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Abstract:A new type of 3-dof parallel mechanism(PM) with
analytical forward displacement analysis is proposed. The reverse
dynamic equation of the PM is solved. Different from the traditional
dynamic analysis using inverse kinematics, the displacement,
velocity and acceleration equations of the PM are established and
solved by forward kinematics.The inverse dynamic equation of the
PM is constructed and solved by analyzing the forces on each link
and based on Newton-Euler method. The correctness of the
dynamic model is verified by an example using MATLAB and
ADAMS. The maximum driving force error of each actuated pair is
1.32%, 5.8% and 5.2% respectively.This paper provides a theoretical
basis for the design, manufacture and application of the PM.
Keywords: parallel mechanism • dynamic model • Newton-Euler
method • simulation verification
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mechanical vibration research of the various parts of the PM.
Therefore, for a PM to be developed, it is necessary to
establish a dynamic model that can accurately and meet the
requirements of real-time control.
In terms of modeling methods, the commonly used dynamic
modeling

Lagrangian

method,

universal

Among them, the universal equations of dynamics and
Lagrange method are based on the system's virtual
displacement and kinetic and potential energy respectively to
build a simple dynamic model. While the Newton-Euler
method can obtain the force of each joint by analyzing each
member separately, and then establishes a complete dynamic
model by eliminating the interaction force of each member
[10], it can also solve the support force and moment of force

Compared with the series mechanism, the parallel

between members.

mechanism (PM) has the advantages of compact structure,

In terms of research objects, most of the kinetic analysis

high rigidity and motion accuracy, etc., The topic has attracted

mainly focus on the 6-DOF Stewart PM [11-13]. For 5-DOF

extensive attention from the academic and industrial

PM, Chen et.al [14] use the universal equations of dynamics

community for many years [1-3]. At present, research on PMs

to analyze the 4-UPS-UPU PM. Li et.al[10] used the

mainly focuses on the topology, kinematics, dynamics and
dynamic

are

equations of dynamics, Newton-Euler method, etc.[7-9].

Introduction1

control[4-6].The

methods

analysis

mainly

studies

Newton-Euler method to analyze the dynamics of the 5-PSS /

the

UPU PM. For 4-DOF PM, Geng[15] used Newton-Euler to

relationship between the input forces and the output forces.

analyze the 4UPS-UPR PM. In terms of 3-DOF, Li et.al[16]

This is the determination of the maximum load carrying

used the Newton-Euler method to analyze the dynamics of a

capacity and reasonable design of the driver during the

3-RPS PM. Liu et.al [17] performed a Lagrangian method to

development of parallel robots. According to this, the

analyze the dynamics of a 3-RRS PM.

constraint reaction force of the motion pair solved during the

In this paper, a 3-DOF 2T1R PM[18] with a forward

analysis process plays an important role in the design,

analytical position solution is proposed. Firstly, the kinematics

mechanical efficiency estimation, friction calculation, and

of the PM is analyzed.Then, force analysis is carried out for
each component, and the dynamic model is established by
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Newton-Euler method.Finally, the correctness of the modeling
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method is verified by comparing the results of Matlab
calculation and ADAMS simulation.It provides the theoretical
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basis of mechanics for the design, manufacture and
application of the PM.
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Mechanism architecture
The PM shown in Figure 1 consists of a moving platform, a

base, and a complex branch chain and an unconstrained
branch PSS (Prismatic pair - Spherical joint - Spherical joint)
connecting the moving platform and the base. The sub-PM
and an revolute pair are connected in series, where the two
branches of the sub-PM are SOC1 {-P⊥P (4R)-}, SOC2 {-P⊥R
|| R} , where P (4R) indicates that a parallelogram composed of
4 revolute pairs that is equivalent to a prismatic pair P, while
SOC means single-open-chain that consists of link and pair in

Figure 2

serial way. This PM can generate two translations in the Y and
Z directions and a rotation output about the Y axis. The PM is

Schematic diagram of 2T1R PM

Establish the local coordinate system of each link BiCi

referred to as the 2T1R PM [18].

(i=1,2,3). The x1 axis of the coordinate system B1-x1y1z1 is
parallel to the X axis of the base coordinate system, and
the positive half of the z1 axis is pointed from B1 to C1; The x2
axis of the coordinate system B2-x2y2z2 is parallel to the X axis
of the base coordinate system, and the positive half of the z2
axis is pointed from B2 to C2, where the y axis of each
coordinate

system

meets

the

right-hand

screw

rule;

The positive half of the z3 axis of the coordinate system
B3-x3y3z3 is pointed from B3 to C3, and the x3 axis lies in the
XOZ plane and the angle with the X axis is 1 , its Euler
transformation relative to the base coordinate system is shown
Figure 1

in Figure 3, from which the coordinate transformation matrix

3D model of a 2T1R PM

from the coordinate system {B3} to the base coordinate system
O-XYZ is:

2.1 Kinematics analysis
The coordinate system shown in Figure 2 is established.

O



Rl 3  RY , 1 R x3' ,  2



The base coordinate system O-XYZ is established with the
origin at the center point O of the guide rail where the driving
pair A1、A2 is located, the positive half of the Y-axis is from O
to A2, and the positive half of the Z-axis is vertical
upward.The moving coordinate system o-xyz is established
with the origin at o point that is the center point O of the line
C12C2 on the sub-moving platform. The positive half of the
y-axis is from the origin o to C2, and the z-axis is

Figure 3

perpendicular to the plane of the moving platform.While the X
and x axis direction meet the right-hand screw rule, the

Coordinate system B3  x3 y3 z 3 Euler transform

2.2 Forward Position Solution
The forward kinematics of PM is to solve the position and

geometry parameters of each component are shown in Figure
2.

orientation of the moving platform when the structural
parameters and input of the mechanism are given.
Based on the constrained length of the bars, we can get:
3
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f1 : lc2  z  lb 2   y  l d  l1 2  0
f 2 : lc2



（1）

 z  lb   l 2  y  l d   0
2

2

f 3 :  2l p cos   x A3

ωl1 

l1  l2
2

vl1  v1  ωl1  c1 

lc
2

（6）

Taking the time derivative of Eq. (4) , the acceleration of
the C1 can be obtained as:

l l

z  l c 2   2 1  l d   lb
 2






a c1  a o  a1  εl1  c1  lc  ωl1  ωl1  c1  lc

Angle  of moving platform is:
  B  B 2  C 2  A2
  2 arctan

CA


（5）

lc

center of mass of the rod B1C1,

（2）

2



Substituting Eq.(5) into Eq.(6) to obtain the velocity of the

2   y  l3 2  z  2l p sin   lb 2  lc' 2

From Eq. (1), the coordinates of point o are:
y



c1  vc1  v1






（7）

The angular acceleration of the rod B1C1 can be determined
（3）

by taking the cross product of the two sides of Eq.(7)
with c1 ,which yields:
c  ao  a1  c~1  ao  a1 
（8）
εl1  1

lc
lc
~
Where, c1 is the skew symmetric matrix associated with the

where,
A  4 z  l b   l p
B  4 x A3  l p

vector c1 .

C  4l p 2  x A2 3   y  l3 2  z  lb 2  lc '2

Taking the time derivative of Eq. (4) , the centroid

2.3 Velocity and acceleration analysis

acceleration of rod B1C1 can be obtained as:

2.3.1 Velocity and acceleration of the moving platform

a l1  a1  εl1  c1 

Taking the time derivative of Eq. (2) ~ (3), the output





lc
l
1
 ωl1  c ωl1  c1  a1  a o  （9）
2
2
2

（2）Velocity and acceleration of member B2C2

velocity and acceleration of the moving platform can be

Similarly, using the same method as the velocity and

obtained as

acceleration of the rod B1C1, the angular velocity of the rod
χ   y

B2C2 can be obtained as:

z  T

ωl 2 

χ  y z 

T



lc

（10）

The centroid velocity of the rod B2C2:

2.3.2 Velocity and acceleration of members

vl 2  v2  ωl 2  c2 

（1）Velocity and acceleration of member B1C1

lc
2

（11）

Angular acceleration of rod B2C2:

Because the movements of the B11C11 and B12C12 rods are

εl 2 

the same, the two rods are equivalent to the rod B1C1 for
analysis.

c2  ao  a2  c~2  ao  a2 

lc
lc

（12）

Centroid acceleration of rod B2C2:

The velocity of the point C1 is:

vc 1  vo  v1  ωl 1  c1  lc



c2  vc2  v 2

al2  a 2  εl2  c 2 

（4）

Where, v o is the linear velocity of point o; v1 is the linear





lc
l
1
 ωl2  c ωl2  c 2  a 2  ao  （13）
2
2
2

(3) Velocity and acceleration of rod B3C3

velocity of the driving pair A1; c1 and ωl1 are respectively the

The velocity of the point C3 is

vc 3  vo  ωo  c p  v3  ωl 3  c3  lc '

linear and angular velocity of the rod B1C1.
The angular velocity of the rod B1C1 can be determined by
taking the cross product of the two sides of Eq.(4)
with c1 ,which yields:
4

（14）
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The angular velocity of the rod B3C3 can be determined by
taking the cross product of the two sides of Eq.(14)
with c3 ,which yields:
ωl 3 



c3  v c 3  v 3



（15）

lc '

Substituting Eq.(15) into Eq.(16) gives the velocity at the
centroid of rod B3C3:

lc '
2

vl3  v3  ωl3  c3 

Figure 4

（16）

Taking the time derivative of Eq. (14) , the acceleration of

The dynamic equation of the moving platform is:

the C3 can be obtained as:

Fw  Fa1  Fa 2  mg  ma p

ac3  ao  εo  c p  ωo  (ωo  c p )



1
1
M w  c p  Fa1  c p  Fa 2  o I p ε p  ω p  o I p ω p
2
2

（17）

 a3  εl 3  c3  lc ' ωl 3  (ωl 3  c3 )lc '
by taking the cross product of the two sides of Eq.(17)
with c3 ,which yields:



c3  a c 3  a 3
lc '

  c~  a
3

c3

 a3



base frame; I p is the inertia tensor of the moving platform in
the local frame; c p is the position vector from the center of

the centroid of B3C3 can be obtained as:

3



 

lc '
l '
1
 ωl3  c ωl3  c3  a3  a c3
2
2
2



（21）

o
system; I p is the inertia tensor of the moving platform in the

Taking the time derivative of Eq. (16) , the acceleration of

a l3  a 3  ε l3  c 3 



the moving coordinate system to the base coordinate

（18）

lc '

（20）

o
o
o T o
Where, I p  R p I p R p ; R p is the transformation matrix of

The angular acceleration of the rod B3C3 can be determined

εl 3 

Force analysis of the moving platform

mass of the moving platform to the center of the spherical

（19）

joint on the moving platform.

Dynamics modeling of mechanism

3.2 Dynamic equation of the sub-moving platform

When using the Newton-Euler method, the friction of each
moving pair is not considered, then the Newton-Euler
equation of each member is established.Then the dynamic
model of the PM is obtained by eliminating the internal forces
between the members.Finally, the relationship between the
driving force and the external forces of the moving platform is
obtained, which is illustrated as follows.
3.1 Dynamic equation of moving platform

Figure 5

As shown in Figure 4, the gravity of the moving platform is

Force analysis of sub-moving platform

As shown in Figure 5, the dynamic equation of the

mg, the constraint force of the sub-moving platform is Fa1 ,

sub-moving platform can be written as follows:
 Fa1  ml g  Fc11  Fc12  Fc 2  ml ao

and the constraint force of the PSS branch chain is Fa2. The
external force and moment of the moving platform are Fw and

（22）

Where Fc11, Fc12, Fc2 are constraint forces of the active link

Mw respectively.

BiCi (i=1,2)in the sub-moving platform; ml is mass of the

5
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sub-moving platform; -Fa1 is the reaction force of the moving
platform.
3.3 Dynamic equation of connecting rod
The R-R-link is subject to the constraint reaction force of
the sub-moving platform -Fci (i=1,2), its own gravity mcg, and
the constraint force Fbi (i = 1,2), and its force analysis is
shown in Figure 6.
Figure 7

Force analysis diagram of -S-S- Link

Then, the dynamic equations of the -S-S- link are
described as

 Fa 2  mc ' g  Fb 3  mc ' al 3



lc '
l '
c3   Fa 2   c  c3  Fb3  o I l 3 εl 3  ωl 3  o Ι l 3ωl 3
2
2

where, o I l 3  o Rl 3 I l 3 o RlT3
(a) -P (4R) -Parallel link
Figure 6

(b) Single link

（27）



（28）

。

3.4 Dynamic equation of driving sliders

Force analysis of -R-R-link
The three driving sliders are subject to the constraint
reaction forces of each link-F bi (i = 1,2,3), its own gravity,

Therefore, the dynamic equations of the two parallel links

and the driving force of the driving motor m i g (i = 1,2, 3),

in the parallelogram are as follows.

i  1,2
 Fc1i  mc g  Fb1i  mc ali，



lc
l
ci   Fci   c  ci   Fbi  o I li ε li  ωli  o I li ωli
2
2

and the force diagram of the slider is shown in Figure 8.

（23）



（24）

Dynamic equation of single link (B2C2) is as follows.

 Fc 2  mc g  Fb 2  mc al 2

（25）



lc
l
c 2   Fc 2   c  c 2  Fb 2  o I l 2 εl 2  ωl 2  o I l 2 ωl 2
2
2



（26）

(a) Slider 1 (A1) (b) Slider 2 (A2) (c) Slider 3 (A3)
Figure 8 Force analysis of three drive sliders

Where, o I li  o Rli I li o RliT i  1,2  ， o I li is the inertia tensor of

The dynamic equation of slider 1 is

the connecting rod in the base frame ; I li is the inertia tensor of
the connecting rod in the local frame;

o

F1  Fb11  Fb12  m1 g  m1a1

Rli is the

（29）

The dynamic equations of slider 2 and slide 3 are as

transformation matrix from the local frames of the connecting

follows.

rod to the base frame.
Further, -S-S-link (B3C3) is subject to the constraint reaction

i  2,3
Fi  Fbi  mi g  mi ai，

force of the moving platform -Fa2, the constraint force of the
drive member Fb3, the self-gravity mc'g, while mc'is the mass

3.5 The integrated dynamic model of the PM

of -S-S- connecting rod, and its stress is shown in Figure 7.
6
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Substituting Eqs. (40) and (41) into Eq. (20) and Eq. (21),

eliminate the internal forces of members and to obtain the

we have

dynamic relationship between the input force, torque and

 Fw 
 D
 E   J  τ   M 
  61
 w  61

output force.
T

Taking the dot product of the both sides of Eq(29) with e1

where

 1  e1T  F1  e1T  Fb11  Fb12   m1a1

（31）

D

Where,  i i  1,2,3 is the driving force of the

slider, ei i  1,2,3 is the unit vector for driving force.
Substituting Eq. (23) into Eq .(31), we can write:
2

（32）

i 1

According to Eq.(24),we can write:





2



o



o

（34）

Fc11  Fc12 





Fa 2 









c2
e2T c2
c p  c2
2e2T c2

c3 
e3T c3 

c p  c3 
2e3T c3 

 e

3

 C3

lc ' e3T c3

]

6 3

31

（43）

driving pair can be obtained from Eq.(43).



mc ' g  mc ' al 3   m3a3   e3  C3
lc e3T c3

 c3

where,

4 Dynamic Simulation
Firstly, the following motion laws of three driving pairs are
given.



C 3  lc ' c3  mc ' g  mc ' al 3  I l 3 εl 3  ωl 3

 I
o

l1  10 cost   27

l 2  10 cost   27
l  10 cost   14
3

（40）

C 2  lc c 2  mc g  mc al 2  o I l 2 εl 2  ωl 2  o I l 2 ωl 2
o

e3T c3

external force and torque are known, the driving force of each



e3T





c3 e3T mc ' g  mc ' al 3   m3 a3

F 
 D
τ  J1     J1   w 
E
 
M w 

c2  2  e2T mc g  mc al 2   m2 a2 e2  C 2
（39）

e2T  c2
lc e2T c2
c3  3  e3T

i

I pε p  ω p  o I pωp

（36）

c1  1  2e1T mc g  mc al1   m1a1 e1  C1

（38）
lc e1T c1
e1T  c1





When the motion law of the moving platform and the

Substituting Eq. (37) into Eq. (36) gives:

Fc 2 



According to Eq. (42),we can get:

e1T Fc11  Fc12    1  2e1T mc g  mc al1   m1a1 （37）

Similarly,

1

T

According to Eq.(32), we can get:

Fc11  Fc12 

e C

τ   1  2  3 

（35）

c1 e Fc11  Fc12  e1  C1
 T
lc e1 c1
e1T  c1
T
1



 c1
 eT c
J   1 1
 c p  c1
 2e1T c1

gives:

Then,we can write:



c 2e T m g  m a   m1a1 c 2 e 2T mc g  mc al 2   m2 a2
1


c p  [ 1 1 c T c l1
2
e1 c1
e 2T c 2

i 1 c i

Taking the cross product of the two sides of Eq.(33) with e1

lc e1  c1  Fc11  Fc12   e1  C1



 l i eT c i  ml ( g  ao )]  2 c p  [

（33）

C1  lc c1  mc g  mc al1  2 I l1εl1  2ωl1  I l1ωl1
o





ei  C i c3 e3T mc ' g  mc ' al 3   m3a3 e3  C 3


 ml  g  ao 
T
e3T c3
lc ' e3T c3
i 1 lc ei ci
2

E

lc c1  Fc11  Fc12  C1

 

c1 2e1T mc g  mc al1   m1a1 c2 e2T mc g  mc al 2   m2 a2

e1T c1
e2T c2


 mg  a p 



 1  e1T   Fc1i  mc g  mc ali   m1a1



(42)



l 3ωl 3



Substituting Eqs. (38) and (39) into Eq. (22), we can get

Fa1  ml g  Fc11  Fc12  Fc 2  ml ao

（41）
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Figure 9 Virtual prototype of 2T1R parallel mechanism
A three-dimensional prototype of the PM is designed, as
shown in Figure 9. The dimension parameters of the PM are
shown in Table 1.
Table 1

Dimension Parameters of the 2T1R PM

Size parameters

Value

lb / mm

10

ld / mm

17

l c / mm

43.8

l c '/ mm

60

-XA3 / mm

60

2lp / mm

54

m1 / kg

0.00254

m2 / kg

0.00162

m3 / kg

0.00153

m c / kg

0.00285

m c '/ kg

0.00129

m l / kg

0.00491

m / kg

0.0131

(a) Theoretical driving force

(b) Driving force simulation value
Figure 10 Driving Force of Each Driving Pair

Under the same simulation duration, different steps are

The above parameters are substituted into the dynamic

selected to record the calculation time of MATLAB, as shown

Eqs.(20) ~ (43), and the driving forces of the three driving

in Table 2.

pairs are calculated by MATLAB. The curves of the driving

Table 2

forces are shown in Figure 10 (a).

Simulation

Then, the three-dimensional prototype is input into

duration / s

ADAMS, and the material properties of each part and the

Matlab calculation time

Step size / s

Calculation
time / s

constraint types of the kinematic pairs are specified. The

10

0.01

4.77

vertical downward gravity is applied, and the simulation step

10

0.005

9.13

of 0.01s and the simulation time of 10s are selected for

10

0.004

11.64

dynamic simulation of the virtual prototype.
As shown in Fig.10 (b), the calculated value is compared

As shown in Table 2, only when the step size ≤

with the simulation result of ADAMS, which shows that the
simulation value is basically consistent with the theoretical

10
 2000 ,the dynamic modeling analysis program is
0.005

value. The maximum error of the driving force of each pair is

real-time .

1.32%, 5.8% and 5.2%, which verifies the correctness of the

5 Conclusions

dynamic model.

For a new type of 3-DOF PM proposed in this paper, the
analytical solution of forward kinematics is given, and it is
used to analyze the velocity and acceleration. The driving
force is obtained by calculating the dynamic equation. The
dynamic simulation of the three-dimensional prototype is
8
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Figures

Figure 1
3D model of a 2T1R PM

Figure 2
Schematic diagram of 2T1R PM

Figure 3

Coordinate system B3-x3y3z3 z Euler transform

Figure 4
Force analysis of the moving platform

Figure 5
Force analysis of sub-moving platform

Figure 6
Force analysis of-R-R-link

Figure 7
Force analysis diagram of-S-S-Link

Figure 8
Force analysis of three drive sliders

Figure 9
Virtual prototype of 2T1R parallel mechanism

Figure 10
Driving Force of Each Driving Pair

