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Fig. S1 Frequency-dispersive dielectric permittivity of bGO and surface polariton mode assignment. (a-e) Dielectric permittivity tensor elements , , , and , respectively, of undoped bGO at IR frequencies1. (f) Rotation angle  as a function of frequency. (g-h) Diagonal elements  and  of the frequency-dispersive in-plane permittivity, featuring four distinct reststrahlen bands each. (i) Non-zero imaginary part of the off-diagonal element  (i) Unchanged out-of-plane permittivity . Depending on the combination of positive or negative real parts of , , and , different types of phonon polaritons are supported (color-shaded), such as elliptical SPhPs, and type I and type II, in-plane () and out-of-plane () hyperbolic polariton modes, respectively.
First, we briefly outline how conventional optical materials are classified. A material which supports surface polaritons is supported at frequencies where the real part of the crystal permittivity fulfills  2. In anisotropic crystals, the diagonal permittivity elements are of different sign, leading to hyperbolic behavior where either the real part of one element is negative and the other two are positive (type I), or two are negative and one is positive (type II)3. For aQ, based on its dielectric permittivity values at 455 1/cm,4 we anticipate a type II in-plane hyperbolic polariton with strong azimuthal dependence, as we observe experimentally (Fig. 2b). However, this classification of anisotropic materials relies on the off-diagonal permittivity tensor elements being zero at all frequencies for an appropriate choice of coordinate system. The lower symmetry of bGO requires the emergence of  . The dielectric permittivity elements using coordinates as indicated in Fig. 1a are shown in Fig. S1a-e, but no coordinate system exists where  at all frequencies. This, as we have demonstrated in the Otto-geometry experiments (Fig. 2d), results in a non-trivial polaritonic response with highly directional modes that propagate along frequency-dictated propagation angles in the a-c-plane. Furthermore, because , it is not straight-forward to determine if the modes are elliptical (), or hyperbolic in nature (type I or type II), as the propagation angle is typically not aligned with one of the principal axes. 
To unambiguously describe the nature of the polariton modes, we switch to a frequency-dispersive coordinate system [], which enables the permittivity tensor to be diagonalized. This is achieved by rotating the monoclinic plane by the frequency-dependent angle  (Eq. 2). The dispersion of  and the resulting diagonal elements of  are plotted in Fig. S1f-j. This new frequency-dispersive coordinate system allows for the unique assignment of the supported polariton mode nature, which we have color-coded in Fig. S1g-j. For bGO, we interestingly observe the full range of possible combinations of positive and negative real parts of , , and , leading to dielectric (white), elliptical (gray) and hyperbolic spectral regimes of type I (in-plane in blue, out-of-plane in red) and II (in-plane in green, out-of-plane in yellow). By performing such a frequency-dependent rotation of the permittivity tensor, we have simplified the system into a pseudo-biaxial crystal at each frequency. However, since the dielectric tensor of a monoclinic crystal is not diagonalizable5–7, the in plane off-diagonal element of  retains a non-vanishing imaginary part at all frequencies, i.e.,  (plotted in Fig. S1i), giving rise to the reduced symmetry of hyperbolic shear polaritons (HShPs) in monoclinic crystals, as discussed in Fig. 3.
The frequency-dependent rotation of the dielectric permittivity tensor is performed in three subsequent steps. First, the in-plane permittivity tensor as shown in Fig. S1a-c is rotated about the angle  (Eq. 2). However,  has jumps of 90° at arbitrary frequencies, resulting in abrupt discontinuities in the real parts of  and  where the two curves switch values. By analyzing the derivative of , we extract the frequency values  where the jumps occur and reassign the permittivity curves, respectively. At the eight in-plane TO frequencies  of bGO, the permittivity curves feature a pole, which is also captured in the analysis of the derivative. Therefore, at this step, the resulting curves are smooth between the TO frequencies, but switch assignment at every . The switching of the curves at every  is performed in the last step. However, near , the permittivity features a large imaginary part, which is not accounted for in the rotation angle . This leads to poles in  at  (see Fig. S1f) which in turn results in a small avoided crossing of  and  at the TO frequencies. Therefore, the reassignment of the last step results in discontinuous solutions near , which is clearly not physical. In order to resolve this issue, we cut out  in both  and  at all eight  and smooth the curves by interpolation, resulting in the pseudo-biaxial permittivity curves as shown in Fig. S1g-i. The rotation about  also leads to discontinuities in the off-diagonal imaginary part  at the frequencies . However, because  , the abrupt rotation about 90° only leads to sign changes at every . The curve of  shown in Fig. S1i is corrected for these sign changes.
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To verify the polaritonic behavior of the pseudo-biaxial crystal, we subsequently analyze the surface polariton dispersion in the rotated coordinate system [mnz] in Fig. S2. For electric fields in the  or  planes, the analytical expression describing extraordinary surface polaritons in uniaxial crystals can be employed8:
	
	(S1)


where . In bGO, the solutions of Eq. S1 yield four polariton branches for each direction,  and , respectively, plotted as red dotted lines in Fig. S2c and d. These analytical results are in perfect agreement with the numerically obtained surface polariton dispersion using a transfer matrix formalism9 (see Methods for details). To obtain the polariton propagation properties of the system, we calculate the full electric field patterns by placing a point dipole source above the bGO surface at , and simulating the optical response along the bGO/air interface () with COMSOL Multiphysics10 (see Methods for details). The real space field profiles clearly show the rotation of the major polarizability direction as a function of frequency, demonstrated for six different modes M1-3 and N1-3 (See Fig. S2e-g and k-m). Frequencies are indicated as black, dash-dotted lines in Fig. S2a-d. Mode N4 is shown in Fig. 1e,g. The field profiles align with the rotated coordinate system, with basis vectors indicated by the ‘m’ and ‘n’ cross hair in each figure. 
To relate the calculated dispersion of the polariton branches to the field profiles, we calculate the momentum- maps of these modes, as obtained by a two-dimensional Fourier transformation of the respective electric field patterns of Fig. S2e-g and k-m in Fig. S2h-j and n-p, respectively. At all selected frequency positions, the electric field patterns contain a directional wave of large amplitude with low spatial frequency, as well as a wave with high spatial frequency. The observed in-plane momenta of the low-k modes follow the modal dispersion predicted in Fig. S2c and d, along the - and -axes for modes M1-M3 and N1-N3, respectively, as indicated by the black circles in Fig. S2h-j and n-p. According to the mode characterization provided in Fig. S1, these modes are hyperbolic either of type I in-plane (M1-M3 and N1) or of type II in-plane (N2-N4). For all HShP modes, field patterns and -space maps are characterized by two-fold rotational symmetry only, in agreement with the 2D plane group 2 (no mirror plane symmetries). Further, the distinct peaks in the -space maps verify the principle polariton propagation direction, while the corresponding radial and azimuthal spreads are representative of their decay length and degree of directionality, respectively. Analogous to mode N4 discussed in the main text, the maxima of the k-space maps shown in FigS2 do not lie on the major polarizability axes (most prominently for the cases in Fig S2n and o), owing to shear dissipation in monoclinic bGO. This is further discussed in the main text and in Fig. 3. 
[image: ]

Fig. S2 Rotating hShPs on bGO. (a,b) Rotation angle  as a function of frequency. (c,d) Dispersion of hShPs on the surface of a bulk bGO crystal calculated with the frequency-dispersive permittivity tensor along the (rotating) -axis (c) and the -axis (d), obtained using a transfer matrix method9. The four supported polaritons along each axis  and  are clearly distinguishable, in perfect agreement with the theoretically calculated polariton dispersion (red, dotted lines)8. Black horizontal dash-dotted lines mark the frequencies M1-M3 and N1-N4 at which the electric field distribution is plotted. N4 is shown in Fig. 1e,g. (e-g) Real-space electric fields at the bGO surface at frequencies M1-M3, respectively, and (h-j) the respective two-dimensional Fourier transformation. The fields were calculated using COMSOL Multiphysics10 (see Methods for details). (k-m) Real-space electric fields at frequencies N1-N3, respectively, and (n-p) the respective Fourier transforms. All maps (e-p) were calculated using the non-dispersive permittivity tensor (Fig. 3a-d), thus showing rotated field patterns with different orientations depending on the frequency. The thin black and white crosshairs indicate the principle axes of the respective frequency-dispersive coordinate system, its rotation given by  at the corresponding frequency. Small black circles in (h-j) and (n-p) mark the momentum value of the analytical dispersion in (c) and (d), respectively. 
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Fig. S3 Experimental data sets for bGO and aQ at different gap sizes. The gap size dgap in our Otto geometry setup can be tuned and monitored11, enabling control over the excitation efficiency of the polariton modes9. (a-c) shows the data sets measured for bGO, and (d-f) for aQ, at three different gap sizes each, respectively. For smaller gaps, some modes are overcoupled and their resonance features broadened (such as the mode at 500 1/cm in bGO), while for larger gaps, some modes are undercoupled and their resonance features too weak to be clearly distinguishable (in particular the mode at 725 1/cm in bGO). The center gap sizes compromise between these effects. Note that the gap sizes indicated here are the values monitored with a whitelight interferometry setup11. The fits performed for the data sets shown in the main text in Fig. 2 (data set (b) for bGO and (e) for aQ), however, yielded larger gap sizes of 8.3 μm (bGO) and 10.4 μm (aQ). The offset can be attributed to non-perfect parallel alignment between prism and sample and a lateral offset between the polariton excitation site with the FEL and the whitelight spot for the gap measurement. 
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Fig. S4 Active tuning of the propagation direction of HShPs in bGO. Rotation angle γ (Eq. 2 of the main text) calculated as a function of doping concentration N (in cm-3), assuming a Drude contribution with anisotropic charge carrier mobility, μx=296 cm2V-1s-1, μy=μz=37 cm2V-1s-1. (Literature values of μ in bGO feature a large variance12. We here assume strong anisotropy of the charge carrier mobility in order to emphasize the rotation mechanism.) Clearly, between the TO frequencies where the HShPs disperse, the rotation angle γ is strongly dependent on the doping concentration, enabling active tuning of the propagation direction of the supported polariton modes. Note that for an isotropic Drude contribution, on the other hand, Eq. 2 predicts no rotation of the propagation direction as a function of doping concentration. 
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Fig. S5 Propagation losses as function of shear dissipation scaling. (a) Extracted propagation length from COMSOL field patterns for various values of the scaling factor , see main text. The decay lengths of the surface waves were fitted for all azimuthal directions, and the maximum value was taken for each . (b) Minimum loss  at   for analytical solutions of the complex frequency calculations as a function of the shear dissipation scaling factor , compare Fig. 3i. Both calculations predict systematic reduction of propagation losses with increasing , i.e. going from the artificial biaxial to the natural monoclinic bGO. All calculations were performed at .
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