 
inducement, by bodies, of curvilinearities in the field and the latter's guidance of bodies and radiation in curvilinear 
geodesics - the linear isotropic accelerating recessions result from the self-interactions of a cosmic gravitational 
field - described in §2.3, §3 and §4 - enhanced in the presence of matter and radiation. 
 In following subsections, the evolutions of circular orbits due only to the gravitational-spatial expansion are 
further explored.  

5.3.3 Initial circular orbits  

The circular speed of a satellite around a spherically symmetric body is given by the square root of the product of 
the magnitude of the Newtonian acceleration term of eq. (86) and the radius expressed, here, as: 

𝑣𝑟𝑜𝑡 = d𝑟d𝜏 = |𝑟 d2𝑟d𝜏2| 12 = [ c2𝑟𝑠2𝑟 ]12               ∶ 𝑟 > 2𝑟𝑠    (88) 

  Panel (b) of fig. 1 shows the Keplerian profile of the initial rotation curve in the vicinity of the gravitating 
body obtained by means of eq. (88). 
 In regards to the Hernquist galaxy, consider the geodesic equation: d2𝑥𝜏d𝑠2 = Γ𝜇𝜈𝜏 d𝑥𝜇d𝑠 d𝑥𝜈d𝑠   (89) 

Locally, the acceleration may be obtained by setting: d𝑥𝜇d𝑠 = d𝑥𝜈d𝑠 = 0     ∶  𝜇, 𝜈 = 1, 2, 3   (90) 

In these conditions, eqs. (1) and (66) yield: 
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d𝑥𝜇d𝑠 = d𝑥𝜈d𝑠 = √ 1𝑔𝑡𝑡 =   [1 − 2σ𝐺2c2 (1 +  𝑟𝑎𝐺)]−12 ∶  𝜇, 𝜈 = 0  (91) 

So, with these determinations, eq. (89) yields: d2𝑥𝜏d𝑠2 = 1𝑔𝑡𝑡 Γ𝑡𝑡𝜏       ∶  𝜏 = 1, 2, 3   (92) 

These components of the 3-acceleration may be vectorially summed as: d2𝑥𝑟d𝑠2 = 1𝑔𝑡𝑡 Γ𝑡𝑡𝑟    (93) 

This is the locally determined peculiar acceleration of bodies guided by the field component Γ𝑡𝑡𝑟 .  With this 
acceleration so described, then substituting from eqs. (65) and (70) into (9) and then from eqs. (9) and (66) and into 
eq. (93), the radial acceleration may be expressed as: d2𝑥𝑟d𝑠2 = 1c2 d2𝑟d𝜏2 = − σ𝐺2𝑎2𝑎𝐺c2 (1 +  𝑟𝑎𝐺)2  (94) 

And, with 𝑎 = 1, the initial circular speed is obtained as: 

𝑣𝑟𝑜𝑡 = d𝑟d𝜏 = |𝑟 d2𝑟d𝜏2| 12 = [ σ𝐺2 𝑟𝑎𝐺 (1 +  𝑟𝑎𝐺)2]12    (95) 

 Panel (b) of fig. 2 shows the initial rotation curve of a Hernquist galaxy obtained by means of the equation above. 
  The rotation curves of Panels (b) of figs. 1 and 2 are velocity profiles of these systems at initiation, when 𝑎 =1.  As the gravitational field evolves, the resulting velocity profiles become more remotely connected to the 
gravitating bodies that initially shaped their curvilinearity. Therefore, unexpected velocity profiles may be due to 
the unexpected evolution of the gravitational field in the vicinities of gravitating bodies. 

5.3.4 Evolution of curvilinear gravitational systems  

The square root of the product of the magnitude of the Newtonian acceleration term of eq. (87) and the radius, with 
radial variables transformed by 1/𝑎 - as in §5.3.2 - yield the circular speed of a satellite around a spherically 
symmetric gravitating body at a radius 𝑟 as: 

𝑣𝑟𝑜𝑡 =  [𝑎c2𝑟𝑠2𝑟 ]12               ∶ 𝑟 = 𝑎(χ − 2𝑟𝑠) + 2𝑟𝑠 > 2𝑟𝑠   (96) 

In effect, the metric expansion does not influence the peculiar kinematics characterized by the circular speed and 
the radial acceleration, the last as described in eq. (87). This results in radially stretched rotation curves becoming 
more extended at higher scale factor values, as is illustrated in fig. 1. 
 Energy conservation laws of gravity imply the retention, in the isobaric expansion of the gravitational-spatial 
manifold, of the value of the gravitational energy density at a comoving location [cf. §2.3]. Therefore, gravitational 
energy pseudo-tensors, here, are not projected across an interval of time by a metric operation, but - at comoving 
locations and as time passes - simply retain their initial values, established at  𝑎 = 1. This, naturally, avoids 
violations, by the pseudo-tensors, of the coordinate condition - √−𝑔 = 𝑎 = 1 - that arose in §2.2. As the pseudo-
tensors, at comoving locations, do not change during the expansion, then they may be described by functions of a 
comoving radial variable. So, in the expansion, the gravitational energy density may be obtained from eq. (61) as: 
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𝑡̂𝑡𝑡 = 𝐻22𝜅 [(1 −  𝑎𝑟𝑠𝑟 )−1 −  𝑎𝑟𝑠𝑟  (1 −  𝑎𝑟𝑠𝑟 )−2]                  ∶ 𝑟 = 𝑎(χ − 2𝑟𝑠) + 2𝑟𝑠 > 2𝑟𝑠 (97) 

 Figure 1 shows the progression of a rotation curve and a gravitational energy density radial profile around a 
compact body for successively larger values of the scale factor. They were produced by means of the applications 
of eqs. (96) and (97).  
 There is an ongoing smooth reduction of the gradients as the regions of curvilinear gravity expands in the 
vicinity of the spherical body. The energy density rises from being vanishingly small at 𝑟 = 2𝑟𝑠 to asymptotically 
attaining a maximum of 𝐻2/2𝜅 ~ 1.52E-27 0.66ℎ2 kg m-3, remotely. 
 In the case of an Hernquist system, the incremental proper acceleration, locally determined in §4.1 as d[𝑔𝑡𝑡Γttr ], may be expressed as 𝐻𝐷̇. In the galactocentric frame, it occurs radially and, therefore, is orthogonal to 
the peculiar transverse circular velocity 𝑣𝑟𝑜𝑡 due to the peculiar radial acceleration. So, the peculiar velocity is not 
directly impacted by the proper acceleration. The peculiar acceleration Γttr /𝑔𝑡𝑡  is also unaffected by the proper 
acceleration. This may be obtained by the sum of the locally determined Hubble acceleration 𝐻𝐷̇ and the locally 
determined peculiar acceleration given in eq. (94), initialised at 𝑎 = 1, undergoing the inverse time coordinate 
transformation 1/𝑎(𝑥𝑡), as in §5.3.2. Therefore, the peculiar circular speed is undisturbed by the expansion and 
may be described by functions of the comoving radius 𝑟/𝑎 as: 

𝑣𝑟𝑜𝑡 = [ σ𝐺2 𝑟𝑎𝐺𝑎 (1 +  𝑟𝑎𝐺𝑎)2]12
 (98) 

 With regard to the gravitational energy density, its conservation requires that in the expansion it is described 
by substituting the radial variable in eq. (72) by the comoving radius 𝑟/𝑎 yielding: 

𝑡̂𝑡𝑡 =  𝐻22𝜅   [1 − 2σ𝐺2c2 (1 +  𝑟𝑎𝐺𝑎)]−1 − σ𝐺2 𝐻2𝑟2𝑎𝐺𝑎𝜅c2 (1 − 2σ𝐺2c2 + r𝑎𝐺𝑎)−2
 (99) 

 Figure 2 shows, in a galactocentric frame, the progressions, at increasing values of the scale factor, of a 
rotation curve and a gravitational energy density radial profile of a spheroidal galaxy. These series were produced 
by means of the applications of eqs. (98) and (99). 
 So, here, energy pseudo-tensors, orbital accelerations and circular velocities may be considered as functions 
purely of the comoving radial coordinate. 
 The initial profile of the energy density of gravity obtained is almost flat. In approaching the galactic centre, 
it declines slightly by < 1.0E-8 of its almost constant value of 𝐻2/2𝜅 ~ 1.52E-27 0.66ℎ2 kg m-3 that prevails remote 
from the galactic centre. The initial matter distribution determines the initial shape of the field. As the scale factor 
increases, the initial profile becomes progressively stretched. So, over time, the field changes shape due solely to 
the expansion and the profiles become steeper in the outer regions. 
  As the density across a galaxy varies with radius and time, then, in the vicinities of the galaxy the expansion 
rate varies accordingly. Equation (62) shows that the matter density declines with increasing radius and eq. (41) 
shows that this results in the Hubble parameter decreasing at increasing radii. That is, the relative linear expansion 
rates - 𝐻(𝑟, 𝑡) = (d𝑟/d𝑡)/d𝑟 - in the outer regions of the galaxy are lower than those in denser inner regions. 
However, integrated over the radius, the proper radial speeds 𝑣 are lower in the inner regions compared to those in 
the outer regions. So, in these inhomogeneous regions, the scale factor is a function both of space and time variables. 
Therefore, these profiles, taken at common constant scale-factor cross-sections, are not to be taken as time-lapsed 
illustrations. However, this does not affect comoving radii nor, thereby, eq. (99). 
 There is some resemblance of the rotation curves of fig. 2 to those of different galaxies. Such galaxies may 
just be at different stages in similar patterns of evolution. This evolution will be further explored in the next sub-
section. 
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5.3.5 Gravitational-spatial expansion and apparent dynamic masses of galaxies  

Figure 3 illustrates the incremental change in the rotation curve of a galaxy due only to the expansion of the 
gravitational-spatial manifold. In outer regions, the later profile (dashed curve) shows higher speeds than those of 
the initial profile (solid curve). The dash-dot line traces the real results of the subtraction, in quadrature, of the 
speeds of the initial profile from those of the later one.  
  A profile similar to the later (dashed) one, obtained where one similar to the earlier (solid) profile was 
expected, may be explained as being due to DM, with higher densities than the luminous matter in the outer regions, 
giving rise to a component that may be roughly similar to that traced by the dash-dot curve but fitted to rise from 
the centre. Such fittings generally are weakly constrained [20], especially as the centroids are approached 
(permitting the ‘cusp-core problem' [21]). 
 Equations (96) and (98) show, respectively, that the circular speeds may be expressed, in fields around 
spherical gravitating bodies, as √(G𝑀𝑎/𝑟) and in Hernquist galaxies, for 𝑟 ≫ 𝑎𝐺, approximately as √(G𝑀𝐺𝑎/𝑟), 
where, 𝑀 and 𝑀𝐺  are the masses of baryonic matter. (This demonstrates the quasi-Schwarzschild convergence of 
the expanding Hernquist system.) In both cases, the velocity profiles, over time, become higher in the outer regions, 
(cf. figs. 1 and 2) and even rising, as in Panel (h) of fig. 2. Such a development in velocity profiles may be taken to 
be evidence of increasing dark matter densities. For example: 
 ‘The most surprising new result is that the projected rotation velocities [of the selected high redshift galaxies] 
… reach a maximum … and decrease further out… The six rotation curves drop to 𝑣(𝑅𝑜𝑢𝑡)/𝑣𝑚𝑎𝑥~0.3 to 0.9 at the 
outermost radius sampled.’ ‘Falling rotation curves have previously been detected at low redshift … although these 
are rare and drops are modest, to 𝑣/𝑣𝑚𝑎𝑥~0.8-0.95…’. ‘Dark matter fractions drop with increasing redshift from 
0.8-2.6…’. [22] 
 So, the effects in the outer regions of the expansions of quasi-Schwarzschild systems are apparently 
equivalent to the presence of gravitating masses of 𝑀𝑎 and 𝑀𝐺𝑎. Therefore, the product of mass and scale factor 
may be regarded as the apparent dynamic mass of a body or of a virialized agglomeration of bodies of a common 
scale factor. (For a galaxy with 𝑘 bodies, each possibly with differing scale factors 𝑎𝑖, and total mass 𝑀𝐺 = Σ𝑖𝑀𝑖, 
for ,𝑖 =  1, …   𝑘, the total apparent dynamic mass is Σ𝑖𝑀𝑖𝑎𝑖, as will be elucidated in §6. In this case, an effective 
scale factor may be Σ𝑖𝑀𝑖𝑎𝑖/Σ𝑖𝑀𝑖 .) The assumed extra mass, apparently invisible, may be attributed to DM of 
apparent dynamic mass fraction (𝑎 − 1)/𝑎. So, the growing curvilinear field offers an alternative explanation to 
the presence of DM for the extended flattened and even rising rotation curves in outer galactic regions.  
 Quasi-Schwarzschild gravitational systems, at comoving locations, have constant circular speeds that radially 
asymptote to 𝑣 = (G𝑀𝐺𝑎/𝑟)1/2 . Additionally, in these locations, the radial accelerations asymptote to 𝑎𝑟 =G𝑀𝐺𝑎2/𝑟2 . Therefore, in these regions, 𝑣4 = G𝑀𝐺𝑎𝑟 = (G𝑀𝐺𝑎/𝑟)2 . This relation recalls - and appropriately 
constrained may explain - the empirically established baryonic Tully-Fisher relation (BTFR); 𝑣4 ∝ 𝑀𝐺  [23]. 
Therefore, applying eq. (50), express the acceleration as 𝑎𝑟 = G𝑀𝐺/𝜒2. Then, under variations of 𝑀𝐺  and 𝜒, fixing d𝑎𝑟 = 0 yields 𝜒2 = 𝑀𝐺  and 𝑎𝑟 = G. In this condition, 𝑣4 = G2𝑀𝐺 and the BTFR holds. So, with the baryonic 
mass of the galaxy 𝑀𝐺  and its apparent dynamic mass fraction 𝑓𝐵 = 1/𝑎 determined, then the BTFR is obtainable 

at the radius 𝑟 = 𝑀𝐺1/2/𝑓𝐵 . Here, d𝑣/d𝑟 = −G1/2/2𝑎𝑀𝐺1/4 ≈ 0 yields the almost ‘flat velocity’. 
 The generally scale dependent quasi-Schwarzschild radially asymptotic relation 𝑣4 = G𝑀𝐺𝑎𝑟  has a form 
similar to that of the mass-asymptotic speed relation (MASR) of modified Newtonian dynamics (MOND) [24]. 
However, in order to produce the direct proportionality of the scale-invariant BTFR here, instead of Milgrom's fitted 
‘fundamental constant' termed the acceleration scale 𝑎0 = 1.2E-10 m s-2 [24], there is the radial acceleration - 
numerically equivalent to Newton’s constant - 𝑎𝑟 = G ~ 6.67E-11 m s-2. Note that these values are almost of the 
same order of magnitude: ~ 0.25 dex.  
 The BTFR ‘has been studied intensively by various groups ... and has been found to apply with smaller scatter 
than the original TFR to both HSB (high surface brightness) and LSB (low surface brightness) spiral galaxies, as 
well as irregular ... and dwarf irregular galaxies ... covering ∼ 5 decades of mass scale: 𝑀𝑏𝑎𝑟 =  106~11𝑀☉.’ [25] 
 The baryonic Faber-Jackson relation (BFJR) 𝑀𝑏𝑎𝑟 ∝  𝜎𝑛, where 𝜎 is the velocity dispersion of a pressure 
supported galaxy of mass 𝑀𝑏𝑎𝑟, is an empirically established relation that is similar to the BTFR of rotationally 
supported galaxies: 
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  ‘when data for elliptical galaxies ... and globular clusters ... are plotted together, the data is seen to cluster 
along an 𝑛 =  4 line spanning 8 decades of mass scale: 𝑀𝑏𝑎𝑟 = 104~12𝑀☉. And just as in the BTFR, 𝑛 =  4 
would immediately imply the existence of an acceleration scale 𝑎∅ = 𝜎4/G𝑀𝑏𝑎𝑟, which is universal among pressure 
supported systems including elliptical galaxies and globular clusters. Furthermore, the slope found ... from a fit ... 
implies  𝑎∅ ∼ O 10−10 m/s2. Thus, the BTFR and the BFJR together seem to point to the existence of an acceleration 
scale of order 10−10 m/s2 ≡ 𝑎∅, which is universal to both rotation and pressure supported systems including and 
below the galaxy scale. Again, we emphasize that we are discussing observational facts, independent of any 
theoretical considerations.’ [25] 
 ‘We see that the 62 data points … cluster around 𝜎4/G𝑎0 = 𝑀𝑏𝑎𝑟 … indicating that 𝑎0 also appears in the 
dynamics of galaxy clusters.’ [25] 
 ‘With galaxy clusters, galaxies, and globular clusters all included in the plot, we see that the BFJR with 𝑛 =4 applies to 10 decades of mass scale: 𝑀𝑏𝑎𝑟 =  104~14𝑀☉.’ [25] 
 Note that since the expansion does not change the velocities, then it also does not change their dispersion. 
Therefore, just as for the BTFR, the BFJR is not affected by the expansion nor by the hypothetical DM. So, the 
generality of the quasi-Schwarzschild nature of gravitationally bound agglomerations may explain the similarity of 
the BTFR and BFJR as well as their common ‘acceleration scale'. 
 That the empirically established BTFR and BFJR both exclude DM may be due to the latter merely being an 
ansatz of a causation of extended orbits that may actually be due to the expansion of curvilinear parts of the 
gravitational-spatial manifold. So, it is significant that Mosleh et al. [26] may have presented strong evidence, from 
1000 galaxies, of the expansions of gravitationally bound systems:  
 ‘At all mass bins, the most significant changes of their mass profiles can be seen in the outer regions of these 
galaxies, i.e., quiescent galaxies at low-𝑧 have extended stellar mass profiles compared to their counterparts at high-𝑧.’ [26] 
 This may be due, in part, to accretion in outer parts of the galaxies. [26] However, 
 ‘At fixed mass, quiescent galaxies have higher surface densities in the past compared to their counterparts in 
the local Universe. This evolution scales as (1 + 𝑧)2.35±0.24 for massive quiescent galaxies and is similar for lower 
mass bins.’ [26] 
 So, along with the accretion, there appears to be reductions of the stellar densities that, likely, are due to the 
expansions of the galaxies. Note that such expansions overall are greater than the cosmic average, as may be 
expected in overdense regions. 
 ‘The central densities decline slightly and the rate of evolution is slow, Σ1 kpc ∝ (1 + 𝑧)0.55±0.08 for massive 
quiescent galaxies, from 𝑧 ~ 2 to 𝑧 ~ 0. This indicates that the central regions of the massive quiescent galaxies 
were slightly denser at higher redshifts compared to their counterparts at low-𝑧.’ [26] 
  This may be due to infall of stars and gas into the central regions that would tend to offset the reduction of 
densities due to expansions in these regions. (These higher central stellar concentrations in central regions may, 
conceivably, lead to expectations, at the time of the later profile, of the earlier profile in fig. 3 discussed above.)  
 Nevertheless, the evidence strongly supports intragalactic gravitational-spatial expansions. 
 Huang et al. [27] may not only have presented similar evidence of the Hubble expansions of gravitationally 
bound systems but, crucially, also of a relation of the expansions with the purely apparent dynamic masses of so-
called DM haloes. They report that: 
  ‘With the help of deep images and the redMaPPer cluster catalog... we find evidence that the surface stellar 
mass density profiles (µ★) of massive central galaxies depend on dark matter halo mass: central galaxies in more 
massive halos tend to have more extended stellar mass distributions... and less mass in the inner 10 kpc (𝑀⋆10).’ [27]  
 ‘Using data from the HSC survey, we perform careful aperture mass and weak lensing measurements for a 
sample of ~  3200 log10 (𝑀⋆max/𝑀☉ ) >  11.6 super massive galaxies. Using weak lensing, we reveal a tight 
connection between the stellar mass distribution of super massive central galaxies and their total dark matter halo 
mass. At fixed ‘total’ stellar mass (𝑀⋆max), massive galaxies with more extended mass distributions tend to live in 
more massive dark matter haloes.’ [27] 
 These lower central stellar densities and more extended stellar mass distributions within larger ‘DM haloes’ 
are consistent with the explanations given here, whereby, an expansion of the galaxy occurs due to the growth of 
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the curvilinear parts of the gravitational field - and, thereby, also of its form space - manifesting in isotropically 
stretched curvilinear geodesics with unchanging velocities yielding more extended stellar distributions with lower 
stellar mass densities and greater apparent dynamic masses.  

5.3.6 Gravitational lensing and apparent dynamic mass 

 In gravitational lensing, the angle of deflection of the radiation is directly proportional to the mass of a body, or 
virialized agglomeration of bodies, associated with the lensing and inversely proportional to the distance of 
separation. So, the angle of deflection progressively diminishes with increasing separation from the body, or the 
agglomeration. Therefore, with evidence of curvilinear optics at significant distances from luminous bodies, then it 
was inferred that there exist matter fields in the vicinities of, and extending far beyond, the visible bodies. The 
assumed matter fields were not visible nor interacting, excepting gravitationally and, thereby, hypothesized to be 
DM haloes. 
  Currently, gravitational lensing is a technique of great utility used to determine the locations and extents of 
regions of curvilinear gravity that are termed DM haloes [28]. 
  Equation (2), with d𝑠 = 0, yields: 

γ = [− 𝑔𝑡𝑡𝑔𝑟𝑟]12 = 1𝑎 (1 −  𝑟𝑠𝑟 ) (100) 

Where, γ = 𝑣c = 1𝑐 d𝑟d𝑡 = d𝑟d𝑥4 (101) 

is the speed of light scaled in units of c and d𝑟 is the infinitesimal coordinate radial interval traversed. The last term 
of eq. (100) applies in the cases of spherically symmetric bodies and agglomerations in the gpRW spacetime and is 
obtained by means of substitutions from eqs. (51) and (53). 
  For bending in the 𝑥1𝑥2-plane, Huyghens’ principle is applied in the form [2]: dϕd𝑥2 = ∂γ

∂𝑥1 (102) 

Where, dϕ is the infinitesimal angle of deflection of light. This relation shows that without changing speed, there 
is no change of direction. (It may be recovered from Snell’s law applied in the case of corresponding infinitesimal 
changes of speed and direction.)  
 Equation (100) shows that, if the components of the metric do not vary with location, then the speed does not 
and, therefore, by virtue of eq. (102), the direction also does not and no lensing occurs. However, if these 
components inherently are curvilinear functions of the radius, then both speed and direction change smoothly 
resulting in curvilinear null geodesics; lensing. Inherent curvilinearity of metric components implies the existence 
of a gravitational field. [2] So, the curvilinear trajectory of light, embedded in curvilinear parts of the gravitational 
field in the vicinities of bodies, complements light’s rectilinear trajectory embedded in flat parts of the gravitational 
field deep in voids. 
 Consider a beam of light passing near an isolated star or a virialized agglomeration of bodies. In both cases, 
the centroids are the origins of the coordinate frames here applied. The beam approaches the structure at a distance 
of 𝑟 (that, in the case of a body, is greater than 2𝑟𝑠). The angle of deflection, for 𝑎 = 1, is given by the lensing 
relation [2]: ∆ϕ =  4G𝑀𝑟c2  (103) 

Where, 𝑀 is the mass of the gravitationally collapsed matter within the radius 𝑟. 
 In the Hubble flow, the separation 𝑟 increases, so - as in the case of time-like geodesics - applying the inverse 
time transformation to the radius as it increases in the isotropic gravitational-spatial expansion yields: 
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∆ϕ = 4G𝑀𝑎c2𝑟               ∶ 𝑟 = 𝑎(χ − 2𝑟𝑠) + 2𝑟𝑠 > 2𝑟𝑠      (104) 

 So, the angle of deflection ∆ϕ, at a comoving location, remains unchanged. This process is illustrated in fig. 
4 that shows, for successive constant scale factor cross-sections, the radial profiles of the deflection angle around a 
body, or a gravitationally bound agglomeration of bodies, of mass 𝑀. The radius, at which a fixed value of the angle 
of deflection occurs, smoothly increases in the Hubble expansion. So, for example, as illustrated in fig. 4, the angle 
of deflection, ∆ϕ = 0.2 radian, occurs in successive constant scale factor cross-sections. at progressively increasing 
radii. 
 Without consideration of such a gravitational-spatial expansion and its effects, this outcome may be taken as 
being due to the presence of a composition of matter with an apparent total dynamic mass, within the spherical 
region of radius 𝑟, of 𝑀𝑑𝑦𝑛 = 𝑀𝑎, as is implied by eq. (104). This apparent dynamic mass, being greater than that 
of the baryonic matter 𝑀𝑏𝑎𝑟 = 𝑀, may then be assumed to include invisible and ‘collisionless’ nonbaryonic DM, 
amidst and extending beyond the visible matter, constituting an apparent halo mass fraction of (𝑎 − 1)/𝑎. So, over 
time, as 𝑎 increases from unity, the apparent DM fraction, starting from zero, increases, eventually dominating the 
apparent dynamic mass distribution. 
 So, the growing gravitational field gives rise to isotropic stretching of the geodesics of bodies (widening orbits 
of constant circular speeds) and light (trajectories with increasing angles of deflections around widening lenses) in 
galactic neighbourhoods. This may account for the increasing apparent dynamic mass attributed to DM. Such an 
evolution of the apparent dynamic mass is further explored in the next subsection. 

5.4 Evolution of the apparent stellar halo mass relation  

Durkalec et al. infer that: 
 ‘Since dark matter halos grow in time... the growth in stellar mass must drop dramatically over a sustained 
period of time in order to follow a change in M★/𝑀ℎ by roughly an order of magnitude in [stellar mass-halo mass] 
SMHM, or, alternatively, the dark matter accretion rate 〈𝑀̇H〉 must rise precipitously, or a combination of the two.’ 
[29] 
 In a similar vein, Behroozi et al. report: 
 ‘While the stellar mass-halo mass relation does not evolve significantly from 𝑧 = 0 to 𝑧 = 5, a significant 
evolution does occur at higher redshifts... with present data...’ [30] 
 Consider a galaxy with a constant stellar mass M★ = 𝑀, (due to negligible gas fraction and accretion and, so, 
with quenched star formation). Due to the expansion of the curvilinear gravitational field in the region of the galaxy, 
the apparent DM halo mass is given by 𝑀ℎ′ = 𝑀(𝑎 − 1) and the apparent stellar-to-halo mass relation (aSHMR), 
then, is M★/𝑀ℎ′  = 1/(𝑎 − 1). The evolution of the aSHMR of the galaxy is followed by an observer receding, in 
the Hubble flow, from the galaxy over an interval corresponding to 𝑧 = 1, when 𝑎 = 2, to 𝑧 = 7, when 𝑎 = 8. 
(Here, the cosmic expansion rate will be taken as a proxy of the effective mean rate of expansion of the galaxy of 
which it is a lower limit as intragalactic regions are overdense.) Subsequently described in a frame of reference 
obtained by the transformation 𝑧′ = 7 − 𝑧, observations would have commenced when the observer was at 𝑧′ = 6, 
when 𝑀ℎ′ =M★. Afterwards, the gravitational-spatial expansion, corresponding to observations obtained over an 
interval 𝑧′ = 6 to 𝑧′ = 5, caused the decline of M★/𝑀ℎ′  from 1 to 0.5 due to the expansion leading to an increase of 𝑀ℎ′  that doubled it. Subsequently, the expansion, over the interval from 𝑧′ = 5 to 𝑧′ = 0, caused a further decline 
of M★/𝑀ℎ′  from 0.5 to ~ 0.14 as 𝑀ℎ′  increased to 7𝑀. This process is illustrated in fig. 5. 
 This demonstration appears to roughly repeat, for an individual galaxy, the average apparent dynamic mass 
assembly - subsequent to significant accretion of baryons - of large numbers of galaxies, scattered over great 
distances and time, as inferred in [29] and [30] and references therein. This implies a correspondence of the 
evolution of the apparent halo mass assembly of an individual galaxy to the evolution, on average, of the apparent 
mass assembly of large numbers of galaxies observed at various redshifts. In consideration of such correspondence, 
Behroozi et al. state in [30]: 
 ‘If galaxy mass is tightly correlated with halo mass on average, it is natural to expect that individual galaxy 
assembly could be correlated to halo assembly.’  
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 So, these expanding regions of gravitational lensing, as well as, the flattened and rising rotation curves and 
subsequent deductions of invisible clustering matter are, here, explained by the expansion of regions of curvilinear 
gravity extending well beyond the stellar haloes. 

5.5 Geodesics and gravitational energy density 

If the circular speeds of satellites and the angles of deflection of light expressed, for quasi-Schwarzschild 
gravitational systems, in eqs. (96) and (104), respectively, are determined by the local energy density of gravity, as 
may be suggested by the common dependence on the comoving radius in these equations and in the expression of 
the conserved gravitational energy density given in eq. (97), then the retention, in comoving locations, of the values 
of these geodesic characteristics may be placed on a local physical basis. 
 To this end, substitute 𝑙 = 1/(1 − 𝑟𝑠/𝑟 ) into eq. (61) of the energy density around a spherically symmetric 
body at 𝑎 = 1 and rewrite as: 𝑙2 − 2𝑙 + 𝑡̂𝑡𝑡/𝑡̂𝑡,𝑚𝑎𝑥𝑡 = 0 (105) 

Where, 𝑡̂𝑡,𝑚𝑎𝑥𝑡 = 𝐻2/2𝜅 is the maximum gravitational energy density. The equation above has two solutions given 

as: 𝑙 = 1 ± √(1 − 𝑡̂𝑡𝑡/𝑡̂𝑡,𝑚𝑎𝑥𝑡 ). Substitutions in eq. (88) of the circular speed at 𝑎 = 1 show that, of the two, only  𝑙 = (1 − 𝑟𝑠𝑟 )−1 = 1 + √1 − 𝑡̂𝑡𝑡/𝑡̂𝑡,𝑚𝑎𝑥𝑡                               ∶  𝑡̂𝑡𝑡 > 0, 𝑟 > 2𝑟𝑠 (106) 

is physically admissible. Substituting from this equation into (88) yields: 

𝑣𝑟𝑜𝑡 = c√2 [1 − (1 + √1 − 𝑡̂𝑡𝑡/𝑡̂𝑡,𝑚𝑎𝑥𝑡 )−1]1/2                        ∶  𝑡̂𝑡𝑡 > 0 (107) 

 Substituting from eq. (106) into the Newtonian acceleration term in eq. (86) yields the magnitude of the radial 
acceleration 𝑎𝑟 as: 

𝑎𝑟 = d2𝑟d𝜏2 = − c22𝑟𝑠 [1 − (1 + √1 − 𝑡̂𝑡𝑡/𝑡̂𝑡,𝑚𝑎𝑥𝑡 )−1]2                           ∶  𝑡̂𝑡𝑡 > 0 (108) 

 With regards to the orientation of the acceleration, firstly consider the case of a particle freely falling in the 
isotropic gravitational field around a spherically-symmetric central gravitating body. Here, the radial acceleration 
of the particle is normal to the spherical isopycnic surface - centred at the gravitating body’s centroid that is the 
origin of the frame applied - that passes through it. Such surfaces satisfy the condition; ∇𝑡̂𝑡𝑡 = 0. So, the acceleration 
of the particle is collinear with the two antiparallel surface normals of the isopycnic surface, at its location, given 
by ∇2𝑡̂𝑡𝑡 . Since the acceleration is oriented along pathways, in the centrally-symmetric field, of locally maximal 
rates of decline of the energy densities, then its direction is that of the surface normal 𝒏 that yields a normal 
derivative of the energy density satisfying the condition; 𝜕𝑡̂𝑡𝑡/𝜕𝒏 < 0.  
 These relations enable the local determination of the gravitational acceleration in the isotropic field of the 
spherical body. However, since the gravitational field acts purely locally in guiding peculiar motions, then, in 

general, the gravitational acceleration it induces may be determined, in these ways, from the local distribution of 
the field in the vicinity of the satellite. 
 Substituting from eq. (106) into eq. (103) yields: ∆ϕ = 2 [1 − (1 + √1 − 𝑡̂𝑡𝑡/𝑡̂𝑡,𝑚𝑎𝑥𝑡 )−1]                    ∶  𝑡̂𝑡𝑡 > 0 (109) 
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Furthermore, for 𝑎 = 1, the speed of light, given in eq. (100), may be expressed as: γ = (1 + √1 − 𝑡̂𝑡𝑡/𝑡̂𝑡,𝑚𝑎𝑥𝑡 )−1                                       ∶  𝑡̂𝑡𝑡 > 0 (110) 

 So, the equations above describe characteristics of curvilinear time-like and null geodesics in regions of curvilinear 
gravity around a body in terms of the gravitational energy density.  
  Now, by setting 𝑡̂𝑡𝑡/𝑡̂𝑡,𝑚𝑎𝑥𝑡 = 1, as it is deep in cosmic voids and in the homogeneous FLRW universe, in eqs. 
(107), (108), (109) and (110) then, locally, there results 𝑣𝑟𝑜𝑡 = 0, 𝑎𝑟 = 0, ∆ϕ = 0, and γ = 1, respectively, as may 
be otherwise expected. So, these equations hold even in the gravitationally flat cosmic voids beyond the 
gravitationally curvilinear regions and, so, may hold everywhere. 
 Therefore, these equations may express the local physical dependence of geodesics - both null and time-like 
- on the conserved energy density of gravity. The gravitational-spatial expansion is also, in part, due to the local 
conservation of gravitational energy density. So, along with eqs. (50) and (97), describing the evolution of the 
gravitational manifold - its expansion and energy density, respectively - they may provide a physical basis for a 
general explanation of the expanding curvilinear and rectilinear geodesics that occur in the vicinities of bodies and 
more remotely from other quasi-Schwarzschild systems, respectively. 
 Expressions of geodesic quantities as functions of the gravitational energy density are, in principle, always 
possible for various systems that are characterized by their potentials. A dependence of geodesics on gravitational 
energy density would be an affirmation of the purely local influence, on bodies and radiation, expected of a physical 
gravitational field, as opposed to the non-local ‘instantaneous action at a distance' implied by the use of the 
Newtonian potential. 

6.0 Tidal interactions of stellar systems 

Gravitational curvilinearity occurs everywhere that gravitational energy densities satisfy 0 < 𝑡̂𝑡𝑡/𝑡̂𝑡,𝑚𝑎𝑥𝑡 < 1. 
Curvilinear parts of the gravitational field - here, also referred to as gravitational haloes - associated with gravitating 
bodies and gravitationally bound agglomerations, have effective extents that are dependent on the masses of 
gravitationally bound matter that they enclose and on their expansions over time. For as remotely observed, these 
structures converge, dynamically, to quasi-Schwarzschild point mass objects [cf. §5.1]. Hence, the spherical shapes 
of ‘DM haloes' irrespective of the morphology of the virialized baryonic distributions with which they share 
centroids and enclose. So, more apparently dynamically massive structures have larger gravitational haloes.  
 In a large halo of an apparently dynamically massive galaxy, a stellar system of lesser apparent dynamic mass 
- such as a dwarf galaxy, or star cluster - and, therefore, with a smaller gravitational halo is a captive if its speed is 
less than the escape velocity of the apparently greater dynamically massive structure. If the captive system has an 
ex situ origin, then, separately gravitationally bound before capture, both structures had gravitational energy density 
profiles that independently increase - with distances from their centroids - from being relatively small near their 
bodies, to asymptotically approaching their maximum 𝑡̂𝑡,𝑚𝑎𝑥𝑡 , remotely. [Cf. Panels (a) of figs. 1 and 2.] 
 After capture, the apparently lesser dynamically massive stellar system exists within the gravitational halo of 
the larger structure as a satellite. This results in the combination of the haloes of the two structures, with overall 
extents in accord with the conservation of volume, the latter as the gravitational field, being divergence-free, is also 
incompressible. Therefore, the apparent dynamic mass of the combination is Σ𝑖𝑀𝑖𝑎𝑖 , with 𝑖 = 1, 2 (cf. §5.3.5). 
However, in the combination, the apparently more dynamically massive galaxy, that may be of lesser baryonic 
mass, becomes the progenitor as, by virtue of its larger gravitational halo, it engulfs the smaller halo and so secures 
the central role as the host galaxy. Over time, both in situ and ex situ baryons, the latter likely cumulatively 
becoming of greater baryonic mass, contribute, in these differing ways, to the formation of the gravitational halo. 
[30] 
 So, on one hand, all the gravitationally collapsed matter in the halo contributes to its apparent dynamic mass: 
 ‘The SHMR is the relation between halo mass and central galaxy mass. Whereas the SHMR has an 
exponentially rising slope and large scatter at the high mass end, ...’  ‘In observations, the total 𝐾𝑠-band luminosity 
or stellar mass in galaxy groups and clusters ... show tight relation with halo mass...’ [27]. 
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 On the other hand, for example, the ongoing merger of two galactic clusters IE0657-558 [31], also known as 
the Bullet cluster, presents a striking demonstration of the central position and centralizing role of progenitors in 
mass assembly and gravitational halo formation. In the collision of the two galactic clusters parts of their hot plasma 
are retarded due to ram pressure. This results in the greater portion of the baryonic masses of both clusters, 
comprising hot plasma, being between the separating stellar components of the two clusters subsequent to their 
cores passing through each other.  
 In  fig. 1 of [31] equipotential contours of the convergence of the interacting clusters, obtained by weak 
lensing reconstruction, are illustrated. The equipotential contours of the convergence, due to the latter being a 
projection of Newton’s potential on the plane of the lens, coincide with isopycnic contours of the energy density of 
the gravitational field.  
 This may be obtained, here, by considering the gravitational field of a cluster described by an Hernquist 
model. Equations (63) and (99), along with 𝑡̂𝑡,𝑚𝑎𝑥𝑡 = 𝐻2/𝜅, yield:  𝑡̂𝑡𝑡/𝑡̂𝑡,𝑚𝑎𝑥𝑡 = 11 + 2Φ/c2 + 2Φ2(σ𝐺2 /Φ+1)c2σ𝐺2 (1 + 2Φ/c2)2           (111) 

This equation shows that gravitational equipotentials trace gravitationally isopycnic contours of a cluster with a 
given value of σ𝐺. So, close to clusters, their characteristic velocities and, so, their scale lengths, also, shape their 
fields, as the above equation and (63) show. These influences are discernible in the energy density profiles of the 
Hernquist model illustrated in fig. 2. Note the ‘cored’ approach to the centre, barely discernible before the 
expansion, it becomes more apparent in it. However, eq. (63) implies that as 𝑟/𝑎𝐺 → ∞, then, (σ𝐺2 /Φ + 1) → σ𝐺2 /Φ 
and Φ → −G𝑀𝐺/𝑟, the latter as σ𝐺 = √G𝑀𝐺/𝑎𝐺 . In eq. (111), this yields: 𝑡̂𝑡𝑡/𝑡̂𝑡,𝑚𝑎𝑥𝑡 = 1 + 4Φ/c2(1 + 2Φ/c2)2                                   (112) 

A similar relation may also be obtained from eq. (106), with 𝑟𝑠/𝑟 = −2Φ/c2, for 0 ≥ Φ = −G𝑀/𝑟 > −c2/4. This 
shows that, remotely observed, an isolated cluster gravitationally appears as a gravitating point mass object. So, 
undisturbed, clusters have expanding spherical gravitational haloes. This further demonstrates the quasi-
Schwarzschild gravitational nature of expanding Hernquist galaxies first encountered in §5.3.5. 
 The fact that, for each cluster of IE0657-558, the central symmetries of the gravitational halo and the stellar 
mass distribution survive the collision is consistent with a robust organizing role of stellar progenitors both in stellar 
mass assembly and gravitational halo formation.  
 The absence of haloes - centrally symmetric with the two centres of X-ray brightness used in measuring the 
mass of the plasma - enclosing the massive plasma clouds between the clusters is taken, by the authors of [31], as 
being an absence of DM in those regions. However, here, this implies that the hot plasma has not collapsed 
gravitationally and, therefore, is not necessarily enclosed within gravitational haloes [cf. §5.1].  
 These outcomes attest to the coupling of the gravitational haloes and gravitationally collapsed matter centred 
on stellar progenitors.  
 The authors of [31] infer, from the potential, a matter distribution that follows from their appearances in 
Poisson’s equation. The apparent dynamic masses within each of the two haloes enclosing the clusters are much 
greater than those of the associated baryonic fractions and the presence of the hypothesized DM is assumed by the 
authors. Here, expanding curvilinear parts of the gravitational field coupled to gravitationally collapsed matter offer 
an alternative explanation. 
 The energy density of a gravitational halo monotonically increases with separation from the centroid. So, the 
free fall of the satellite and its gravitational halo - the latter, here, called the gravitational subhalo - occurs within 
the gravitational halo of the more apparently dynamically massive central galaxy - the host halo - at progressively 
lower densities of the latter. In order to avoid discontinuities in the changing distributions of the gravitational energy 
of the curvilinear fields, it is proposed, here, that as the satellite falls towards the vicinity of the central galaxy, so 
moving from regions of higher gravitational energy densities to those of lower energy densities of the host halo, the 
gravitationally denser outer parts of the subhalo accrete to parts of the host halo of corresponding densities. So, the 
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gravitational subhalo, in its fall, progressively becomes more truncated at reducing gravitational densities in its 
outer parts. 
 Furthermore, since the energy density of the host halo reduces along with the distance from the centre, then 
the densities of the outer parts of the subhalo nearer to the galactic centre would be lower than those further away 
and, therefore, these parts would be more deeply stripped. So, an initially spherical subhalo would become 
misshapen, more flattened on the side closer to the centroid of the host halo and peaking on the opposite side. This 
stripping of the gravitational subhalo at progressively reducing densities, in favour of the host halo, also occurs 
under the constraint of the conservation of volume.  
 If the subhalo is being significantly stripped, baryons, due to being embedded in the outer parts of the subhalo, 
will also be transferred to the host halo. Equation (107) implies that the transfer of baryons from the outer parts of 
a subhalo to gravitationally isopycnic bordering parts of the host halo occurs as inertial geodesic transfers without 
change of circular speeds. So, at this tidal interface, stars, dust and gas change orbits from around the satellite's 
centroid to orbits around, or towards, the centroid of the central galaxy.  
 As the accelerations of stripped baryons change directions from pointing towards the centroid of the satellite 
to being oriented towards that of the central galaxy, they also become of different magnitudes, as implied by eq. 
(108). Equations (107) and (108) and the inverse proportionality - for a common circular speed at 𝑎 = 1 - of the 
radius and the radial acceleration imply that the distance 𝑟𝑆𝐻 from the centroid of the satellite to any point Q on the 
tidal interface may be expressed by the relation 𝑟𝑆𝐻 = 𝑅𝐺𝑄𝑀/𝑀𝐺 , where, 𝑅𝐺𝑄 is the galactocentric radius of the 
host halo at Q, 𝑀 is the mass of the baryons of the satellite, and 𝑀𝐺  is the mass of the baryons of the central galaxy. 
Denoting the galactocentric radius to the centroid of the satellite as 𝑅GS and the angle between 𝑅GS and 𝑟SH as 𝛼, 
then the cosine rule applied to the triangle with vertices at Q and the two centroids, along with the preceding 
expression of 𝑟SH, yield: 𝑟𝑆𝐻 = 𝑅𝐺𝑆 (−cos𝛼 ± √𝑀𝐺/𝑀 − sin2𝛼) /(𝑀𝐺/𝑀 − 1) (113) 

Of the two options presented above, discarding the unphysical one leads to: 𝑟𝑆𝐻 = 𝑅𝐺𝑆 (√𝑀𝐺/𝑀 − sin2𝛼 − cos𝛼) /(𝑀𝐺/𝑀 − 1) ≈ 𝑅𝐺𝑆√𝑀/𝑀𝐺(1 − √𝑀/𝑀𝐺cos𝛼) (114) 

This relation locates the tidal interface between subhalo and host halo. It is spheroidal. At the pole where 𝛼 = 0, 
that is, nearest to the central galaxy, the subhalo is shallowest with radius 𝑟𝑆𝐻 = 𝑅𝐺𝑆/(√𝑀𝐺/𝑀 + 1). While, it is 

deepest at its furthest point from the galaxy, that is, at the antipole where 𝛼 = 𝜋, 𝑟𝑆𝐻 = 𝑅𝐺𝑆/(√𝑀𝐺/𝑀 − 1). 
Around the ‘equator’, where |𝛼| = 𝜋/2, the radius is given by the geometric mean of the extremal radii as 𝑟𝑆𝐻 =𝑅𝐺𝑆/√𝑀𝐺/𝑀 − 1.  
 In the last term of (114), obtained assuming 𝑀𝐺/𝑀 ≫ 1,  the shape of the tidal interface, to a first 
approximation, is described by the combination of a spherical surface and a sinusoidal half-wave radial surface 
variation that undercuts the hemisphere nearest to the central galaxy and overlays the hemisphere further away. 
 With √𝑀/𝑀𝐺 ≪ 1, then to this second approximation, 𝑟𝑆𝐻 ≈  𝑅𝐺𝑆√𝑀/𝑀𝐺  which, for 𝑅𝐺𝑆 = 𝑅𝑃 - the radius 
of the galaxy at the satellite's perigalacticon - recalls the tidal radius 𝑟𝑡 of a DM subhalo modelled by a singular 
isothermal sphere (SIS): 𝑟𝑡 ≈ 𝑅𝑃(𝜎𝑆/𝜎𝐻) = 𝑅𝑃√𝑀𝑆/𝑀𝐻. Where, 𝜎 is the velocity dispersion, 𝑀𝑆 is the mass of the 
DM subhalo within 𝑟𝑡 and 𝑀𝐻 is the mass of the DM host halo, also modelled by a SIS, within 𝑅𝑃. [32]  
  (The SIS model is unphysical because its mass increases indefinitely with radius - as do other prominent DM 
halo models, giving rise to the need for their fiducial truncations [33] - and, furthermore, it has a central mass 
singularity.) 
 During the fall, the approximate time rate of change of the tidal radius may be obtained from eq. (114) as: 

𝑟̇𝑆𝐻 ≈ 𝑅̇𝐺𝑆√ 𝑀𝑀𝐺 + 𝑅𝐺𝑆2 𝑀̇𝑀  √ 𝑀𝑀𝐺                 (115) 
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The first term on the right describes the stripping of the subhalo due only to its fall in the host halo; 𝑅̇𝐺𝑆 < 0. The 
last term of the equation above describes the transfer of embedded baryons from the gravitational subhalo to the 
host halo, 𝑀̇ < 0, and its influence in enhancing the stripping of the subhalo. Its appearance implies a positive 
feedback cycle that, in the satellite's fall, drives coupled reductions of the subhalo's radii and the mass of the satellite 
once it is triggered by an initial tidal transfer of baryons at 𝑟𝑆𝐻 = 𝑅last, the radius of the outermost satellite-centric 
baryonic matter distribution. [34] This transfer of the outer parts of the subhalo, along with baryons that may be 
embedded therein, is interrupted by the satellite's passage away from its perigalacticon. 
 So, there is a closed tidal surface enclosing the satellite's gravitational system.  
 The radial density profiles of the Eridanus and Pal 15 globular clusters - rendered in figs. 1 and 2, respectively, 
of [35] - exhibit overdense matter distributions extending beyond the satellites' tidal radii 𝑟𝑡 on all sides: 
  ‘The radial profile [of Eridanus] exhibits an excess of stars outside 𝑟 ∼ 1′. 82  (log(𝑟) ~ 0.26),  which 
continues beyond the nominal tidal radius 𝑟 > 𝑟𝑡 = 𝑟 ∼ 3′. 17 and follows a power law with an index of 𝛾 =−1.64 ± 0.16 (azimuthally averaged).’ [35] 
  ‘The radial profile of Pal 15 follows closely a King profile until the local star density has dropped to ∼3% of 
its central value (𝑟 ∼ 3′. 47  or log(𝑟) ~ 0.54), beyond which there is a strong excess of stars that continues past 
the nominal tidal radius and follows a power law with an index of  𝛾 = −2.09 ± 0.09 (azimuthally averaged).’ [35] 
 Such distributions appear to strongly support transfers of baryons across all parts of closed tidal surfaces 
around satellites. 
 A subhalo in a closed orbit of significant eccentricity will be substantially stripped during its initial approach 
to its perigalacticon. Then, in the separation from its perigalacticon, it accretes bordering parts of the host halo, as 
described by eq. (115), up to the density at its apogalacticon. However, this recovery of the gravitational subhalo 
may be merely a partial reinstatement of its stripped parts similar in its extents to isopycnic parts of its initial profile 
established before capture and when 𝑎 = 1. This alternation of stripping of, and accretion by, the subhalo would 
repeat in the closed orbit that expands, along with the host halo, in the cosmic Hubble flow. 
 In the expansion, 𝑟𝑆𝐻 and 𝑅𝐺𝑆 both increase according to the effective scale factors of subhalo and host halo, 
respectively, and are better described by comoving radial variables, as are their priors - gravitational energy 
densities, radial accelerations and circular speeds - rendering eqs. (114) and (115) generally applicable.  
 Satellites in circular orbits at comoving radii from the centroid of a galactic cluster would have their growing 
gravitational subhaloes continuously delimited by the growing host halo. Therefore, the subhaloes expand within 
the host halo. So, over time, the apparent dynamic masses of such satellite galaxies and their host increase. Several 
such subhaloes in a galactic cluster give rise to a ‘clumpy' host halo that may be revealed as such by means of 
Galaxy-Galaxy Strong Lensing (GGSL).  
 The authors of [36] set out, in part, to ‘consider whether the observed number of GGSL events are consistent 
with theoretical predictions within the concordance cosmological model’. They report that, ‘Previous studies 
revealed that observed small satellite galaxies were fewer in number and were less compact than expected from 
simulations; here, we find the opposite for cluster substructures. GGSL events that we observe show that subhalos 
are more centrally concentrated than predicted by simulations i.e. there is an excess not a deficit’. [36] 
 Equations (97) and (104) show that, at a constant scale factor, the deflection angle monotonically increases 
at decreasing radii and gravitational energy densities and eq. (109) and fig. 4 show that, in the gravitational-spatial 
expansion, over time, the deflection angle increases at all radii. Truncations of gravitational subhaloes do not affect 
null geodesics that still transit through them. So, although relatively small, through deep truncations resulting from 
existence in low gravitational energy densities of the host halo, the subhaloes reported in [36] have sufficiently 
extended regions of gravitational energy densities sufficiently low so as to produce the deflections required by 
GGSL events. 
 Furthermore, here, the numbers and concentrations of subhaloes depend solely on the numbers and 
distributions of massive gravitating bodies and virialized agglomerations of bodies that are present as satellites for, 
here, gravitational haloes develop anywhere there is gravitationally collapsed matter.  
 In the case where the stellar systems merge, the halo of the satellite - in its fall through the host halo to the 
latter’s central structure, that is, to the host halo’s lowest gravitational density - would have become completely 
accreted to the host halo. So, there results a single structure with its expanding gravitational halo. 
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 After a stellar system and its halo transit through a larger halo in an open orbit, the stellar system would have 
lost, to its former host halo, some of its gravitational halo due to truncation. On exit, if its halo and the baryonic 
material embedded in its outer regions were significantly stripped then, as kinematically determined, it would appear 
devoid of much of its expected apparent dynamic mass. For, although its relatively high rotation speeds close to its 
centre are expected, the absence, at significant radii, of satellites with such speeds may be taken as being due to the 
absence of, otherwise expected, invisible dynamic masses. This may be the situation in the cases of certain ultra 
diffuse galaxies (UDGs), including NGC 1052-DF2 [37], NGC 1052-DF4 [38] and others [39]. 
 Conversely, net transfers of fields from subhaloes to host haloes, through mergers and/or in transits, 
conceivably may result in the extraordinarily high apparent dynamic mass-to-light ratios, attributed elsewhere to 
unusually high DM fractions, of UDGs such as the Dragonfly 44 in the Coma cluster [40] and Segue 1 [41], that 
may have been past recipients in such interactions.  

7.0 Discussion 

A crucial element in these explanations is the gravitational energy pseudo-tensors of Einstein. The pseudo-tensors, 
according to Einstein in [2], describe the energy components of gravity. There, it is revealed that the energy pseudo-
tensors of gravity and energy tensors of baryons and radiation act together in the induction of gravity. However, 
beyond their common participation in the induction of gravity, in the account given here, it is shown that the energy 
pseudo-tensors are qualitatively different from energy tensors. This is apparent even in the process of induction: 
pseudo-tensors induce a steadily accelerating rate of growth of the field, with respect to distance, whereas, the 
actions of the energy tensors diminish in the expansion.  
  Furthermore, energy tensors of bodies and radiation, from time to time, interact locally. Whereas, the pseudo-
tensors of gravity, considered here, at all times and everywhere interact to expand the cosmic gravitational-spatial 
manifold. So, the scopes of the interactions are at vastly different scales. Energy tensors interact locally, with 
outcomes that are independent of the frames of reference used to localize their interactions. That is, energy tensors 
are generally covariant. Whereas, gravitational pseudo-tensors, generally, are not localizable.  
  Misner et al. state: 
 ‘At issue is not the existence of gravitational energy, but the localizability of gravitational energy. It is not 
localizable. The equivalence principle forbids.’ 
  ‘The over-all effect one is looking at is a global effect, not a local effect.’ ‘That is the lesson of the 
nonuniqueness of the 𝑡𝜇𝜈 .’ [11] 
  The cosmic expansion is a global effect of a cosmic action. The pseudo-tensors considered here act cosmically 
and, thereby, have no need of general covariance.  
  Furthermore, gravitational pseudo-tensors cannot be localized by means of a source/field bifurcation because 
of the auto-inductive nature of gravity whereby the induced field is also a source that is, here, proposed to be 
everywhere. Embodying both source and sink, energy pseudo-tensors are generally divergenceless. 
   Here, pseudo-tensors appear to be simply described in frames of reference that are transported, solely, in the 
geodesic Hubble flow. So, pseudo-tensors - that, here, act cosmically - share a preferred frame of reference with 
clocks that keep cosmic time. 
  The assumption of the vacuum presents significant challenges to gravitational sciences. It is involved in the 
non-local Newtonian ‘instantaneous action at a distance'. It is responsible for the disconnect, in CDM, of small-
scale gravitational systems from the large-scale cosmic flow [3,5,18] as: 
  ‘the Einstein-Straus model has never stopped being considered as the correct answer to the lack of influence 
of the cosmological expansion on local systems.’ [4] 
  For, 
   ‘The main motivation of the Einstein-Straus model was its ability to combine cosmological expansion at large 
scales with no observable effects on the local physics.’ [4]  
  However, the signature of the cosmological expansion on small-scale phenomena - extended flattened, or 
rising, rotation curves and unexpectedly large lenses - are apparent, but misattributed to DM. Along with reducing 
densities within inner regions of central galaxies, with more extended stellar distributions, of more apparently 
dynamically massive galaxies bearing the same total stellar mass, geodesic stretching is explained by intragalactic 
gravitational-spatial expansions. These regions of gravitational curvilinearity smoothly extend into surrounding - 
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gravitationally flat and most energetically intense - cosmic voids or smoothly become indistinct as the very large 
scales of cosmic homogeneity are approached. So, here, vacuoles have no place. 
  Here, descriptions of phenomena in the cosmic expansion are crucially facilitated by the gpRW metric. 
Applicable in explanations of the density fluctuations, at cosmological scales in the early universe, that lead to the 
gravitational collapse [16], the gpRW metric, here, provides a single dynamic ‘fluid filled' [18] cosmic spacetime 
enabling descriptions of small-scale phenomena attributed to DM in galaxies and to those attributed to DE in cosmic 
voids and at the large scales of homogeneity. In voids, the gpRW metric shares a form with the FLRW metric that 
is only applicable at scales large enough that the universe appears homogeneous, with the two applications 
essentially differing only in the time rates of change of their scale factors. In these ways, the gpRW metric appears 
as being fit for cosmic applications at all scales.  
  To explain the observable spatial expansion, various steady-state solutions have been proposed including the 
continual creation of matter (e.g. Hoyle) and the continuous creation of the DE of the vacuum [8]. The first is 
challenged by the conservation of energy and the second by the ‘cosmological constant problem' [42]. 
  Recognized, here, is the continuous growth of the gravitational field through the creation, in induction, of 
gravitational energy throughout the gravitational manifold that possesses the form of physical space, the latter as 
proposed here, and so results in the Hubble spatial expansion at all scales.  
  This proposal does not appear as being inconsistent with the possession, by the non-baryonic gravitational 
field, of the following: a strong and unique coupling to space; laws of unconditional conservation of energy density; 
powers of energetic auto-induction; and the distinctive barotrope - characterized by an EoS parameter of 𝑤 = −1 
and negative pressures - required to expand physical space as prescribed, for the same purpose, for the cosmological 
constant of CDM, as well as, for the false vacuum of inflation [12]. 
  Explanations based on the dynamical field avoid assumptions of exotic sources - DM and DE - and their 
obstinate problematics [21,42], while providing a unitary explanation of apparently mutually exclusive sets of 
phenomena.  

8.0 Conclusions and future work 

It is found that if space is the form of a cosmic gravitational field that embeds baryons and radiation, then this field 
would be  able to generate phenomena separately attributed to DE and DM. The following outcomes support this 
finding: 
1. Gravity, in FLRW and gpRW spacetimes, has an EoS parameter 𝑤 = −1 and negative pressures. The maximum 

absolute magnitude both of gravitational energy density and gravitational pressure, asymptotically attained deep 
in cosmic voids and everywhere in the FLRW universe, is given as 𝐻2/2𝜅 ~ 1.52E-27 0.66ℎ2 kg m-3. 

2. The expansion of space may be driven by non-thermal isobaric dynamics of the incompressible gravitational 
field yielding, thereby, the Hubble-Lemaître law. 

3. The recognition of the dynamical regenerative auto-induction of gravity in Einstein’s theory of gravity.  
4. The development of a relation between the induced growth of the gravitational field and the expansion of space 

that yields new expressions of the Hubble parameter - in a general form and in a form particularised for the late 
homogeneous universe - with both having a common gravitational term of density 2𝐻2/𝜅  that acts as a 
gravitational ‘cosmological constant' of density parameter 2/3. The Planck 2018 result is moderately higher, at 
about the 2.5σ level, than the value obtained here. 

5. The use of a single metric - the gpRW metric - that, with its expanding dynamical spacetime, is applicable at all 
scales across the universe: 
• providing descriptions, in small-scale inhomogeneous regions, of spherically symmetric expanding curvilinear 

gravitational systems.  
• in homogeneous regions, it becomes a de Sitter metric or - at very large scales - a FLRW metric, according to 

the absence or presence, respectively, of energy tensors and, thereby, providing descriptions of the effects of 
the isotropic expansion on time-like and null geodesics. 

6. A unitary explanation of two sets of cosmic phenomena - elsewhere separately attributed to DE and DM - as 
being due to influences of the isotropically expanding gravitational-spatial manifold on embedded matter and 
radiation:  
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• the redshifting of radiation in null geodesics and the accelerating recessions of bodies in time-like geodesics, 
as remotely observed across vast homogeneous regions and attributed to DE, may be explained by the 
stretching of these geodesics in the induced isotropic gravitational-spatial expansion. 

• evidence from observations of massive central galaxies - that those with the same fiducial ‘total' stellar mass 𝑀⋆max, but of greater apparent dynamic masses, generally have lower stellar densities within the inner 10 kpc 
of more extended stellar distributions - is consistent with intragalactic expansions of the field. Intragalactic 
expansions lead to the coincidences of the proper isotropic accelerations and the peculiar radial orbital 
accelerations of bodies resulting in the retentions of the values of orbital velocities and accelerations at 
comoving locations, geodesics stretching, that explains phenomena ascribed to DM. 

• The apparent dynamic mass of an undisturbed gravitationally bound system is the product of the mass of its 
baryons and the scale of the expansion of its gravitational halo. 

7. Generally applicable to gravitationally bound systems, the quasi-Schwarzschild asymptotic speed relation 𝑣4 =G𝑀𝑏𝑎𝑟𝑎𝑟, at 𝑟 = √𝑀𝑏𝑎𝑟/𝑓𝐵 where the acceleration 𝑎𝑟 = G, explains the BTFR and BFJR that disfavour DM. 
8. The demonstration of a potential dependence of null and time-like geodesics on the gravitational energy density. 

So, in the expansion, since the conservation of gravitational energy density leads to the retention of its values at 
comoving locations, then the dependence of geodesics on the gravitational energy density becomes a dependence 
on comoving radii that explains geodesic stretching. 

9. A field approach, based on these relations of gravitational energy density and geodesics, provides new 
explanations of tidal interactions of stellar systems. Tidal stripping, during passages to perigalacticons, occurs 
as isopycnic transfers of the outer parts of the fluidic field of gravitational subhaloes across spheroidal tidal 
interfaces to gravitational host haloes that lead to inertial transfers of baryons if these are embedded in the outer 
parts of these subhaloes. A similar, likely diminished, transfer of the field, but from host halo to subhalo, occurs 
during passage to apogalacticon.  
 A general expression of the radii of subhaloes at their tidal surfaces is obtained. After approximations, this 
relation takes a form similar to that obtained by means of the application of a singular isothermal sphere (SIS) 
model of interacting DM host halo and subhalo at perigalacticon, while avoiding the SIS model's unphysical 
aspects. 

  Future work is expected to continue the field approach in explorations of gravitational phenomena. Simulations 
will be performed to develop descriptions of the evolution of gravitational systems of different types and in differing 
environments. The behaviour of the field in the vicinities of event horizons will be explored. 
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FIGURES 

Fig. 1  Evolution of a rotation curve and gravitational 
energy density around a compact body 
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Fig. 2  Evolution of a rotation curve and gravitational energy 
density of spheroidal galaxy 

Fig. 3  Two rotation curves of a single 
galaxy: an earlier (solid) profile and a later 
(dashed) one. The dash-dot line traces the 
real results of differences, in quadrature, 
between the velocities of the earlier profile 
and those of the later one 

Fig. 4 Evolution of the radial profile of 
deflection angles. The solid curve is the earliest 
profile and the dashed curve is the latest one 
 

Fig. 5 Evolution of the apparent stellar-
halo mass relation of a quiescent galaxy 
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