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Abstract: We propose a hybrid nanomechanical resonator (NR) system, where a NR coupled 

to an embedded quantum dot (QD) driven by two-tone fields is also coupled to another NR 

via the Coulomb interaction, and investigate the absorption spectra of the probe field under 

both the condition of resonance and off-resonance. The absorption spectra in resonance 

presents a means to determine the coupling strength of the two NRs. In the off-resonance, the 

absorption spectra can exhibit double Fano resonance, and the positions of the double Fano 

resonances are related to the interaction of the two NRs, the frequencies of the NRs, and the 

pump detuning. Furthermore, the double Fano resonances are accompanied by the rapid 

normal phase dispersion, which indicates the slow- and fast-light effect. We can obtain that 

the group velocity index is tunable by the interaction between the two NRs, the detuning, and 

the different resonator frequencies, which can reach the conversion from the fast light to slow 

light.    
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1. Introduction 

In the past few decades, many techniques and progresses have been proposed to reach the 

fast- and slow-light in atomic vapors and solid-state devices, which need to control the group 

velocity index 
g

n  of light pulses and make them propagate either 0
g

n   (i.e., the fast light) 

or 0
g

n  (i.e., the slow light) [1, 2]. To obtain the manipulation of light pulse propagation in 

different systems, lots of techniques have been developed, such as the famous 

electromagnetically induced transparency technologies [3–5], the stimulated Brillouin 

scattering schemes [6, 7], the coherent population oscillation in  solid-state devices [8], and 

the Fano-like resonance phenomena [9–12]. Here, in this paper, we investigate the tunable 

and controllable fast light and slow light in hybrid NR systems, which is mediated by another 

NR. 

        NR systems, due to their high natural frequencies and large quality factors [13], are 

applied to different applications such as the detection of mechanical signal [14], mass sensors 

[15, 16], mechanical displacements measurements [17], and spin detecting [18]. Additionally, 

recent progress in nanotechnology has allowed the fabrication of novel hybrid systems 

including a single two-level system (TLS) coupled to a NR [19–23], in which the quantum 

nature can be revealed and manipulated [24]. These hybrid NR systems indicate underlying 

applications quantum information technologies [25], as well as the exploration of the 

quantum-classical boundary. As a representative hybrid system, a two-level QDs coupled to a 

NR has attracts much interest [26–28], which can be used to investigate the fundamental 

quantum effects [29], high precision measurement [30], zeptogramscale mass sensing [31], 

and cooling of a NR to its quantum ground state [26]. 

        In the previous NR systems, only one NR coupled to a TLS QD is considered, here, we 

develop the single NR system and introduce another NR with the interaction 
1  between the 

two NRs, where the interaction strength 
1  can be realized via a substrate-mediated 



interaction [32] or the Coulomb interaction [33–35]. As shown in Fig.1, we propose a hybrid 

NRs system, where a doubly clamped suspended NR with an embedded QD driven by two-

tone fields couples to another NR via Coulomb interaction. We first investigate the probe 

absorption spectra of the QD under the condition of resonance for different coupling strengths 

of the two NRs with the same resonator frequencies, which presents a means to determine the 

coupling strengths of the two NRs. 

        In the coherent optical propagation, Fano resonances are characterized by a rapid steeper 

dispersion than conventional Lorentzian resonances, which promises the slow- or fast-light 

effect, and even tunable fast-to-slow light propagation (or vice versa). In the off-resonance, 

the absorption the QD induced by the coupling of the NRs are also demonstrated, where the 

slope of the dispersion experiences the conversion from negative to positive, and the 

absorption displays the asymmetric Fano line shapes. The Fano resonances can be effectively 

tuned and the probe absorption spectra can display a series of asymmetric Fano line shapes 

with tuning the detuning. Due to Fano resonances are characterized by a rapid steeper 

dispersion, the group velocity index 
g

n  of light pulses can be accelerated and decreased 

significantly, which correspond to the negative and positive dispersion, respectively. Then, 

we further investigate the slow light effect by numerically calculating the group delay of the 

probe field around the transparency window accompanied by the steep phase dispersion, and 

we find a tunable and controllable fast-to-slow light propagation (and vice versa) can be 

achieved with manipulating the parameter regimes. However, the tunable slow and fast light 

phenomenon in our system is different from the previous NR system [36] which depends on 

the incident pump laser is on- and off-resonant with the exciton frequency, here, in our hybrid 

NRs system, we can obtain the conversion from fast to slow light by controlling the coupling 

between different NRs. 

2. System and Model  
 

 

Fig. 1. Schematic diagram of hybrid hybrid nanomechanical resonator (NR) system, where a 

doubly clamped suspended NR (with frequency
1m

 ) with an embedded QD driven by two-

tone fields is coupled to another NR (with frequency
2m

 ) via the Coulomb interaction with 

coupling strengths 
1 . 

The system under consideration is sketched in Fig. 1, where a QD driven by a strong pump 

field and a weak probe field is embedded in a NR with frequency 
1m


 
is coupled to another 

NR with frequencies 2m
 , and the Hamiltonian of the hybrid system is given by [26, 35–38] 



† † † † †
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where the first term indicates the Hamiltonian of the QD with the exciton frequency 
ex

 . 

Here we consider the QD is a TLS including the ground state 0  and the single exciton state 

1  [39, 40] at low temperature, and we introduce the pseudospin operators z
S  and S

  to 

describe the TLS QD. The second and third terms indicate the free Hamiltonian of the two 

NRs and we use creation (annihilation) operators †
1 1( )a a  and †

2 2( )a a  to describe the two NRs. 

The fourth term shows the coupling between the NR and QD with the coupling strength  , 

where the flexion induces extensions and compressions in the structure, and the longitudinal 

strain will modify the energy of the electronic states of QD through deformation potential 

coupling. The fifth term means the interaction between the NRs with strength 
1 , which be 

realized via a substrate-mediated interaction [32] or the Coulomb interaction [33–35]. The 

last two terms in Eq. (1) indicate the interactions between the QD and two laser fields 

including a strong pump field (with frequency 
p

  ) and a weak probe field (with frequency 

s
  ) simultaneously driving the QD, where  is the electric dipole moment of the exciton, 

p
 and 

s
  are the slowly varying envelope of the pump field and probe field, respectively.  

When we use a rotating frame at the pump frequency 
p

 , then Eq. (1) can be rewritten as 

† † † † †
1 1 1 2 2 2 1 1 1 1 1 2 1 2( ) ( )

      ( ) ( )

z z

p m m m

i t i t

p s
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with the exciton-pump field detuning
p ex p

    , the probe-pump detuning 
s p

    , 

and the Rabi frequency of the pump field 
p p

    . Then we can obtain the following 

Heisenberg equations of the operators [41]: 

1( 1/ 2) ( ) ( )z z i t i ts

t p

i
S S i S S S e S e
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where 
1 2( )   is the exciton relaxation rate (dephasing rate), 

1m
  and 

2m
  are the decay rate 

of the two NRs. 
'2 2 2

1 1 1m m
    ,

'2 2 2

2 2 1m m
    ,

'

1 1 2( )
m m

     . 
in
 in is the  -correlated 

Langevin noise operator with zero mean, and 
k
 is Langevin force arising from the interaction 

between the kth mechanical resonator and its environment. 

    Using 0     (   indicates the operators: z
S , S

 , 
1X , 

2X ), Eqs. (3)-(6) can be 

divided into the steady parts and the fluctuation ones. Substituting the division forms into Eqs. 

(3)-(6), we obtain the steady state solutions of the variables as follows, 
*

1 0 0 0( 1) 2 ( )
p

i S S                                                       (7) 

0

2 1 10 0 0( )
p m p

i S i X S i                                                   (8) 

2 ' 2

1 10 20 0 1'
m m

X X                                                        (9) 

2 '

2 20 10 0 1'
m m

X X                                                   (10) 



which determine the population inversion (
0 02 z

S  ) of the exciton. Due to the pump field is 

strong, the operators can use their expectation values with the mean-field approximation 

Qc Q c [42]. After being linearized by neglecting nonlinear terms in the fluctuations, 

the Langevin equations for the expectation values can be obtain as follows: 

*

1 0 0( ) ( )z z i t i ts

t p
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where 
'

1 0p p m
       and 

' ' 2

1 1 2

'2 '2 '2

1 2

( )
m m m

m m

     


  





. 

To solve these equations, we make the ansatz [43] as 
i t i t

e e
   

   , and 

substituting them into Eqs. (11)-(14) with ignoring the second-order terms and working to the 

lowest order in 
s
  but to all orders in 

p
 , we obtain the linear optical susceptibility as 

(1) 2 (1)

2( ) ( ) ( ) ( )
eff s s s s
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where 

 

2' '

1 4 2 3

1 2 3 1'2 2 '2 2 '2 2

1 31 1 1 1 2 2

1 0 21 2 1 4

4 2 1'2 2

1 3 11 1

*

0 1 0 2 0 1 1

2 3

1

2
, , , ,

1

(2 )2
, , ,

1

(2 ) ( ) (2
,

m

m m m m m m

p p mm

m m

p m p p m

i i i

S

ii

S S i i

i

  
           

  


   

     
 



   
       

      

      
    

    

        
 

 

*

0 2

1

* * *

0 1 0 2 1 0 2

4 5

1 1

* * *

0 1 0 2 0 1 1 0 2

6 7

1 1

* *

0 1 0 2 ' '

8 1 2 1 2 2 3

1

3

)
,

(2 ) (2 )
, ,

(2 ) ( ) (2 )
, ,

(2 )
, ( ) , ( ) ,

(

p m p p m

p m p p m

p m

p p

S

i

S S S

i i

S S i i S

i i

S S
i i

i

i



   
 

 

     
 

 

 
    





 

      
  

   

         
  

   

  
            

 

   ' '

2 5 4 2 7) , ( ) ,
p p

i             

   (16) 

The imaginary and real parts of 
(1) ( )

s
  indicate absorption and dispersion, respectively. 

Due to the light group velocity as [44,45] [ ( )]
g s s

c n dn d    , where 
(1)1 2
eff

n   , 

then we obtain  
(1)

(1) ( )
1 2 Re ( ) 2 Re( ) .

s ex s ex

s

s s

g s

dc

d
   

 
   
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It is obvious that the dispersion is steeply positive or negative, and the group velocity is 

significantly reduced or increased at 
(1)Re ( ) 0

s exs      . We further define the group 

velocity index 
g

n as  

2 (1) (1)

2

2

2 ( ) ( )
1 Re( ) Re( )

s ex s ex

s s s

g

g s s

d dc
n

d d
   

     
        


           (18) 

where 2 2

22
s

    . One can observe the slow light if 0
g

n  , and the superluminal 

light when 0
g

n   [2]. 

3. Numerical results and discussion 

We use the realistic hybrid QD-NR system to illustrate the numerical results [26]: the exciton 

relaxation rate 
1 0.3 GHz  , the exciton dephasing rate

2 0.15 GHz  . The physical 

parameters of GaAs NR are 15 4

1( , , ) (1.2 GHz, 5.3 10 ,3 10 )
m

m Q g    , where m  and Q  

are the effective mass and quality factor of the NR, respectively. The decay rate of the NR is 

1 1 40 kHz
m m

Q   , the coupling strength between QD and NR is 0.06  , and the 

frequency of another NR is 
2 1m m

  . We first investigate the probe absorption, i.e., the 

imaginary part ( (1)Im ) of linear optical susceptibility, as a function of probe-exciton 

detuning 
s s ex

     on the condition of resonance (i.e., 0
p

  ) for different coupling 

strength 
1  of the two NRs as shown in Fig.2(a). In Fig.2(a), when the interaction of the NRs 

is 
1 0  , i.e., only one NR in the system and two sharp sideband peaks at both sides of the 

probe absorption spectrum just correspond to the frequency of the NR with frequency

1 1.2 GHz,
m

  . The physical origin of the phenomenon has been demonstrated in a coupled 

NR system [16] with the dressed states theory. If the coupling strength 
1 0  , such as 

1 10.05
m

  , we find four sharp sideband peaks appear in the probe absorption spectrum, 

where the left two peaks mean the process of amplification and the right two peaks mean the 

process of absorption as shown the red curve in Fig.2(a). In addition, the left two sharp 

sideband peaks locate at 1 1m
    and 1 1m

   , i.e., 11.05
m

  and 10.95
m

 , respectively, 

while the right two sharp sideband peaks locate at 
1 1m

   and
1 1m

  , i.e., 
10.95

m
  and

11.05
m

 , respectively. That is to say the four sharp sideband peaks locate at 1 1m
    and

1 1m
   , respectively. When we increasing the coupling strength 

1  from 
1 10.05

m
   to

1 10.1
m

  , the four sharp sideband peaks locate at 
11.1

m
  and 

10.9
m

  which still 

correspond to 
1 1m

    and 
1 1m

    as shown the blue curve in Fig.2(a). Fig.2(b) and 

Fig.2(c) show the details of the process of the left amplification and the right absorption as in 

Fig.2(a), respectively. Figure 2(d) presents the splitting of the two sharp sideband peaks (both 

the left amplification process and the right absorption process) as a function of the normalized 

coupling strength 
1 1m
   of the two NRs. It is obvious that the splitting distance of the probe 

absorption spectrum increases linearly with increasing the coupling strength 1 . Therefore, 

the plots may provide a method to roughly measure the coupling strength 1  of the two NRs 

via the splitting in the optical spectrum. 



 

Fig. 2. (a) The probe absorption as a function of probe-exciton detuning 
s

 under the 

condition of resonance ( 0p  ) for different coupling strengths 
1  under the same resonator 

frequencies. (b) The details of the amplification for the right peaks of the absorption spectra. (c) 

The details of the amplification for the left peaks of the absorption spectra. (d) The splitting of 

the two sharp sideband peaks as a function of the normalized coupling strength 
1 1m
  . 

Secondly, switching the detuning 
p

 from the resonance ( 0
p

  ) to the red sideband 

( 1p m
  ), we study the probe absorption spectrum as a function of 

s
  for different 

coupling strength 
1  at fixed exciton-resonator coupling 0.06  with the same frequencies 

of the NRs as shown in Fig.3(a). In Fig.3(a), when the coupling strength 
1 0   (the black 

curve), the absorption spectrum splits into two peaks, which is analogous to the Rabi splitting 

of TLSs in quantum optics and has a zero absorption point at 0
s

  . The physical origin is 

due to mechanically induced coherent population oscillation which makes a deep hole 0
s

   

in the probe absorption spectrum, which has been demonstrated in a QD-NR system [16]. 

Then we consider the coupling strength 
1 10.05

m
 

 
(the red curve in Fig.3(a)), we find that 

three peaks appear in the absorption spectrum, and more remarkable the peak at 0
s

  in the 

case of 
1 0   splits into two peaks under the case of

1 0  . In addition, the width of the two 

peaks around 0
s

  is 
12 . With increasing the coupling strength 

1 , such as 1 10.1
m

   

(the blue curve in Fig.3(a)), the splitting width is more obvious, and the two peaks around 

0
s

   accurately locate at 1 1m
  . In Fig.3(b), we show the dispersion, i.e., the real part of 

linear optical susceptibility 
(1)Re , under three different coupling strength 1  for 0.06 

with the resonator frequencies 2 1m m
  . When the coupling strength 1  changes from 

1 0   to 1 0  , the evolution of the process of the slope around 0
s

  experiences the 



conversion from positive to negative. As we know, the positive steep slope of dispersion will 

induce the group velocity index 0
g

n  , then the slow light phenomenon will appear in 

system. While if the dispersion shows the negative steep slope, the group velocity index

0
g

n  , and the fast light will achieve. Combining with Fig.3(a) and Fig.3(b), no matter what 

regimes induce the zero absorption, once a transparency window appear in the probe 

absorption spectra, the remarkable phenomena of slow light or fast light can appear in the 

hybrid system. When the transparency appear in the absorption, the slope around transparency 

window of the dispersion will experience the conversion between the positive to negative. 

Figure 3(c) plots the group velocity index 
g

n  versus the Rabi frequency 
2

p
  for the coupling 

strength 
1 0   under the red sideband 

1p m
  , and one can see that the group velocity 

index 
g

n  is positive representing the slow light effect. However, if the coupling strength 

1 0  , the group velocity index 
g

n  manifests the fast light effect as shown in Fig.3(d). 

Although the fast light effect was demonstrated in a carbon nanotube resonator [36] which 

need the condition of resonance ( 0
p

  ), in our hybrid system, the fast light effect can even 

achieve still at the red sideband 1p m
   by controlled the coupling of the two NRs. 

 

Fig. 3. (a) The probe absorption as a function of 
s

  under the detuning ( 1p m  ) for 

different  coupling strengths 
1  under the same resonator frequencies. (b) the dispersion under 

three different coupling strengths 
1  for with the resonator frequencies 

2 1m m
  . (c) The 

group velocity index gn  versus the Rabi frequency 
2

p
  under 

1=0 . (d) The group velocity 

index gn  versus the Rabi frequency 
2

p
  under 

1 0  . 



Getting back to Fig.2(a), if the coupling strength 
1 0  , the probe absorption spectra 

present three modes splitting manifesting the phenomenon of double Fano resonance, so we 

further investigate the double Fano resonance under different parameter regimes. In Fig.4(a), 

we first present the absorption profiles as a function of the probe detuning 0
s

   at the fixed 

coupling strength (
1 10.1

m
  ) and the same frequency of the NRs (

2 1 1.2 GHz
m m

   ) 

for different pump detuning 
p

 . It is obvious that the double-Fano resonances appear in the 

absorption spectra, where the right Fano resonance is induced by the coupling between 

exciton and a NR making quantum interference between the NR and the two optical fields via 

the exciton as 
1m

  , and the left Fano resonance come from the coupling between the two 

NRs. In addition, with increasing the detuning 
p

 from 
10.9

p m
   to 

11.1
p m

   (Fig.4(a) 

to Fig.4(c)), the right Fano resonance move to the right. Secondly, we fix the red sideband 

1p m
   and plot the absorption spectra as a function of detuning 

s
  for several different 

resonator frequencies at the coupling strengths 
1 10.1

m
   as shown in Fig.4(d) to Fig.4(f). 

From Fig.4(d) to Fig.4(f), we find that if 
2 1m m

  , double Fano resonance can also appear 

in the absorption spectra and two sharp peaks locate at 
1 1m
   as shown in Fig.4(e). When 

the condition of the frequencies for the two NRs satisfies 
1 2m m

  , we obtain the absorption 

profile moves to the left as shown in Fig.4(d), if 
1 2m m

   the absorption profile moves to 

the right as shown in Fig.4(f). While in the both case the Lorentz peak almost unmoved from 

beginning to end. 

 

Fig. 4. (a)-(c) The probe absorption for different the exciton-pump field detuning p  with the 

same frequencies 
2 1m m

  . (d)-(f) The probe absorption as a function of 
s  under the 

detuning ( 1p m  ) for different resonator frequencies. 

Therefore, we also investigate the double-Fano resonances that induce the coherent optical 

propagation properties as shown in Fig.5. In Fig.5(a), we plot the group velocity index 
g

n

versus the Rabi frequency 
2

p
  for different detuning p

  with the same resonator frequencies 



of the two NRs at fixed coupling strength 
1 10.1

m
  . We can find that the group velocity 

index 
g

n  experiences the switch from fast light to slow light with increasing the Rabi 

frequency 
2

p
 . In addition, if

1p m
  , the group velocity index 

g
n  experiences the 

processes from small to large in the fast light and then reach to slow light. In Fig.5(a), we 

show the group velocity index 
g

n  as a function of the Rabi frequency 
2

p
  for different 

resonator frequencies at 
1p m

   for fixed coupling strength 
1 10.1

m
  . With increasing 

the resonator frequency 
2m

  from 
2 10.9

m m
   to

2 11.1
m m

  , the group velocity index 
g

n  

experiences conversion from fast light to slow light. Thus, with controlling the detuning 

regime and the coupling of the two NRs, the fast-to-slow light can be achieved 

straightforward in the hybrid system. 

 

Fig. 5. (a) The group velocity index 
gn  versus the Rabi frequency 2

p
  for several different

p . (b) The group velocity index 
gn  versus the Rabi frequency 2

p
  for several different 

resonator frequencies. 

4. Conclusion 
In conclusion, we have proposed a hybrid NR system consisting of a suspended NR with an 

embedded QD driven by a pump field and a probe field is coupled to another NR with 

different frequencies via the Coulomb interaction, and investigated the absorption spectra of 

the probe field both under the conditions of the resonance ( 0
p

  ) and off-resonance 

( 1p m
  ). In the situation of resonance, the sharp peaks in the absorption spectra depend on 

the interaction between the NRs, which display a method to determine the coupling strength 

of the two NRs. When in the off-resonance, we theoretically studied the double Fano 

resonance, and the positions and the shape of the double Fano line shapes are closely related 

to the detuning and the coupling strengths between the NRs. Moreover, the narrow 

transparency window in the probe transmission and the corresponding rapid phase dispersion 

allow for reaching the slow light effect. We have shown that the group velocity index of the 

probe field can be effectively tuned by the coupling strengths of the NRs and the pump 

detuning, and even obtain the conversion from slow light to fast light in hybrid NR system. 



Abbreviations 

NR: Nanomechanical resonator; QD: Quantum dot; TLS: two-level system; QD-NR:  

Quantum dot- nanomechanical resonator; Q: quality factor. 
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