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We predict that dynamical strain can induce a bulk orbital magnetization in time-reversal- (TR-)
invariant Weyl semimetals (WSMs) that are gapped by charge-density waves (CDWs) — a class of
systems experimentally observed this past year. We term this effect the “dynamical piezomagnetic
effect” (DPME). By studying the low-energy effective theory and a minimal tight-binding (TB)
model, we find that the DPME originates from an effective valley axion field that couples the

electromagnetic gauge field with a strain-induced pseudo-gauge field.

In particular, the DPME

represents the first example of a fundamentally 3D strain effect originating from the Chern-Simons 3-
form, in contrast to the previously-studied piezoelectric effects characterized by 2D Berry curvature.
We further find that the DPME has a discontinuous change when the surface of the system undergoes
a topological quantum phase transition (TQPT), and thus, that the DPME provides a bulk signature
of a boundary TQPT in a TR-invariant Weyl-CDW.
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I. INTRODUCTION

The last four decades have witnessed a paradigm shift
in condensed matter physics driven by the discovery of
the geometric phase and topology of electronic wave
functions'?. The search for experimentally observable
response signatures of bulk nontrivial topology has e-
merged as central to the advancement of solid-state
physics and material science. In two-dimensional (2D)
systems, the Berry curvature in momentum space not
only provides an essential contribution towards quan-
tized topological response effects, such as the quantum
Hall effect and the quantum anomalous Hall effect (QA-
HE)?5, but also provides non-negligible contributions to
various non-quantized physical phenomena, such as the

intrinsic anomalous Hall effect”, orbital magnetic mo-
ments® 1%, and the nonlinear Hall effect!! 1>, More re-
cently, it has been demonstrated that the piezoelectric
response can also be related to the Berry curvature'®2°,
and can have a discontinuous change across a topological
quantum phase transition (TQPT) in 2D TR-invariant
systems?!. A natural question to ask is whether a strain-
induced response can be related to the topological prop-
erty of three-dimensional (3D) systems beyond the Berry
curvature contribution.

In this work, we answer this question in the affirma-
tive by demonstrating, for the first time, the existence of
a fundamentally 8D topological strain effect, which we
term the “dynamical piezomagnetic effect” (DPME). To
begin, let us first focus on a 3D topological electromag-

netic response governed by effective axion electrodynam-
jcg22:23
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where (and for the remainder of this work unless other-
wise specified) we choose units in which & = ¢ = 1, and
notation in which duplicated indices are summed over
for notational simplicity. In Eq. (1), F),, = 0,4, — 0, A,
is the field strength of the electromagnetic U(1) gauge
field A, and 6 is the effective axion field. The bulk
average value of 6 in a 3D gapped crystal with vanish-
ing Hall conductivity, labeled as #***_ is determined by
the Chern-Simons 3-form?? instead of the 2D Berry cur-
vature, and 0¥ is only well defined modulo 27. The
winding of ¥ incorporating a fourth dimension, such
as a periodic pumping (Floquet) parameter, gives the
second Chern number??. As §*“!* has the same transfor-
mation properties as E - B, any symmetry that flips the
sign of E - B (i.e., “axion-odd” symmetries) can quan-
tize #*“* to 0 or m modulo 27, providing a symmetry-



protected Z, indicator of axionic bulk topology in 3D
insulators??236. A direct physical consequence of nonze-
ro A*“* is the magnetoelectric effect??, where an external
electric (magnetic) field induces a magnetization (polar-
ization) in the parallel direction; if quantized by an axion-
odd symmetry, the effect is called the topological magne-
toelectric effect?237:3% . Other physical consequences of a
non-zero #*** include the surface half QAHE??, a giant
magnetic-resonance-induced current?® 4!, the topological
magneto-optical effect?? 44 (especially its exact quantiza-
tion*?), the zero-Hall plateau state* 7, and the image

magnetic monopole?S.

In this work, we explore the role of a “valley-separated”
variant of an effective axion field in the physical response
induced by dynamical strain. In particular, we propose
that dynamical homogeneous strain can induce a nonzero
bulk-uniform magnetization in a class of 3D TR-invariant
insulators that have vanishing total #°%* (thus a vanish-
ing magnetoelectric response) but have a non-quantized
and tunable 6 per valley. We term the strain-induced
magnetoelectric response the DPME. To be more specif-
ic, for the DPME to be relevant to experimental probes,
we require a 3D TR-invariant insulator to have (i) low-
energy physics that is well captured by a pair of TR-
related valleys in the first Brillouin zone, and (ii) non-
vanishing valley axion fields, despite exhibiting an overall
trivial 0wk,

Inspired by Re , we recognize that the above re-
quirements for observing the DPME are satisfied by a
TR-invariant WSM with a bulk-constant CDW. We em-
phasize that in this work, the CDW order parameter is
taken to be constant (i.e. static and homogeneous) in
the bulk of the system, in contrast to Ref. 4!, which
focused on bulk fluctuations of the CDW order param-
eter. By studying the low-energy effective theory of a
TR-invariant Weyl-CDW, we find that the phase of the
CDW order parameter determines the valley axion field,
leading to effective valley axion electrodynamics. Com-
bined with the fact that dynamical strain can act as a
pseudo-gauge field in WSMs®2%3, we find that the strain-
induced pseudo-gauge fields can couple to the electro-
magnetic field and the valley axion field, resulting in a
strain-induced analogue of valley axion electrodynamics:
the DPME. The results derived from the low-energy ef-
fective theory are further verified against the UV comple-
tion by performing a TB calculation. Interestingly, both
low-energy effetive theory and our TB calculation suggest
that a discontinuous change in the DPME can be driv-
en by a surface Zo TQPT without closing the bulk gap.
Hence, our findings suggest that jumps in the DPME can
serve as bulk signatures of boundary TQPTs.

Crucially, the bulk response coefficient of the DPME is
the average value of valley axion field that is determined
by the Chern-Simons 3-form. As the Chern-Simons 3-
form can only exist in three or higher dimensions, the
DPME has a completely different origin compared to
previously studied piezoelectric effects, which instead o-
riginate from the 2D Berry curvature'®2!. As a result,
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FIG. 1. 2D and 3D response effects in insulators with

two valleys. In (a) and (b), two 2D gapped Dirac cones at
k1,2 are related by TR symmetry. The two massive 2D Dirac
cones provide opposite and canceling contributions to the Hall
conductance og. In (c) and (d), two 3D gapped Dirac cones
at k1,2 are related by TR symmetry. The two 3D Dirac cones
have complex masses and have opposite axion fields 8, due to
TR symmetry.

the DPME cannot be realized by trivially stacking of
2D systems with nontrivial piezoelectric effects. In this
sense, the generalization from 2D piezoelectricity to the
3D DPME is analogous to that from the 2D quantum
spin-Hall insulator to the 3D TR-invariant strong topo-
logical insulator (TT). Specifically, the 3D TR-invariant
strong TT cannot be constructed from a simple 3D stack-
ing of 2D quantum spin-Hall insulators, which instead
gives a weak TI (WTI). Conversely, the TR-invariant
strong TI — a fundamentally 3D phase of matter — was
discovered through more involved theoretical efforts':2.
Hence, the DPME cannot be viewed as a simple 3D gen-
eralization of 2D piezoelectricity — the DPME is instead
an intrinsically 3D effect.

II. RESULTS

In this section, we will first present an intuitive picture
for the DPME. We will then present the low-energy effec-
tive theory and a supporting TB calculation demonstrat-
ing the existence of the DPME. Lastly, we will describe
the discontinuous change of DPME that occurs due to a
boundary TQPT.

A. Intuitive Picture

Before presenting supporting analytic and numerical
calculations, we will first provide an intuitive picture
of the DPME, in comparison with the Berry-curvature
contribution to the piezoelectric response'®2!. We s-



tart with a 2D TR-invariant insulator whose low-energy
physics is described by two 2D gapped Dirac cones (re-
garded as two valleys below), as shown in Fig. 1(a). Be-
cause two valleys are related by TR symmetry, there must
be an oppositely-signed valley Hall conductance within
each valley (determined by the integral of the Berry cur-
vature over each valley), and the Hall currents induced
by a uniform electric field must point in opposite di-
rections and exactly cancel. However, a non-vanishing
charge current can still be generated by applying a pseu-
do-electric field that points in opposite direction in each
valley, which causes the induced Hall currents to point
in the same directions and add up to a nonzero total
current (Fig. 1(b)). The pseudo-electric field can be gen-
erated by a dynamical homogeneous strain tensor u as
Erse ~ 45462 and the resultant total Hall current j ~ 1
characterizes the piezoelectric effect'® 2%, With regards
to TR symmetry, a static external electric field preserves
TR symmetry whereas a static external pseudo-electric
field breaks TR symmetry, explaining the dramatic differ-
ences in the current response. Although the piezoelectric
effect is not quantized in one insulating phase, its nonze-
ro discontinuous change across a 2D TR-invariant TQPT
(e.g. a 2D Zy TQPT) is proportional to the change of
a topological invariant?' and thus serves as a new experi-
mental probe of the topology (or more precisely a change
in topology).

Although the strain also acts as a pseudo-electric field
in the 3D DPME, the 3D DPME is fundamentally dis-
tinct from a trivial stacking of the 2D piezoelectric effect,
as the 3D DPME originates from the 3D axion field in-
stead of the Hall conductance. To see this, consider a TR-
invariant 3D gapped system whose low-energy physics is
captured by two 3D gapped Dirac cones with complex
masses (also regarded as two valleys below), as shown
in Fig.1(c) and (d). Because the TR symmetry maps
one valley to the other, a single Dirac cone is not nec-
essarily TR~invariant, and, in the absence of additional
crystal symmetries, generically has an unpinned effective
axion field #. For a finite-sized configuration of the 3D
system with a fully gapped TR-invariant 2D boundary,
TR symmetry requires that the two Dirac cones have op-
posite 6 angles, implying that an external electric field
would induce opposite magnetizations in the two valleys
(Fig. 1(c)), which sum to zero. In contrast, a pseudo-
electric field, which can be induced by dynamical ho-
mogeneous strain and points in opposite directions at
each valley, would induce the same magnetizations at
the two valleys (Fig.1(d)), resulting in a nonzero total
magnetization M o< EP*¢ ~ 4. We term this effect the
DPME. The DPME is different from the conventional
piezomagnetic effect® because the magnetization of the
former is proportional to the time derivative of the s-
train tensor 1, whereas the magnetization of the latter
is directly proportional to the strain tensor w. Crucial-
ly, the bulk average value of the effective axion field 6
is determined by the integrals of the Chern-Simons 3-
form?22 24 ¢igl Tr[ A0k, A +i%AiAJ‘Al]d3k, where A is the

non-Abelian Berry connection, and the Chern-Simons 3-
form can only exist in three or higher dimensions. There-
fore, unlike the 2D piezoelectric effects, the #-induced 3D
DPME originates from the Chern-Simons 3-form instead
of the Berry curvature, meaning that the DPME is in-
trinsically 3D and cannot be given by trivial stacking
systems with a 2D piezoelectric effect.

B. Low-Energy Effective Theory for the DPME

In this section, we will provide a low-energy theory for
the DPME in TR-invariant WSMs with axionic CDWs.
We emphasize that the derivation below is not confined to
Weyl-CDWs, and can be generalized to any TR-invariant
system with valley axion fields.

A  TR-invariant WSM phase can only emerge
in systems that break inversion symmetry (non-
centrosymmetric crystals). Fig.2(a) schematically shows
a distribution of four Weyl points in a minimal TR-
invariant WSM. The momenta of the four Weyl points
take the form

ka,a = (_l)ail(akO,xa kO,ya akO,z) , (2)

where a@ = £ indicates the relative chirality of the Weyl
points, and a = 1, 2 is termed the “valley index.” Here we
have enforced an additional mirror symmetry that flips y,
labeled as m,, to make the four Weyl points completely
symmetry-related, but mirror symmetry is not essential
for the physics discussed below.

The low-energy Lagrangian of the four Weyl points can
always be transformed into the following form®*’

£a,a = '(/);r,r,a,a 1875 - azvi(_iai - ka,a,i)ai '(/Jt,r,a,a 5
(3)

where 4 , 4. is a two-component field for the two bands
that form the Weyl point at kg, o, 00,z,y,. are the Pauli
matrices, v; indicates the Fermi velocity along the 7 di-
rection, and ¢t and r are time and position, respective-
ly. In this work, we will for simplicity focus on the case
in which ¢ = x,y, 2z are the three laboratory directions.
Throughout this part on the low-energy theory, we adopt
a proper rescaling of the space and fields to cancel the
Fermi velocities as discussed in Appendix A and F of the
Supplementary Materials (SM); the Fermi velocities will
later be restored for comparison to the TB model.

We further introduce a symmetry-preserving static
mean-field CDW term*® m(r) that couples two Weyl
points of the same valley index, where the CDW wavevec-
toris @ = k1 + — ki = —(ka+ — ko, _) as shown in
Fig.2(a). In general, m(r) = |m(r)|e!*(") is complex,
and |m(r)| and ¢(r) are the magnitude and phase of
the CDW order parameter, respectively. We consider
m to be constant in the bulk, i.e., |m(r)| = |mg| and
o(r) = ¢ for r in the bulk, and we set |m(r)| — oo and
#(r) = 0 for r deep in the vacuum??. We also introduce



an electron-strain coupling for normal strain (i.e. stretch
or compression along a specified axis) along the z direc-
tion, labeled as u,,(t), which is adiabatic, homogeneous,
and infinitesimal. Then, combined with the U(1) gauge
field coupling for the electromagnetic field, we arrive at
the total low-energy Lagrangian £ = )" L, with

‘C(l - @a l(a + ie[z@ - ia@a - iAa,575) - |m|e—iq>"'75:| wa
(4)

where ¥, = ¥i0, o = (Kot + ka_) - 7/2, ®u(r) =
(=12 Yp(r) + Q - r), and the metric is chosen as
(—,+,+,+). Further details are provided in the Methods
section.

L, describes a massive 3D Dirac fermion that couples
to a valley-dependent U(1) gauge field A, and a valley-
dependent chiral gauge field A, 5, and ®, is the mass
phase of the Dirac fermion. In terms of u,, and the
CDW wavevector @, the valley-dependent chiral gauge
field is given by

- (71)(1716“(Q . 7’/2) + (—l)auZz(O,fx, 0,52)#( )

5
Here £o,4,y,. are the material-dependent electron-strain
couplings. The valley-dependent U(1) gauge field takes
the form

Aafnu

uZZ

Aa,u = Au + 7(50707 (_l)a_lgya O)M ) (6)
which contains the physical gauge field A, and the
pseudo-gauge field induced by the strain u,,. In par-
ticular, the y component of the pseudo-gauge field can
provide a pseudo-electric field that points in opposite di-
rections in each of the two valleys

B = (1) Lie, (7)
As we will show below, all the nontrivial leading-order
linear response comes from the pseudo-electric field in
Eq. (7).

The low-energy response to A and u,, can be derived
from the total effective action Seyr = >, Seff,a, which
takes the form

oiSersia _ /D@alea exp {i/dtd?’rﬁa} (8)

Owing to the valley U(1) gauge invariance and the effec-
tive Lorentz invariance, Fujikawa’s method suggests that
the effective action would contain a topologically non-
trivial term%6:57 as

_ 3 e’ @, nvps o A
Sefta= [ dtd’r———¢ FopwFaps + ..oy (9)

16w2 2

where ﬁaﬂw = 6,“1@7” — 8,,gaw and “...” includes all
other terms. In this work, we only consider the leading-
order linear response to A and u,,. Through an explicit

FIG. 2. Schematic for the DPME induced by the
pseudo-electric field in a TR-invariant minimal WS-
M with a CDW. (a) The projection of four Weyl points
on the k; — ky plane in a TR-invariant minimal WSM. The
arrows in (a) indicate the projection of the CDW wavevectors
Q. (b) The low-energy piezoelectric current induced by the
CDW wavevector. The dashed box above (b) indicates that
the black dashed arrows, the blue solid arrows, and the red
solid arrows in (b) and (c) respectively represent the pseudo-
electric field, current, and magnetization. (c) The DPME in-
duced by the phase of the CDW order parameter. In (c), we
have chosen open boundary conditions for only the surfaces
perpendicular to x; the two z-normal surfaces are gapped and
symmetry-preserving. The two bulk Dirac cones have oppo-
site bulk phases of the CDW order parameter. Through the
bulk-boundary correspondence, this implies that the two val-
leys have opposite surface Hall conductances.

evaluation of Feynman diagrams in Appendix A and F
of the SM, we find that the only leading-order linear re-
sponse contained in “...” is the trivial correction to the
permittivity and permeability in the material, which can
be absorbed into the Maxwell term of A. Hence, all non-
trivial leading-order linear responses come from the first
term of Eq. (9).

After omitting all of the higher-order and trivial terms,
we arrive at the total effective action as

2
— 3 € se
Seff = /dtd r Ea A- [(_ana +Xma) x EY, )

(10)
where 6, is the valley axion field given by the phase of
the CDW order parameter as

O, = (—1)"1o | (11)

and X g, is the valley Hall conductivity given by the
CDW wavevector Q

Qe
om 21

TR symmetry enforces that the valley axion field and the
valley Hall conductivity have opposite signs in each of
the two valleys, resulting in a vanishing electromagnetic
response.

The total current derived from Scfy can be decom-
posed into two parts

. 55@]"]“
T= A

EH,CL = (_1) (12)

=Jpet+im - (13)



Jpg is the total low-energy valley Hall current induced
by the pseudo-electric field

Jpe = Tax B, (14)

which, as required by m, symmetry, lies in the xz plane,
and is schematically shown in Fig.2(b). According to
Eq. (7) and Eq.(12), jpp is actually the bulk-uniform
piezoelectric current induced by the CDW wavevector Q,
where the piezoelectric coefficient is given by

djpei _ €
O, 272

Xizz = &y (Q x ey)i . (15)

Hence, j pz can be understood as a 3D stack of 2D valley
Hall systems in which each layer exhibits the 2D piezo-
electric effect discussed in previous literature!®-21.

In Eq. (13), 7, takes the form of a magnetization cur-
rent

in which the total orbital magnetization M is induced
by a pseudo-electric field through the valley axion field

2
€ se
M = — E ﬁgaEgke . (17)
a

Physically, Eq.(16) can be understood from the bulk-
boundary correspondence as follows. First, given a
gapped and symmetry-preserving boundary, the CDW
phase ¢ smoothly changes from a constant value ¢g in
the bulk to zero in the vacuum, implying that the mag-
netization current j,, is localized on the boundary. Ac-
cording to the bulk-boundary correspondence of the ax-
ion field, the surface valley Hall conductance (along the
normal direction of the surface) should take the form

2 gbulk

€ a

OH,a = & ~%— on any surface, where 624% = (—1)*~1¢y.
Hence, the surface-localized magnetization current j,, is
simply the surface Hall current induced by the pseudo-
electric field, as shown in Fig.2(c). The surface current
generates a uniform bulk magnetization of the form

bulk 62 egulk pse efy :

M = 5 om EP*¢ = 52 doliz.€y ,  (18)
which is the DPME proposed in this work, as illustrated
in Fig.1(d). Unlike the piezoelectric current in Eq. (14)
originating from the 2D valley Hall conductance, j,, in
Eq. (16) originates from the fundamentally 3D bulk val-
ley axion field, and is hence fundamentally different from
Eq. (14).

C. TB Realization of the DPME

The above analysis is based on low-energy effective
field theory. It is natural to ask whether our low-energy

prediction of a DPME in TR-invariant Weyl-CDWs re-
mains valid in the presence of high-energy bands (or e-
quivalently in a UV completion). To address this ques-
tion, we will construct a minimal TB model of a TR-
invariant Weyl-CDW and compute the DPME, which we
will compare to that predicted by the effective action.
Prior to the onset of a CDW, we begin with an or-
thorhombic lattice, in which we choose for simplicity the
lattice constants to be a, = ay = a, = ag. We then
consider there to be two sublattices in each unit cell. We
next place a Kramers pair of spinful s orbitals on one
sublattice and a Kramers pair of spinful p, orbitals on
the other sublattice. We then construct a four-band TB
model (at this stage without a CDW) that preserves TR
and m, symmetries. The explicit form of the TB model
is provided in the Methods section. With the parameter
values specified in the Methods section, we realize a state
with four Weyl points located at
koo=(—1)""a

™ m

0), (19)

where the Weyl points are related by TR and m, sym-
metries.

We next add a CDW term that preserves TR and m,,
symmetries into the TB model. Unlike Ref. %, we do
not study the microscopic origin of the CDW order pa-
rameter in this work, as the main goal of introducing
the TB model is simply to provide a UV completion of
the low-energy theory on which our analysis is rigorous-
ly based. In particular, the CDW that we introduce is
commensurate to the original lattice, resulting in reduced
lattice translation symmetries with the new lattice con-
stants given by aj, = 2ao, a;, = ag, and a’, = ag. The
CDW backfolds two Weyl points of the same valley index
onto the same momentum in the reduced first Brillouin
zone

2@0 ’ 4@0 ’

, a1, T T
K= (1 g0 (20)
to form an unstable 3D Dirac fermion, which then be-
comes gapped. The explicit expression for the TB model
of the Weyl-CDW state and its relation to the low-energy
effective action are provided in the Methods section.

Now we use the full TB model to verify the strain-
induced piezoelectric effect and the DPME described by
Eq. (10). We consider a slab configuration with N layer-
s perpendicular to x with periodic boundary conditions
along y and z. Then, we calculate the 2D z-directional
strain-induced current density of each layer for N = 20
and for various values of ¢¢ (See Appendix G.4 for de-
tails). We note that the current along the y direction
conversely vanishes in our numerics at each value of ¢y,
due to the bulk m, symmetry.

In Fig.3(a), we plot the current density distribution

J2P(1L) for ¢pg = —0.97,—0.457,0,0.457, —0.97, where

I!, =1,2,..., N is the layer index. As schematically shown
in Fig.3(b), we can decompose the current density dis-
tribution into a uniform background current (j2P) (av-
eraged over the layer index) and a layer-dependent part
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FIG. 3. TB calculation for the piezoelectric effect and DPME in a TR-invariant WSM with a CDW. (a) The layer
distribution of the 2D strain-induced z-directed current density in the slab configuration of the TB model for several typical
values of ¢g. (b) The current distribution can be split into a uniform background current and the nonuniform magnetization
current. (c¢) The spatial average of the 2D current density as a function of ¢o, where j3° = et../ao. (d) The ¢o dependence
of the bulk magnetization along y, where the blue dots and orange dashed line indicate data obtained from the TB model and

the effective action (Eq. (10)), respectively.

§52P(1L) = 72P(1') — (j2P). The uniform background
current (j2P) characterizes the uniform piezoelectric re-
sponse, and, as shown in Fig. 3(c), the piezoelectric cur-
rent is nearly independent of ¢y, as expected from the
low-energy expression Eq. (16). We would like to empha-
size that it is meaningless to compare the exact value
predicted by the low-energy Eq.(15) to the TB results
in Fig. 3(c), since Eq. (15) only includes the low-energy
contribution to the piezoelectric current, while the high-
energy contribution to the piezoelectric current is large
in the TB model.

On the other hand, the layer-dependent contribution
to the layer current density §j2P(I.) is asymmetrically
distributed. Specifically, 672 (I’,) exhibits opposite signs
near the two surfaces, resulting in a bulk magnetization
Mé’“lk. We plot the M;j“”C calculated from the TB model
as a function of ¢y in Fig. 3(d). To compare with the TB
result, we restore the Fermi velocity for the low-energy
expression Eq. (18) and substitute in the parameter val-
ues shown in Methods, from which we obtain

Mk
My

_ aOfySgn(Uw'vaz)
2n2y,

v (21)

1
poe —m¢oey )
where My = eti,,/ap. As shown in Fig. 3(d), the TB and
low-energy results are of the same order of magnitude
(the deviation is smaller than 70% of the low-energy re-
sult). This coincides with the fact that the valley axion
field of the TB model mainly comes from the low-energy
modes, as discussed in Appendix B and G of the SM.

In particular, the TB and low-energy results in Fig. 3(c)
match extremely well as ¢y approaches +7 (the devia-
tion is smaller than 7% of the low-energy result). As
discussed below, the agreement between the TB and low-
energy results can be attributed to the TB model exhibit-
ing boundary gap closings at exactly ¢g = L.

D. Boundary TQPT and DPME Jump

In this section, we will show that the slab configuration
of the TB model has a boundary gap closing at ¢y = +,
which gives a boundary TQPT that changes the relative
surface Zo index and induces a discontinuous change of
the DPME. The TB results are further explained within
the low-energy effective theory.

In the TB model, ¢ only appears in the TB model
as cos(¢g) and sin(¢gg), and thus any TB result must be
periodic in ¢g. Hence, tuning ¢g from 7 + 0~ to = + 0%
should give a jump of the magnetization, as shown in
Fig.3(d). The dramatic difference between the current
distributions at ¢o = £0.9 in Fig. 3(a) provides evidence
of the expected jump in the bulk magnetization. Fig.4(a)
suggests that the jump of the DPME at ¢y = +m hap-
pens along with the boundary gap closing while the bulk
remains gapped. Moreover, the gap closing manifests
as one 2D gapless Dirac cone in each valley on each sur-
face perpendicular to x, as shown in Fig. 4(b-d). Because
there are two TR-related Dirac cones on one surface at
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FIG. 4. Slab and surface calculation of the boundary
TQPT in a TR-invariant Weyl-CDW. (a) The gap of
the slab TB model at (kjay, kla,) = (w/4,0) as a function of
¢o for periodic boundary conditions (red) and open boundary
conditions (blue) along only z (keeping the y and z directions
periodic). In the simplified TB model used for these calcu-
lations, the boundary gap closes at ¢9 = +7 simultaneously
on the top and bottom surfaces. In more realistic TB cal-
culations — examples of which are provided in Appendix C
and G5 of the SM — the gap closing on each surface occurs
at a different value of ¢o. In (b), (c), and (d), we plot the
surface spectral function of the (100) surface of the TB mod-
el at ¢o = 0.8m, ¢po = 7, and ¢o = —0.87, respectively. In
(b), (c), and (d), the dispersion is plotted along k., = 0 near
kyay = /4.

the gap closing, the surface gap closing has the same for-
m as the 2D Z, transition that happens at a TR-related
pair of generic momenta$%%%70  Because the bulk re-
mains gapped across the transition, the surface gap clos-
ings represent examples of boundary TQPTs, which can
be detected by jumps in the DPME.

We now interpret the boundary TQPT in the TB mod-
el from the perspective of the low-energy theory. Accord-
ing to Eq. (4), one bulk Dirac cone has two mass terms,
and thus the bulk gap closing for Eq. (4) requires fine-
tuning at least two parameters, which typically does not
occur in a realistic model or material. On the (100) sur-
face, the projections of the valleys are along the m,7-
invariant line, and the gap closing along this line only
requires fine-tuning one parameter, according to Ref. 1.
The analysis in Ref. 2! further suggests that the gap clos-
ing appears as one gapless surface Dirac cone for each
valley (Fig.5(a)) and is thus a surface Zy transition, co-
inciding with the TB results in Fig.4. The parameter
values for which the gap closings appear depend on the

boundary condition that we choose in Eq.(4) (see Ap-
pendix A and F of the SM for a special boundary con-
dition that realizes both surface gap closings at ¢g = ).
Nevertheless, the codimension-1 nature of the gap clos-
ing indicates that, even if the boundary conditions are
varied, it is still difficult to remove the gap closing point.
When the boundary conditions are changed, the gap clos-
ing instead shifts to a different value of ¢g. This agrees
with the picture presented in Ref.”!, in which tuning
¢o pumps 2D TT layers in the WTI phase until a layer
reaches the system boundary, causing a surface gap clos-
ing. The same argument can also be applied to the (100)
surface.

The surface gap closing changes the surface valley Hall
conductance by +e?/27, which, according to the bulk-
boundary correspondence of the axion term, results in
a change of the §°“* — or equivalently ¢o — by 27.
Combined with Eq. (18), the 27 jump of ¢¢ further results
in a jump of the magnetization

eé
y .
AM i = —=5gn(VyUy0, )iz 6y = ——=Moe,

Ty o \[
(22)

in which the Fermi velocities have been restored (see Ap-
pendix A and F of the SM), and where parameter values
shown in the Methods section have been substituted in-
to the second equality. The predicted AM,x precisely
matches the jump given by the TB model in Fig.3(d).
Therefore, the boundary TQPT and the induced jump of
the DPME can be captured within the low-energy theory
in the limit in which Weyl-point valleys are well-defined.

The above analysis of the discontinuous change of the
DPME relies on the fact that the gap closings occur si-
multaneously on both surfaces of a slab geometry. How-
ever, it is important to note that there is no symmetry
requirement that the gap closings on opposing surfaces
occur simultaneously — with only TR symmetry, the si-
multaneous surface gap closings represent a fine-tuned
limit. Nevertheless, as demonstrated in Appendix B and
G of the SM, even if we add an extra term to the TB
model to split the accidental simultaneous surface gap
closing, a jump in the DPME still occurs across each
surface gap closing. Notably though, when the surface
gap closures do not occur simultaneously in ¢g, the low-
energy theory in this case is incapable of fully describing
the DPME jump, due to the unavoidable presence of a
gapless boundary helical mode on one side of the jump.

III. CONCLUSION AND DISCUSSION

Using low-energy theory and TB calculations, we have
in this work introduced the DPME of TR-invariant
WSMs in the presence of a bulk-constant (static and ho-
mogeneous in the bulk) CDW that gaps the bulk Weyl
points. The DPME is a fundamentally 3D strain effec-
t that specifically originates from a valley axion field.
We further demonstrate a discontinuous change of the
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FIG. 5. Low-energy effective description of the
boundary TQPT in a TR-invariant Weyl-CDW. (a)
Gap closings on the surfaces perpendicular to z in a pair
of boundary TQPTs. In this figure, we focus on the (arti-
ficial) case in which the system is fine-tuned such that gap
closings simultaneously occur on both surfaces of a slab ge-
ometry. However, as shown in Appendix C and G5 of the
SM, the conclusions of this work remain valid away from the
fine-tuned limit of simultaneous surface gap closures. (b) 2D
gapless Dirac cones at the interface of the domain when the
two sides of the domain wall differ by 7 in ¢o. In general, the
number of 2D gapless Dirac cones at the interface is 2 + 4n
where n is a non-negative integer.

DPME across a boundary Zs TQPT by tuning the phase
of the CDW order parameter. The discontinuous change
of the DPME can serve as a bulk experimental signature
of the boundary TQPT. Although we have only consid-
ered a pair of TR-related valleys, the analysis performed
in this work can straightforwardly be generalized to mul-
tiple pairs of TR-related Weyl points, as long as one does
not enforce additional crystalline symmetries that restric-
t the total DPME to be zero.

To probe the DPME, one can measure the induced
magnetic field outside of a Weyl-CDW sample. However,
the uniform piezoelectric current also generates a mag-
netic field outside of the sample, and thus it is important
to devise a means of distinguishing the uniform piece
from the DPME. One solution is to measure the magnet-
ic field just outside of the (010) surface of a sample with a
(100)-directed CDW that gaps the bulk Weyl points. As
shown in Fig. 6, the magnetic field given by the DPME in
this geometry is directed along y, whereas the magnetic
field induced by the uniform piezoelectric current is di-
rected along x. Based on Eq. (21), we estimate the order
of magnitude of the response coefficient for the DPME
to be |[OM /du,.| ~ 0.8¢/A for & ~ 1eV?, ¢y ~ m,
and v, ~ 107%c™. We find that the DPME response
coefficient has the same units as the 2D piezoelectric co-
efficient, and thus we may directly compare the value of
the DPME response coefficient with typical experimental
values of 2D piezoelectric coefficients (~ 10720C/A)7,
suggesting that the above estimated value of the DPME
response coefficient is experimentally observable.

In general, it is possible for the system to be in a WTI
phase with helical modes on the surfaces perpendicular
to y and z, which might influence the observation of the
DPME (see Appendix B and G of the SM for further de-

L~

FIG. 6. A schematic geometry for experimentally
probing the DPME. A sample with finite size along three
directions. Outside of the (010) surface, the uniform piezo-
electric current generates a magnetic field Bpg along x, while
the magnetic field Bppare given by the DPME is directed
along y. The CDW wavevector is oriented along the x direc-
tion.

tails). Nevertheless, the helical modes can be gapped out
by finite-size effects (similar to the gapped side surfaces
of the axion insulators*” and antiferromagnetic topolog-
ical insulators3”3®) when the phase of the CDW order
parameter and the number of layers are chosen to guar-
antee that the 2D Z, index of the slab is trivial. The
helical modes can alternatively be removed by a side-
surface CDW74. An important direction of future study
is to formulate the contribution from the boundary heli-
cal mode to the DPME, which is relevant in the case in
which there is one gapless helical mode left on the side-
surface for certain values of the phase of the CDW order
parameter with respect to the number of layers.

In addition to a direct probe of the DPME, the exis-
tence of a boundary TQPT predicted by our theory in-
dicates the appearance of 1D gapless helical modes along
surface domain walls of the CDW phase (see Appendix. C
of the SM for details). The gapless helical domain-wall
fermions can in principle be probed through scanning
tunneling microscopy. Moreover, it is intriguing to ask
whether the boundary TQPT separates two 3D phas-
es with different boundary-obstructed topology”®, and
to elucidate the precise relationship between the bound-
ary TQPT and symmetry-enhanced topological surface
anomalies™ 7677,

In this work, we have focused on TR-invariant gapped
Weyl-CDWs. TR-invariant WSMs have been realized
in a number of non-centrosymmetric systems, including
NbAs™, TaAs™®2 and (TaSey)21"*8%, and an axion-
ic Weyl-CDW phase has recently been demonstrated in
(TaSeq)2I°!. We emphasize that the intuitive picture of
the DPME is applicable as long as the low-energy physics



of a given system is well-captured by 3D Dirac fermions
with complex mass terms. This implies that the DPME
may also exist in other 3D Dirac materials®*. In the cur-
rent work, we have treated the axion field (or the CDW
phase) as a fixed background field. After taking into
account the dynamics of CDW (such as a phason), the
effective action in Eq. (10) suggests a nonzero coupling
between the phason of the CDW and the strain field, im-
plying the intriguing possibility of strain engineering the
CDW phase angle in TR-invariant WSMs.

IV. METHODS
A. Low-Energy Action

In this section, we provide further details of the deriva-
tion of Eq. (4). The complete discussion of the low-energy
effective action is in Appendix A and F of the SM.

A WSM phase can only emerge in systems that either
break TR symmetry (magnetic materials) or break inver-
sion symmetry (non-centrosymmetric crystals). CDWs
in magnetic WSMs have been previously studied in nu-
merous works, including Ref. 4759, In this work, we focus
on CDWs in TR-invariant WSMs, which can be realized
in non-centrosymmetric crystals. Since two Weyl points
related by TR symmetry share the same chirality, and
because the total chirality of the whole system must van-
ish®3, there must be four Weyl points in a minimal model
of a TR-invariant WSM. The four Weyl points shown in
Eq. (2) are related by TR and mirror symmetries. TR
symmetry, labeled as T, relates ki o to kg with the
same chirality index «, while the mirror m, changes the
chirality of Weyl points and relates kq  to ks _o. In the
derivation of Eq. (3), we follow Ref.4%%6 and keep k = 0
as the momentum-space origin of all fermion fields, as this
choice naturally includes the Weyl-point-induced valley
Hall effect in the effective action.

As mentioned above, both 7 and m, change the valley
index a of the fields in Eq. (3), while m,, (7") changes (pre-
serves) the chirality index . Thus, we can always choose
the bases to represent 7 and m, as iocyK and —io, for
the band index, respectively, where C is complex conju-
gation. According to the above symmetry representation
for 7 and m,, a symmetry-preserving mean-field CDW
term that couples two Weyl points of the same valley
index a can be written as49

Lepw = Zm DRI e+ hec., (23)

where the ¢,r dependence of 1 is implied. Through-
out this work, we include the spatial dependence of the
CDW order parameter m,(r), while keeping the order
parameter time-independent (i.e. static). TR symme-
try requires that mi(r) = ma(r)* = m(r), and m,
symmetry requires that mj(m,r) = ma(r). In general,
m(r) = |m(r)|e™) is complex, and |m(r)| and ¢(r) are
the magnitude and phase of the CDW order parameter,
respectively. The underlying interaction that gives rise
to the bulk CDW is discussed in Appendix D of the SM

at the mean-field level. We next introduce the v matrices
=i’y (29)
where = 0,1,2,3 and 79 4 y,. are Pauli matrices for the

chirality index «. Using the above definitions of the v
matrices, we can rewrite the CDW term as

Lepw = — Z|m Wpge T, . (25)

The spatial dependence of |m|, ¢, @, are implicit in the
main text unless specified otherwise.

In order to elucidate the strain-induced linear response,
we introduce an electron-strain coupling for normal s-
train (i.e. stretch or compression along a specified axis)
along the z direction, labeled as u,.(t). We require that
the strain be adiabatic, homogeneous, and infinitesimal.
Enforcing TR and mirror symmetries, the most general
form of the leading-order electron-strain coupling reads

str Z ’(/}

- 737552)]%@&22 ,

where the time dependence of u,, is implied, and where
the parameters &p . ,,. are material-dependent. In E-
q. (26), we do not include the effects of strain that cou-
ple different Weyl points, as Weyl-point coupling strain
is necessarily proportional to |mg|u,., and because |my|
is typically small in real materials. The detailed proce-
dure of adding the electron-strain coupling is shown in
Appendix E of the SM. We set the strain to be uni-
form throughout all of space, such that the gapped and
symmetry-preserving boundary is implemented by the s-
patial dependence of the CDW order parameter m, as
opposed to an inhomogeneous strain field.

Summing up Eq. (3), Eq. (25), and Eq. (26) and includ-
ing the U(1) gauge field coupling for the electromagnetic
field, we arrive at the total low-energy Lagrangian E-

q. (4).

7” = (7'10'07 _iTyo')/t ) ’7/

—&07° + (1) (v y°& +72¢,

(26)

B. TB Model

In this section, we provide further details of the TB
model used in this work to demonstrate the DPME. Fur-
ther details of our TB calculations are provided in Ap-
pendix B and G of the SM.

We begin by considering an orthorhombic crystal with
a sublattice described by a four-component basis cL,LS,
in which ¢ = 1,2 is the sublattice index and s = + is
the spin index. wusing nearest-neighbor hopping terms
specified in Appendix B and G of the SM, we choose
the following symmetry-allowed form for the strained TB
model (without CDW):

Hrp., = Z CLhTB,u(k)Ck , (27)
k



1
hrpu(k) = .

10

[lezUO + dQTyUO + d3Tr0m + d47—z02 + d57'y0'm] ) (28)

where the k dependence of d’s is implied, the strain-induced redefinition of ¢ discussed in Appendix E of the SM is

implied, and where

di =no — 1+ cos(kzag) + na cos(kyag) + (1 — usz) cos(k.ap)

dy = ( ugz ) sin(kyao) cos(k.ao/2)
=(1- uzz) sin(k.ag/2)

dy=(1- )cos(k ap) sin(k,ap/2)
=(1- —)nl cos(k.ap/2) cos(kyao) +

Throughout this work, we have taken the inverse of the
lattice constant without strain 1/ag as the unit of energy.
For concreteness, we then choose

ng = — 2,”1:1,712:2,713:—1. (30)

We next add a CDW term that preserves TR and m,,
symmetries into the TB model, where the CDW coupling
takes the form

Hrp,cpw = ZCL+(L,O7O) [—ip sin(kzao) My (ky, k)
k 0
+M2M2(ky7 kz)] Ck ,
(31)
where 1 and po are real scalar parameters,
M, = [—cos(k.ao/2)Tyo0 + To05]sin(kyao) ,  (32)
and

My = [~ cos(k,ag/2) 7,05 + T200]/V2 . (33)

Eq. (31) suggests that the CDW term contains two chan-
nels that are characterized by two real coupling con-
stants, p; and pe. Throughout this work, we set |u; +
ipg| = 0.3/a for all of the numerical calculations for the
TB model in the presence of the CDW.

By projecting to the low-energy modes, the total TB
model Hrp ., + Hrp,cpw reproduces Eq. (3), Eq. (25)

(29)
uZZ
(1- ?)ng cos(k.ao/2) cos(kpap) .
[
and Eq. (26) with
1
vm:ﬂ,vy:—2,vzzi, (34)

mo = (1 +ip2)e ¢ = ¢ = arg(p1 +ipo) — 2 , (35)

and

1 1
Y~ f =TT =
\/an Y \/iao

where ¢ is the U(1) gauge degree of freedom of the

eigenvectors (further discussed in Appendix B and G of

the SM). Throughout this work, we have chosen ¢¢ =

arg(uy +1iue) by setting ¢ = 0 unless otherwise specified.
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During the final stages of preparing this work, an
updated version of Ref.”! demonstrated that TR-
invariant Dirac-CDWs are topologically equivalent to ¢g-
dependent WTIs. The results of Ref.”' are complemen-
tary to and in complete agreement with the results of
this work.
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