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Abstract The adaptive hp pseudospectral method is an ef-
fective choice in solving the optimal control problem. In or-
der to improve the computing efficiency of the adaptive hp
method, an improved adaptive hp mesh refinement method
is proposed in this paper. There are two main cores in this
method. The first is to refine the mesh in advance based on
the change rate of the control, so that the algorithm can more
efficiently deal with the optimal control problem with dis-
continuous control. And the second is to based on the accu-
mulation of curvature values to ensure that those positions
that need to be refined more can be quickly allocated to more
mesh points. These two are combined with each other to im-
prove the solving efficiency of the algorithm proposed in
this paper, which shortens the required computing time. In
addition, the convergence of the algorithm is proved in this
paper. The simulation results show the effectiveness and su-
periority of the algorithm proposed in this paper.
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1 Introduction

In recent years, it has become more and more popular to use
direct collocation method to solve complex optimal control
problems, among which pseudospectral method [1-8] is de-
veloping rapidly. Based on Legendre-Gauss (LG) points [1],
Legendre-Gauss-Radau (LGR) points [5,6], or Legendre-
Gauss-Lobatto (LGL) points [4], the pseudospectral method
mainly uses Lagrangian interpolation polynomials to trans-
form the optimal control problem into nonlinear program-
ming problem (NLP), and then use the NLP solver [9] to
solve it.

Many researchers have actively explored the theory and
application of the pseudospectral method, and have achieved
some considerable results in solving the optimal control prob-
lem. Garg et al. [4—6] study the algorithm framework and re-
lated theoretical foundation of pseudospectral method based
on three types of collocation points of LG, LGR and LGL.
In [4], a unified framework of pseudospectral method for
three collocation strategies is proposed, and the accuracy
and characteristics of the algorithm under each strategy are
deeply analyzed. Aiming at the trajectory optimization prob-
lem in finite-horizon and infinite-horizon, the solution accu-
racy of pseudospectral method based on LGR collocation
points is deeply studied in [5]. Similarly, based on the two
collocation points of LG and LGR, Garg et al. [6] adopt
the pseudospectral method to solve the infinite-horizon opti-
mization control problem, focusing on studing the influence
of several different time domain transformation methods on
the solution results. Relying on the pseudospectral method
to transform the continuous optimal control problem into a
nonlinear programming problem, Patterson et al. [10] pro-
pose a method to calculate the first and second derivatives
of the NLP function, which improves the solution efficiency
for NLP. For the optimal control problem with terminal con-
straints, Fahroo et al. [11] reveal the superiority of the pseu-
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dospectral method based on Legendre polynomial in deal-
ing with this type of problem. Gong et al. [12-14] use the
covector mapping principle to show that the discrete solu-
tion obtained by the pseudospectral method can converge to
a continuous optimized solution when solving the optimal
control problem.

However, when the pseudospectral method is used to
solve some complex optimal control problems, it may not be
able to obtain a satisfactory solution using a fixed number of
collocation points and a single grid interval. In response to
this problem, scholars have proposed two strategies. One is
the p method [15] which improves the accuracy of the so-
lution by increasing the number of collocation points. The
other is the h method [16-18] to increase the number of
mesh intervals by continuously dividing the time domain to
ensure the accuracy of the solution. Along these two direc-
tions, many researchers have conducted a lot of meaningful
research. If there is a smooth analytical solution to the op-
timal control problem, the p method can get good results.
Hussaini et al. [19-21] has shown that in this case, by in-
creasing the number of collocations, a good approximation
of the analytical solution and the exponential convergence
rate can be achieved. However, if the solution of the optimal
control problem is non-smooth, such as there are disconti-
nuities or sudden changes in the solution, in this case, even
if the number of collocation points is increased to increase
the order of the interpolation polynomial, it is difficult to ob-
tain a satisfactory solution. Therefore, in this case, h method
is proposed, where original time domain is divided and ana-
lytic solution is approximated by establishing different mesh
intervals. Relevant research has proved that this method can
effectively make up for the shortcomings of p method [16—
18].

Considering that the h method and the p method have
their own advantages, some people have appropriately com-
bined the two to further improve the accuracy of the solution
and the efficiency of the calculation [22-25]. Patterson et al.
[22] propose a mesh refinement strategy called ph method.
In essence, it is a way of using h method first and then p
method in the optimization process. In other words, when
using the ph method for mesh refinement, the order of the
interpolation polynomial will first be increased to improve
the accuracy of the solution. And when the order reaches
the specified maximum limit, the mesh will be segmented
instead until a satisfactory solution accuracy is obtained. In
[23-25], a mesh refinement method called hp method is pro-
posed. Unlike ph method, this method is to adaptively de-
cide whether to use h method or p method to refine the mesh
through certain criteria. Darby et al. [23] take the consis-
tency of approximation error as the criterion. If the approxi-
mation error of each collocation is relatively consistent, the
p method is used to refine mesh, otherwise, the h method
is used. Liu et al. [24,25] take the smoothness of the solu-

tion as the criterion. If the obtained solution is smooth, the
h method is used for refinement, otherwise, the p method is
used. The hp method has been favored by researchers due
to its efficient solving ability and the flexibility of the algo-
rithm. In recent years, many scholars have carried out exten-
sive research on it and greatly developed its related theory
and application [26-30]. Li et al. [31,32] apply the adap-
tive hp method to the field of trajectory optimization, which
effectively solve this kind of complex nonlinear optimiza-
tion problem, and obtain satisfactory solution accuracy. By
improving the mesh refinement process, some effective vari-
ants of the hp method are proposed in [33-37].

Although the aforementioned works [23—37] on the adap-
tive hp method has made great progress, there still are sev-
eral issues that need further consideration.

1. When there are sudden changes in the optimal control
curve (such as bang-bang control [38,39], switch control
[40]), in order to obtain a satisfactory solution, some ex-
isting adaptive hp methods often configure a large num-
ber of collocation points near the sudden change point,
or segments the grid frequently, which largely increases
the dimensions of the NLP, therefore, affects the compu-
tational efficiency.

2. Most of the existing hp methods divide the mesh evenly
according to the criterion, which is inefficient and may
lead to frequent segmentation in the process of mesh re-
finement. This process will inevitably increase the num-
ber of iterations and prolong the computing time.

3. When hp method is used to solve optimal control prob-
lem with Bolza form, most existing works do not give
the strict proof of convergence of this algorithm. Al-
though the convergence of hp method is analyzed in [46],
it is only discussed for solving unconstrained optimal
control problems.

In view of the aforementioned consideration, this paper
proposes an improved adaptive hp mesh refinement method,
which mainly has three contributions.

1. By accurately locating the sudden change points of the
control curve, the mesh points are added in the vicinity
of these points. With the targeted mesh refinement in ad-
vance, the number of iterations of the grid is reduced and
the efficiency of the algorithm is improved.

2. In order to further improve the efficiency of mesh re-
finement, a mesh segmentation method based on the cu-
mulative sum of state curvature values is designed. This
non-uniform segmentation method (unlike the uniform
mesh segmentation method in [23-26]) can ensure that
the locations that need more refinement can be quickly
allocated to more mesh points.

3. For the Bolza optimization control problem with equal-
ity and inequality constraints, we extend the results in
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[46] and further prove the convergence of the improved
adaptive hp algorithm proposed in this paper.

The remaining part of the paper is organized as follows.
In Section 2, the optimal control problem to be solved in
this paper is described and transformed into a nonlinear pro-
gramming problem based on LGR collocation method. Sec-
tion 3 is the description of the improved adaptive hp mesh
refinement method, and the core algorithm of this paper is
introduced in detail. In Section 4, we prove the convergence
of the proposed algorithm. The simulation example in the
Section 5 verifies the effectiveness and superiority of the
method in this paper. In Section 6, the work of this paper
is summarized.

2 Preliminaries
2.1 Problem Formulation

Without loss of generality, we define an optimal control prob-
lem with Bolza form as in (1), that is, to find the state-control
function (x,u) € R™ x R"™ such that

Iy

min J = E (xo,Xy,to,tf +/ F (x(t),u(t))dt

(B){ s-t.%(t) =f (x(t),u(?)) (1)
e (xo.x7,00,17) =0
h(x(t),u(t)) <0

Where, x € R™ is the state variable, u € R™ is the con-
trol variable, and x and u are defined as row vectors.
and ¢ represent initial time and terminal time, respectively,
and xo = x(t9), Xy = x(tf). E(e) and F(e) are scalar func-
tions, which represent the terminal type and integral type
performance indicators, respectively. f(e) € R"/ represents
dynamic constraints, e(e) € R" represents boundary con-
ditions, h(e) € R" represents inequality path constraints.
Define f, e and h as row vectors. All these nonlinear func-
tions (E, F.f,e, k) are continuously differentiable in their do-
mains, and their gradients are Lipschitz continuous.

According to Pontryagin minimum principle [41], we
can reduce the first-order necessary condition of problem B
to the following boundary-value problem [42,43].

find [x(e),u(e), A(s), (o), V]
such that x(¢) =f (x(¢),u(r))
e (xo,xy,10,1) =0
h(x(t),u(r)) <0
A(r)=—0H(r)/ox
dH/du =0
{A(10),A(ty)} = {—0E/dxo ,0E/ox; }
{H(1),H(tr)} = {0E /oty ,—dE /01 }
(D) > 0, p(o)- BT (x(1),u(r)) =0

2

Where H(t) represents the Lagrangian of the Hamilto-
nian.

HA, p,x,u):=H(A,x,u)+p-h'(xu) 3)
H is the Hamiltonian function.
H(A,x,u):=F(x,u)+A-f (x,u) 4)

E represents the Lagrangian form of the endpoint con-
straint.

E_(V,xo,x‘f,t(),[f) =F (x(),x_f,t(),tf) + ve' (X(),Xf,t(),tf)
)

In addition, the Lagrangian multipliers g, A, and Vv in
Egs. (3)~(5) are row vectors of nj, dimension, ny dimension
and n, dimension, respectively.

In order to solve the problem B, here we adopt the idea
of mesh division in the hp pseudospectral method, select
K + 1 mesh points [Ty, T1, .. ., Tx] on the entire time interval
[to, 7], and divide them into K mesh intervals Sy = [Tj—1, Ti],
k=1,2,...,K. Where Ty = 1o, Tx = tf, Up1 Sk = [to,1/).
Let x)(¢) and u®) (1) denote the state and the control on the
mesh interval Sy, respectively. Therefore, problem B (Eq.
(1)) can be equivalent to

min J =E (x<'>(T0)7x<K)(TK))
K T,

+k; - F (x(k> (t),u® (l))dt

B0 dx(:;(t) —f (x<k> (1), u® (z)) k=1,2,....K

e (x(l)(To),x(K>(TK)) =0
h (x(k)(t),u<k)(t)) <0

k=1,2,....K
(6)

Since the state must be continuous in time interval [to, /],
the following conditions should be satisfied at each internal
mesh point.

Oy =x(TH), k=1,2,... K—1 (7)
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2.2 Legendre-Gauss-Radau Collocation

In order to transform problem B into nonlinear program-
ming problem (NLP), here we use the LGR collocation met-
hod [4-6] to discretize Eq. (6). First of all, we need to intro-
duce time-domain variation to transform time ¢ of each grid
interval S = [Tx—1,Tx], k=1,2,...,K tointerval [—1,1]. In-
troduce a new time variable T and make the transformation
as shown below.

Xk Ti+ Ty
Ty — Tr—1

=12,...,K (8)
Ty — T

Let hk denote the length of each mesh interval Sy, that
is, hy = T — Ty—1. Combined with Egs. (6)~(8), problem B
can be rewrltten as

min J =E (x(l)(—l),x(K)(+1))

=12/
dx® (1) Iy

. = kp(x® (k) =1,2,....K

(B){ st == = S (x9(0).uP(0)) k=1,2....,

e (x(l)(—l),x K>(+1)) =0
h (x<k)('c),u<k)(r) <0 k=12,....K
xO (1) =x*D (1), k=1,2, —1

©)
Then, select N, LGR collocation points Tl(k), e, 1'1(\,12 ) e
[—1,1) [44] on each mesh interval Si(k =1,...,K), where

‘L'l(k), ey Tz(v]? (Tl(k> = —1) is the root of polynomial Py, 1 +

Py, (Py, is Legendre polynomial of order Ni). In order to dis-
cretize Eq. (9), we use LGR collocation points ‘L'l(k), ceey Tzi/i )

(k)

and noncollocated point TNl = +1 as sampling points on
each mesh interval Sy to achieve Lagrange interpolation on
x®) (7). The interpolation polynomial based on these Ny + 1
points is expressed as follows

Ng+1 (k)
W)= [T =, j=1,2,... Ne+1 (10)
! i=1 T<k T~(k)

i#j ! !

Thus, the continuous state x(k)(r) on mesh interval Sy
can be approximated as

Ni+1
(®) Y xW
x\W (1) ~ Z X l (11)
Here, x® j=1,2,...,Ny+ 1 is an approximation of

i
x(®) (T(.k) ). Taking the derivative of Eq. (11) at the collocation

J
points T](k), ey ‘L'Ii,i), we have

Ni+1 Ni+1
):X ¥ ZX DY, i=1,....N
(12)
Where, D@ = i(k>( (k)) Let U(k) ,j=1,...,Ni denote

the approximation of the control u( )(’Cj(k ). Then, by inter-
polating the function F (x ’L’)) , its integral can be

approximated as

N,
/ F (x (0),u) (7)) = Y F (x.01) el a3)

J—1

(14)

Combining Egs. (10)~(14), we can transform the opti-
mal control problem (Eq. (9)) into an NLP, which is given
as problem BV

5)

For problem BY, we can use the NLP solver SNOPT [9]
to solve it. However, the optimal solution solved directly
may not be able to meet the accuracy requirements of the
original problem B. Therefore, we need to continuously ad-
just the position of mesh points [Ty, T1,...,Tx] (h method)
and the number of LGR collocation points in each mesh in-
terval (p method), and then iteratively solve problem BY un-
til the optimal solution meets the accuracy of the original
problem B. In this paper, we propose an improved adaptive
hp mesh refinement method.
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3 Proposed Algorithm Framework

For some optimal control problems, the sudden changes of
the control and the excessive curvature of the state curve
will bring difficulties to the mesh refinement process of the
adaptive hp method. However, in most of the existing stud-
ies [22-26], the traditional h method is used to segment the
mesh evenly, which leads to frequent mesh refinement, in-
creasing the number of iterations and reducing the solving
efficiency. In response to these problems, this paper has im-
proved the traditional adaptive hp mesh refinement method
and formed a new algorithm with two core points. One is to
find out the interval containing control sudden changes by
evaluating the derivative U 1@ at different allocation points,
and then refine the interval emphatically. Second, different
from the uniform segmentation method adopted by the tra-
ditional adaptive hp method, this paper determines the lo-
cation of the mesh points according to the curvature of the
state curve, that is, where the curvature is large, the mesh
points are dense, otherwise they are sparse.

This section mainly introduces the improved adaptive hp
mesh refinement method proposed in this paper. Section 3.1
is the evaluation of the solution error. In Section 3.2~3.6,
we give a detailed description of the core algorithm of mesh
refinement proposed in this paper.

3.1 Evaluation of Solution Error

After solving the solution of problem B" using the NLP
solver, it is also necessary to judge whether the solution can
achieve satisfactory accuracy, that is, whether the error be-
tween X (1) and x¥) (1) in Eq. (11) can be within a toler-
ance range €. Since we cannot know the analytical solution
x(®) (7) of problem B in advance, here we take the following
method to evaluate the solution error in each mesh interval.

First, add an LGR collocation point in each grid inter-

val. For the mesh interval S; (k = 1,2,...,K), denote the
(k) ~(k)

new I collocation points as (%,",..., L ), where I} = N, +
1, ‘Z’l(k> = —1. At the same time, select noncollocated point

A(k
1:1(7( 11 =+1.
Then, based on the numerical solution (X (k) U k )) and

J
the corresponding sampling points (Tl(k>, ’L'[(\, )+1) the state

X<k)(%i(k)) at (%1( ) %(k),. . ,%}fﬂrl)and the control U )(Ti(k))

]
at (’Trfk)7 ces f’i(k)7 %(k)) are obtained by Lagrange interpo-
lation. Therefore, X*) (% ( ) can be approximately expressed

as

xOEy = ¥ xWiWE0) i=1, G
j=1
k (16)

l“‘Rr)—NkH o Ne+1
g = g w0 T o

i=1 ’L'j T

i#J
Similarly, U®)( ‘E'(k)) can be approximately expressed as

Ng
A(k k) (k) ~(k
o) = LU P E), =1
j=
Ny (k) a7
(k) . T—Ti .
iz

Finally, combining the X*) (£, o )) and UMW) (2] 2k )) obtained

o (k
above, integrate again to obtain the state X( )( ,-< ) ) at

(%fk), ey ‘El.(k), ey %}f )+1) using the integral form of the dis-

crete state equation.

(k) 2(k)

For the new LGR collocation points (%,™,...,%;"), con-
struct a I} x (I} + 1) differentiation matrix ﬁ(k> and the el-
ement at position (i, j) is D( df(k)( ) /dt , where

I+l 2 (k)
k T—1;
A

Similar to the derivation of the discrete state equation
in Eq. (15), the discrete state equation at collocation points

(%l(k),...,i'}f))can be expressed as follows
G+l
K ) 2Ky _ ke (k) 20y ) 20)
DY/ xW (s} X ), UM (1
L o) o (xWEheat) o

i=1,2,...I k=12,....K

a0 _

At the same time, an I} X I} integration matrix

(k)

A ey _1 2
{ng), el ’Dg)ﬂ} is constructed, where D; " is the ith col-

umn element of the differentiation matrix ﬁ(k). Therefore,
combined with Eq. (19), we can obtain the integral form of
the discrete state equation as follows
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Where fl(]k) is the element at position (i, j) in the integra-

(k)

tion matrix I .

So far, we can use ’X(k)(fi(k)) —)A((k)(f'i(k))‘ to approxi-
mate the error between the numerical solution X (k)(’c) and
the analytical solution x¥) (1) of problem B, which is ex-

pressed as follows
(k) 21

Where Xl(k) and Xl(k) represent the /th element of vectors
X% and X k

On the mesh interval Sy = [T;_1,7}], we use egfgx cal-
culated in Eq. (21) to represent the error of numerical solu-

), respectively.

tion (X Wy (-k)). Set € is the accuracy tolerance range. If

VAR
egfgx < € holds for all mesh interval S, k = 1,...,K, then

the numerical solution obtained is considered to be satisfac-
tory and the iterative solving is stopped. On the contrary, it
is necessary to refine the original mesh and continue the it-
erative solving. The detailed mesh refinement method is as
follows.

3.2 The Mesh Refinement in Advance Based on Control
Sudden Changes

For many optimal control problems, there are some sudden
changes on the control curve, such as bang-bang control
[38,39], switching control [40] and so on. When hp pseu-
dospectral method is used to solve problem BY, the sudden
changes of control curve will greatly increase the number of
iterations and affect the efficiency of solution. For example,
consider the time optimal control problem of the following
second-order integrator model

Iy
min J:/ dt
0

st x1(t) = x(t),%2(2) = ul(r)
x1(0) = 1,x1(tf) =0
)Q(O) = 1,)62([f) =0
—1<u(r) <1

(22)

In order to find out the optimal control u*(¢) to minimize
the cost function J, the adaptive hp method in [23] is used to
solve Eq. (22). The results are as in Fig.1.

According to the optimal control theory, this example is
bang-bang control, and its analytical solution is shown in
Eq.(23).

1.5
1
05
Ef
0
-0.5
-1
0 0.5 1 15 2 25 3 35
times(s)
(a) control vs time
various grids
16 T T T T T
15 % meshpoint © collocationponit;
14 T
1 3pcdipodiicaeoaokodioditododcoilllioakodkodkodkodk
1 2caiecdiecaiecaeoisodiscakoaieoaiecoiiilieoskoalodikodieodk
. 1 Beodiecdiecalecaeorsitoceodecditodio o ol deoc
£ 10poaieoaieibcaieosoafodoafodioilililieododkododod
£ oot oMok
g Y:Ii* secajecrieoaieodeodieoaiecaliilibcniodiodiodeod
E  Hecdieodiecaicodiecitodjeodiiodtoaiiociiilllooskodiodieod
g Gpofecafecacoaitodoaisoaiioaioacaliillisoskoakododiodk
Afeodjeociodecaoaieodkodeodcoifiillieoskoaodioaod:
4I¢$‘:‘$ ceogecaieodiecaliililec: okcdodod
Smcaleodiscalioaecaoalioakioakoaisalilllisosionodioakod:
%i* Hecajecriocieoditodipodiecatodie feoctitodfiodie
1 ; Y
L ! bl
0 ; I
0 0.5 1 1.5 2 25 3 35 4

t/s

(b) approximation points of various grids

Fig. 1 Optimization results of system (22)

—1,0<1<222
*(f):{ (23)

+1,222<t<3.44

By comparing Eq. (23) with Fig. 1(a), when the adap-
tive hp method [23] is used to solve this example, the op-
timization result is in good agreement with the analytical
solution. On the other hand, in the process of solving the ex-
ample, in order to achieve the desired approximation accu-
racy, dense mesh points and collocations are needed at the
sudden change point (¢=2.22s) of the control curve, which
greatly increases the number of iterations and reduces the
efficiency of the solving (see Fig. 1 (b)).

In order to effectively solve the above problems, in the
improved adaptive hp method, we refine the mesh in ad-
vance based on the sudden change points of control. The
basic idea is to accurately locate the sudden change points,
and then refine the mesh around the points first to improve
the efficiency.
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Fig. 2 The derivative of control.

Firstly, in order to locate the sudden change points, take
time derivative along u®) (1) at 1;(i = 1,2,...,Ny)

®) (7. ) — & (+.
) ) = L) o) 24)
liy1 — 1
Where t; = (7,4 1)l /2 + T;_1, Eq. (24) can be further
written as

24 -uW(m) 205 -U)
hy Titl — T Ch T —T

(1) = (25)
Then, according to the derivative of the control and the
set threshold, the interval of the control changing too fast
is selected. Suppose that the derivative of control at each
collocation point in interval Sy is as shown in Fig.2.

In the Fig. 2, n is the set threshold. When the deriva-
tive of the control exceeds ) (such as tq and [tg_;,1g,15. 1]
in Fig. 2), we determine that there may be control sudden
change points in this area, so we need to refine the mesh in
advance.

Finally, mesh points are added in the area where the con-
trol changes sharply, so as to refine the grid in this area
first. Taking Fig. 2 as an example, we will add new mesh
points fg—1,%0+1,1g_2,tg42 to further refine the grid of ar-
eas [tq—1,tq+1] and [tg_,1g.5]. In order to describe the sub-
sequent mesh refinement process, the new mesh points are
denoted as [T'y,T'1,...,T k], and the new mesh intervals
are denoted as Sy = [T, 1, '], k=1,2,...,K'.

3.3 Criterion of Mesh Classification Refinement based on
State Curvature

When using hp method to solve the optimal control prob-
lem, the mesh interval should be classified first and then
refined [22-25]. The state in some mesh intervals change
dramatically, so the segmented method is suitable for this
kind of interval, that is, h method. While for those mesh in-
tervals where the state change smoothly, it is suitable to use
the method of adding collocation points to refine, that is, p

method. In the improved adaptive hp method, we take the
curvature of state as the criterion of classification.

The set of collocation points in the new mesh interval S
is denoted as £, , and the state at each collocation point is
expressed as €2, ). Based on €, and £,,), N points with
equal time intervals are selected in the interval [T7;_1,T’(]
for Lagrange interpolation, and the coordinates of the inter-
polation points are recorded as (xgk) , Yi(k)), i=0,1,....N—

1

1, where x-(k) =T 1+i-(T'y—T1)/(N—1). The cur-

1
vature of each point can be calculated by using the interpo-

lation point coordinates.

7|

1

W= 1L - i=01,..N-1 (26)

) 2
1+

Combined with the curvature, we set the criterion of
classification refinement as

(k)

P
Cri = N . (27)
- k
o /N
=l

If the curvature threshold parameter is set to p and
crit® > p is true, it can be considered that the state in the
mesh interval changes too fast and need to be refined by
segmentation. On the contrary, if crith) < p, it is necessary
to refine the mesh by adding collocation points.

3.4 Increasing Collocation Points based on Maximum
Approximation Error

If it is determined in Section 3.3 that the number of colloca-
tions needs to be further increase in mesh interval S’;, here
we will increase the number of collocations according to the
maximum approximation error e,(ffgx in Eq. (21) in the fol-
lowing way

(k)
N/k = Nk + |:log10(emax/g ):| (28)

Where, Ny is the original allocation number of inter-
val §’;, N'; is the increased allocation number, and € is the
set accuracy tolerance range. [e] represents the least integer
function.

The rationality of this method is that if the solution error
of the mesh interval is large, more points need to be added to
improve the accuracy of the solution. If the error is small, a
small number of collocations is added to ensure the solving
speed.
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3.5 The Segmentation Method based on Cumulative Sum
of Curvature

When the traditional adaptive hp method performs grid seg-
mentation, the mesh interval that needs to be segmented is
usually equally divided into several sub-intervals. This ap-
proach does not maximize the efficiency of segmentation,
that is, it does not allocate more mesh points to those loca-
tions that need more refinement. In order to further improve
the efficiency of mesh refinement, we design a segmentation
method based on the cumulative sum of curvature, that is,
assigning more mesh points to the position where the curva-
ture of the state curve is larger.

Firstly, the number of subintervals to be added is esti-
mated. The principle is that if the approximation error of
the solution in the mesh interval is large, the interval needs
to be divided into more subintervals. On the contrary, the
number of subintervals is less. According to this principle,
the number of sub-intervals divided in mesh interval ' is
determined by the following formula

(k)
M® = max | 2, Gloglo(en;ax) (29)

Where max (o, %) is the maximum of o and *. ¢ is the set
product factor.

Then, according to the curvature of the state curve in
mesh interval §';, the position of the new mesh point is de-
termined. It is known from Eq. (29) that interval S’; needs
to be divided into M®) subintervals, that is, M *) _ 1 mesh
points need to be added between T';_; and T';. In order to
determine the location of these mesh points, we need to refer
to the curvature Kl-(k) at each interpolation point ( xi(k),lfi<k))
in Eq. (26) to ensure that more dense mesh points are config-
ured at the position where the state changes rapidly. Firstly,
the continuous curvature curve is taken as an example to
analyze, assuming that the curvature changes with time as
shown in the figure below. According to the above mesh
segmentation principle, if the original interval needs to be
divided into four sub-intervals (as shown in Fig. 3), we can
select new mesh points m, m and m3 such that §; = S, =
S3 =84 =S5/4, where S, Sz, S3 and S4 represent the area
bounded by the curvature curve and the time axis in sub-
intervals [T'y_y,m], [m1,m], [my, m3] and [m3, T';] respec-
tively, and S represents the total area bounded by the curva-
ture curve and the time axis in the whole interval [T';_, T'¢].

Referring to the above analysis, for the discrete curva-
ture, the mesh point configuration rule of the improved adap-
tive hp method in this paper is to select M*) — 1 points

from the N interpolation points xi(k) in the interval Sy, and

record them as mgk), i=1,...,M® —1, so that the sum of

the curvatures at the interpolation points in each sub interval

A
curvature

W time(/s)

nl

T

Fig. 3 Mesh interval segmentation.

[ml@l,mgk)] is approximately equal. According to this rule,

the algorithm for selecting new mesh points is as follows

mgk) _ { j(_k)

_ N—1
Where §= Y v ¥ /m® .
i=0

j -1
YrY>is Yl < iS‘} (30)
1=0

1=0

3.6 Algorithm Procedure

So far, the key steps of the improved adaptive hp method
proposed in this paper have been described, and the process
of its core algorithm is summarized as follows

Step 1. Select the initial mesh points [T, 71, . ., Tk, and set
the initial collocation points (Tl(k>, ey ’c](\f; )) in each
mesh interval Sy = [T;_1, T].

Step 2. Based on the current mesh points and collocation
points, use the NLP solver to solve the problem BN,

and get the numerical solution (ng) , U;k)).

Step 3. Use the method in Section 3.1 to approximate the
error between the numerical solution and the analyt-
ical solution, and compare the maximum error efﬁx
in each mesh interval S; with the accuracy toler-
ance € to determine whether the original grid needs
further refinement . If eﬁﬁx < € is established in all
mesh intervals, the existing numerical solution can
be considered as a satisfactory solution, and skip to
Step 4. Otherwise, skip to Step 5.

Step 4. Complete the iteration of the solution, and take the
current numerical solution as the final output.

Step 5. The existing numerical solutions do not meet the ac-
curacy requirements, so the mesh needs to be further
refined:

i. Determine the location of the sudden change
points based on the change rate of control, add

new mesh points around them, and refine the
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Initial mesh point [7;,7,..., 7]
and collocation point (r,‘“,m,‘r'&’)

l

»| Solve problem " by NLP solver

()

Evaluate the
solution error

End iteration

Refined mesh in advance based on
change rate of control

New mesh point [75,7}’...,T}.]

Evaluate the curvature No
of state X"’

Cri® > p?

Divide mesh interval based on
the accumulation of the
curvature

Increase
collocation

v

Construct new mesh points and
collocation points

Fig. 4 Algorithm procedure.

original mesh points into [T7o,T",...,T g/] in
advance.
ii. Calculate the curvature Ki(k) of the state X" in

1
each mesh interval 8y = [T',_1,T(], so as to

continue to mesh classification Refinement. If
cri® in Eq. (27) is greater than the threshold
P, go to step iii. Otherwise, go to step iv.

iii. According to the method in Section E, the mesh
interval S’y is segmented based on curvature ac-
cumulation.

iv. Based on the maximum approximation error
egfgx in Eq. (21), as described in Section 3.4,
add a certain number of collocation points in
the mesh interval .

Step 6. The refined mesh points and collocation points in
Step 5 are brought back to Step 2 for a new round
of solving.

The procedure of this method is shown in Fig. 4.

4 Theoretical Convergence Results

In order to prove the convergence of the algorithm, the fol-
lowing assumptions are made for problem B (Eq. (1)).

Assumption 1 For > 3, in the domain C!*! (R"x) x L (R"™)
x CHH(R") x CI*1(R™) x R", there is an optimal solu-

tion (x*,u*, A", u*, v*) for problem B (Eq. (1)) so that the
Pontryagin minimum condition (Eq. (2)) holds. At the same
time, there is ¥ > 0 and open set 2 C R™ x R™ such that
By (x*(t),u*(t)) C £ holds for any ¢ € [to,t/], and the first
two derivatives of functions F'(e), f(e) and h(e) are Lips-
chitz continuous in €, and the first two derivatives of E(e)
and e(e) are Lipschitz continuous in By (x*(t5)).
Assumption 2 For any ¢ € [fg,t/], consider the following
matrices

A= VxxE(x* (tf))’ B = Vxxe(x*(tf))’ = <SQT((tt)) Iiig)

Where Q(t) = Vo H, S(t) = Vi, H, R(t) = V,,H. As-
sume that the smallest eigenvalues of matrices A, B, and C
are strictly greater than zero.

Assumption 3 For any 7 € [to,1/], there is | V.f (x*,u*)|| <
K
in L
A T -
Next, analyze the convergence of the improved adaptive
hp algorithm proposed in this paper, i.e. to prove that for the

NLP BN (Eq. (15)) there is a minimum point <X§k) 7U§k) )
and Lagrangian multiplier vectors lgk), ugk) and v®) such

that (X Ek) U Ek) ; lﬁ’“) ; ll,@ ) vk >> converges to the optimal so-
lution (X;k(k), U l;<k) ) ﬂj(k) ) V*U‘)) of problem B, where

i )
k=1, K.i=1,.. N.X;® =x®(5) ;Y = (g),
LY =2 ) Y = ).
Theorem 1 If Assumption 1 ~ Assumption 3 hold, then for
problem BN (Eq. (15)), there is a minimum point (XI@, Ul(k))

and Lagrangian multiplier vectors lgk), ul(k) and v satisfy

)

max { HXN" - X*(k))

U — ) ‘

AN ),*(k)‘

i Y
oo oo

I+1
[ — ]| v —ve) L G
oo o) T le_%
k
3D

Where X — (Xﬁk),. . ,X,(\If]j)T,X*<k) - (X’;UC),_ 5 ,X;gf)f,
UM = <U§k>,...,U§§k>)T, U — (UT(k)w--,U}‘Vik))T, AN —

T T
(AP, Ay A= (AT =
(uﬁk)7...,u1(§k))T, p k) = (u’l‘(k),...7u;§,(kk))T. In addition,
k=1,...,K. Ni is the number of LGR points in the mesh
interval S, hy represents the interval length of Sy, Cy is a
constant greater than 0, and the definition of [ is similar to
the definition of / in Assumption 1.

Proof First, consider the first-order necessary conditions for
the minimum point of problem B (Eq. (15)).
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®)

Introduce Lagrangian multiplier vectors A l(.k) eRY, m

€R"™ and & *) ¢ gre (all three are assumed to be row vec-
tors), and construct the following Lagrangian function

Ng+1 k=1;:1? J Joor
K N Ne+1 T
&) [ Tk (k) oK) *) 1y(®)
+k21 .ZIAt .<2f(Xl U - Zl x! DU>
== =

(32)

Let ng) denote the element in column { of differentiation
{Dg{)} . At the same time A V= (A <lk) oo
Calculate the gradient of Lagrangian function L in Eq. (32)
to X;VK) 1 X(ll), XE ) and U( ) respectively. The first-order
necessary conditions for the minimum point are as follows

matrix DK =

Py, (FO )+ (0 00)
_ (D%?H)T-A(K) -0

vy (E (3" x50 ) + €Y

h
+ zlwf )V

eT(xs“,xx,ial))
>F(x<s>,usl>) B A (10.00)

1 1
U m v n" (X<1 L) =0

x!

_ZDII

(35)

(I1<k<K,1<j<No

,Ag’,‘k>)T.

(36)
Let
A(k) m(k)
AW =S ) = Ty — g (37)
o® o®
K K \T
)"I(VK)+1 = (DI(VK>+1> 'A<K) (38)
(1) 1 1
o}V = -Dj) - —; (39)
w,
(k) o) ® K 0
+ _ J
ij —_WDﬁ 7Dji #Dll (40)

i
Combining Egs. (37) ~(40), rewrite the first-order nec-
essary conditions (33) ~(36) into the following form

Veo (E(x7XE) v et (x) X))

Ng+1 41)

K
A'}(VK)+I _0
St ALY (el
j:z“l 1j 2 X + 1 f
1
= (k). T (1) (42)
+w1(1) (VX?) (E+V e )-1-11 )

+”§1)VX5|)hT (X(IU’ U(11)> =0

i i

ABF (X9, 00)) 4, hT( X0 ub) =0

Yy D00 4 %VX@ (F (x°,0)

[ 1 1

1<k<K, 1<i<N,x¥ 2x{V)
(43)

My ® (F (ka)7

>V V) ealst (a0 o)

+ IVt (X9 U0) =0 <k<K 1<i<Ny
(44)
The proof of Theorem 1 requires the following Proposi-
tion [45].

Proposition 1 [45] If Assumption 1 ~ Assumption 3 are es-
tablished. For 8" € £ and r > 0, let the mapping I : & — ¥
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be continuously Frechet differentiable within B,.(6™). Where
X is a Banach space and ¥ is a normed linear space. If the
following conditions are true

(C1) VI'(67) is invertible.

(C2) For any o0 >0, there is r >0 such
that ||VI'(0)—VI'(0")|| < o holds for all 8 € B,(0%).
Let @ — Hvr(e*)‘1 , if there is 6@ < 1 and ||['(8%)] <
(1—@o)r/®@ . Then there is unique 6 € B,(0") such that

I'(0) =0, and at the same time there is
(0]
6—-06" re* 45
I o < =55 1T (87l (45)
Let 0 = (XNk, UNe, ANk, e, V(k)) and 0* =

(X*<k)7U*(k)’A*(k) PRORE0)
ing Egs. (15) and (41)~(44), the expression of mapping I

). At the same time, combin-

at @" is defined as I'(0*) = (I1(0"),...,I35(8*))", where
£\ w(k) T\ _ *(K)

1i(8) =V, (E+v e ) PR (46)
o NS ()5 T #(1) g1

n(6%) = Z]D” A 2VX*<‘ (FJF)V1 f)

(1) T L ®)
+ 1,y VX»;mh + O (VXl (E+V )+). )
1

47)
=1
+uj<"> wh™ (1<k<K 1<i<N.X®zx0
(48)
. h
L(6°) = 2V, (m). fT)Jrul k" w)

(I1<k<K, 1<i<Np)

56" =w " (W uW) 1 <<k 1<i<N

(50)

Ny+1 hk

Z X 2f<Xf(k>,U;‘(k))

k=1,2,....K)

(51)
(i=1,2,....N;

0 = e (x5, (52)
L(6") =h (X;‘(”,Uj(")) (53)
5(6%) =X, —x;*+Y (54)

From [46], we know that the conditions C1 and C2 in
Proposition 1 are established. Next, consider the size of
IT(8")]..

According to Assumption 1, 8 satisfies Eq. (1) and Eq.
(2), so for I'(8™) defined above, there is

I(07) =I1.(67) =I5(6") = I3(6")

I3(67) <0

=15(6") = 55)

Next, in order to continue to examine the size
of [|[I2(0%)||... [|113(07)||.. and ||I5(07)]l... first introduce the
following lemmas [46]

Lemma 1 If the Lebesgue constant £y is defined as

||oo ||oo7

N+1

Iy = n[lalxl] Z |1;(7)] (56)

Here, the definition of Lagrange interpolation polyno-
mial /;(7) is shown in Eq. (16). Then there is £y = O (logN).
Lemma 2 If the Lebesgue constant ¢y_ is defined as

N
fy-1 = max ; |1;(7)] (57)

The definition of Lagrange interpolation polynomial / j(‘L')
1
is shown in Eq. (17). Then there is, {y_; = O <N2> .
Lemma 3 For any y € C'[—1,1], define the N order polyno-

mial yV(¢) = Z y(t,) .(t), where the Lagrange polynomial

I,(r) is deﬁned as shown in Eq. (16), then

y— V|| < (1+2N?¢y) inf |y— 58
[y =] < ( N)quN_1 1y —qll., (58)
Where, the definition of Lebesgue constant £y is shown
in Eq. (56).
Lemma 4 If y(t) € C' and N > [ > 0, then there is

d! y

. Cl
— < —||—=
qlen]}’NIIy qll. < e (59

o
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Where ¢; =2 x 6/t1e! (141)7!
Lemma 5 According to the definition in Eq. (39) and (40),
matrix DT = [ij(k)} N is a differentiation matrix. That
is, if p is a polynomial offxdekgree Ny — 1 and the ith element
of vector P € R is P; = p; = p(7;), then there is

(D+(’<)P>‘ =p(1), 1 <i< N (60)

The proof of Lemma 1 ~ Lemma 5 can be found in [46].
In order to analyze the size of ||[3(0")||.., combining
with Eq. (2), we can know that in Eq. (48), ujf(k) VXﬂk)hT =
0, kv «(k) (F-l—l fT) = —)..,*(IQ

9 2 X
can be s1mphﬁed to

(7:). Therefore, Eq. (47)

* * *(k
o9 =Y 0,020 - ) (61)
j:
From Lemma 5
Nk . w(k Ni—1
Y 0P = [a ( )(rl)} (62)

Where, the superscript Ng — 1 denotes that 1*% is a
polynomial of order Ny — 1 obtained by lagrange interpo-
lation. Combining Eq. (61) and Eq. (62), there is

;) (63)

denote the jth element of vec-

Let [);*(k)(c,-)L

Ne—1

tor [i*(k)(fi)] , and flj-(k)

i*(k) (7;). there is,

(7;) denote the jth element of

o

(64)

According to Lemma 2, Lemma 3 and Lemma 4, we can
get

. x(k
£

oo

1
<(1+2(M-1)*0(N? inf
—( : (k))qem

C[ dlk"'l)';(k)

I+1 9 *(k)
_ .(hk>lk+l dlet lj
— dtlk+l

N, -

=],

(65)

Since Eqgs. (64) and (65) hold for any i and j, there is

lk+l
cihy
5

k=2
Nk

I13(67)].. < (66)

And for ||[I3(0%)]|.., according to the similar analysis
method, we can also get

¢ hlk+l
I12(67)]l.. < =5 (67)
N2
k
Finally, in order to analyze the size of ||I5(0)].., we

know %"f (X:(k), Uf‘(k)> =x*(®) (1) according to Eq. (1), and

L

because D*) = [Df” is a differentiation matrix, Eq. (51)

can be written as

Ne

[(6*) = [x*“‘)(q)] — () (68)

Where, the superscript N denotes that x**) is a poly-
nomial of order N, obtained by lagrange interpolation. Let

N, N,
[x*(k)(r,»)} 'k denote the jth element of [x*(“(r,-)} k, and
J

7;) denote the jth element of x**)(1;). There is,

(69)

=

Combined with Lemma 2, Lemma 3 and Lemma 4, we
can get
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=)

< 2 : ) H
< (142N 0 (logN)) qeggil x5 —q||
dl"+1x*~(k)
< (142N20 (logN)) i | —_ "I
Nk dt i +1
k - (70)

k
cy, logN- I lt1 dlkﬂxj( )
N]ikfz 2 dtlk+l
I+1 I+1
< Clkhkk logN < C[khkk
NEZo T -3
k Nk

Because Eqs. (69) and (70) hold for any i and j, we get

L+1
hk
I16(8)]., < 52 (71)
-3
Nk

Combining Egs. (55), (66), (67) and (71), we can see
that

L+1
hk
Ir (87|, < (72)
Nk

For @ = HVF(O*)_l ), o® < 1 can be established by
taking a small enough o, in addition, according to Eq. (72),
IC(0%)] < (1—@o)r/@ can be established by taking a
large enough Ny. Therefore, according to Proposition 1 and
Eq. (72), we know

|6 —6%|. = max{HXNk —X*(k)‘

U — k) H 7

v(® _ v:k) H }

||oo

[ -2 =)

)
=

7
=

(0}
< re-
< (O]l
[0) C[khik+1
< - Tk
~ 1-oo lk_%
N,
(73)
Since ®@/(1-®@oc) >0 is bounded, let C; =

®@c;, /(1 —m0o) . In conclusion, Theorem 1 is established.
O

5 Example and Discussion

We verify the effectiveness of the improved adaptive hp al-
gorithm through several groups of simulation examples [47—
49], and illustrate the advantages of the proposed method by
setting up the simulation comparison with the methods in the
related research. In this part, all simulations rely on Lenovo
desktop computers, whose processor is Intel(R) Core(TM)
15-4570, CPU clock speed is 3.20GHz, memory is 4.00G.
And the simulation software platform is Matlab2014a. In
addition, the algorithm proposed in this paper is developed
based on the open source hp pseudospectral optimization
software GPOPS [50], and the NLP solver used is SNOPT
[9].

5.1 Example 1: Soft Lunar Landing Problem
The optimal control problem for soft landing on the moon

was proposed in [47], and it is restated here as follows:
Find the optimal control u such that

1y
min J = udt
st.h=v
V=—g+u (74)

Where £ is the height from the lunar surface and v is
the falling velocity. g represents the gravitational constant
of the lunar surface, where g=1.6. According to the optimal
control theory, problem (74) is a bang-bang control problem,
and the analytical solution of the optimal control u*(¢) can
be expressed as

0<t <z

0
W (f) = { (75)

3 5 <t<ty

Combining with the initial conditions set by Eq. (74),
we can calculate that the switching time #;=1.3117s and the
terminal time 73=4.2394s.

At the same time, we use the improved adaptive hp al-
gorithm proposed in this paper to solve the problem (74),
and the relevant parameters in the algorithm are selected as
follows: € = 107%, 7 = 1, p = 3. The initial mesh points are
taken as [—1, 1], and the number of initial LGR collocation
points is taken as 6. In addition, under the same tolerance
range € of mesh accuracy, the hp method in [25] and the ph-
(Nmin, Nmax) method in [22] are used to solve the problem
and compare with the method in this paper. The notation
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Fig. 5 Optimization results of example 1
Table 1 Comparison of mesh refinement results of example 1
Method CPU time (s) Total number of collocation points Number of mesh intervals Number of grid iterations
Improved hp 0.14 48 6 2
hp 0.41 88 7 8
ph-(3,14) 0.25 127 9 5
ph-(5,16) 0.26 113 7 6
ph-(6,18) 0.33 127 7 7

Ph-(Nmin, Nmax) here represents the range of the number of  comparison results in Table 1, it can be seen that the pro-
collocation points of the ph method from Ny, t0 Nmax- posed method needs less mesh iterations (only 2 iterations),
fewer collocation points and mesh intervals, which makes
the method more efficient (CPU time is 0.14s, significantly
less than the other two methods).

As shown in Fig. 5(a)~(c), all three methods can accu-
rately solve the problem under the same tolerance range €
of mesh accuracy, while the accuracy of the method in this
paper is slightly higher than that of the other two methods.
On the other hand, at the control sudden change point 7= 52 Example 2: Hyper-sensitive Problem
1.3117s, the hp method and the ph-(3,14) method need to
greatly increase the number of collocation points and the  Consider the Hyper-sensitive optimal control problem men-
number of mesh intervals to achieve an effective solving to tioned in [48] and restate it as follows:
the original problem, which greatly increases the number of
mesh iterations and sacrifices the efficiency of solving (see 1
Fig. 5(e) and (f)). As shown in Fig. 5(d), the improved adap- min J = / () dt

. L 2 Jo

tive hp method proposed in this paper can accurately locate
the position of the control sudden change point, so as to
achieve a higher solution accuracy with a smaller number x(0)=1
of collocation points and iterations. In addition, from the x(tf) =1

st.i=—x +u (76)
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Fig. 6 Optimization results of example 2

Table 2 Comparison of mesh refinement results of example 2

(e) x(t) of ph-(3,14)

s

(f) various grids of ph-(3,14)

Method CPU time (s) Total number of collocation points Number of mesh intervals Number of grid iterations
Improved hp 3.99 250 39 3
hp 5.33 430 70 6
ph-(3,14) 18.35 967 69 6
ph-(5,16) 12.66 833 52 7
ph-(6,18) 15.33 829 46 8

The terminal time #; is fixed, which is taken as ¢ty =
5000 here. The improved adaptive hp method proposed in
this paper is used to solve the problem (76), and the initial
mesh points are set to [—1, 1], and the initial number of LGR
points is set to 6. The relevant parameters in the algorithm
are set as: € = 107%, 1 = 1, p = 3. Similarly, the hp method
[25] and the ph-(Npin, Nmax) method [22] are compared with
the method in this paper.

It can be seen from the simulation results that the results
obtained by the three methods are basically the same, and a
large number of LGR points are allocated in the initial and
final stages of x(¢) curve (see Fig. 6(a), (c) and (e)). How-
ever, the mesh refinement process of these three methods is
different: Although the ph-(3,14) method can continuously
improve the solution accuracy by increasing the number of
LGR points and mesh intervals, it requires a large number
of LGR points and the dense grid to deal with this problem
(see Fig. 6(f)), which affects the efficiency of the solving.
The reason is that when the method is performing mesh re-

finement, only when the number of collocation points in-
creases to the upper limit Ny, will the mesh segmented re-
finement begin, so that a large number of LGR points are in-
evitably needed at positions where the state changes rapidly.
While hp method can determine whether the grid needs to be
segmented refined by calculating the curvature of the state,
which makes the mesh refinement process more targeted to
a certain extent, reduces the number of LGR points required
(see Fig. 6(d)), and improves the efficiency of solving. The
algorithm proposed in this paper improves the method of
evenly dividing the grid in hp method, so that the position
where the faster the state changes, the more collocations can
be allocated, which further strengthens the pertinence of hp
method for mesh refinement, and significantly reduces the
number of mesh iterations and the total number of colloca-
tions required (see Fig. 6(b)). Table 2 also shows the same
conclusion. As shown in Table 2, compared with the other
two methods, the improved adaptive hp method proposed in
this paper requires significantly fewer collocation points and
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mesh iterations when solving the problem, and the solving
efficiency is also higher (CPU time is 0.14s).

5.3 Example 3: Dynamic Soaring Problem

Considering that the models of the optimal problems in-
volved in the first two simulation examples are simple sys-
tems, in order to further test the performance of the algo-
rithm proposed in this paper to solve the optimal problems
of complex systems, the following control problems are in-
troduced here [49]

Find the optimal control (Cz, o) such that

min J = B(tr)
s.t.x=Vcosysin¥ 4 W;

y=VcosycosW
h=Vsiny
mV = —D — mgsiny — mW, cos ysin ¥
mV 7y = Lcos 6 —mgcos Y+ mW,sinysin ¥
mV cos YW = Lsin 6 — mW, cos ¥
W, = BVsiny, B=W,/h
(x(0).5(0), 4(0)) = (0,0,0)
(x(p) sy (tp)s h(ep),V (2r), V(tp), ¥ 2p))
— (x(0),(0),h(0),V(0), 7(0), ¥(0) — 27)
—2<L/(mg) <5

77)

Here, lift L and drag D are expressed as

L=4SC,

D =¢gSCp
q=pV?*/2

Cp =Cpo+KC?

(78)

The definitions and values of related variables and pa-
rameters involved in Egs. (77) and (78) are detailed in [23].

In order to find out the optimal control (Cy, o) satisfying
Eq. (77), the method proposed in this paper is used to solve
the problem. The initial mesh point is set as [—1,1], and the
initial number of LGR points is set as 7. The relevant pa-
rameters of the algorithm in this paper are set as: € = 1079,
n =1, p = 3. At the same time, the hp method [25] and the
Ph-(Nin, Nmax) method [22] are used to solve the problem,
which is compared with the method in this paper.

It can be seen from the simulation results that the method
proposed in this paper can effectively solve the optimal con-
trol problem of a complex system of the form (77), and the
other two methods have basically the same solution results
(see Fig. 7(a)~(c)). However, compared with the other two
methods, the method in this paper has obvious advantages

in mesh refinement, which requires fewer collocation points
and mesh iterations (see Fig. 7(e)~(f)). This is also reflected
in the statistical results in Table 3. As shown in Table 3,
when the method proposed in this paper is used to solve the
problem, the grid only needs to be iterated 3 times, and the
total number of collocation points required is significantly
less than the other two methods, which has higher solving
efficiency (CPU time is 4.24s).

6 Conclusion

In order to improve the efficiency of solving the optimal
problem, this paper proposes an improved adaptive hp mesh
refinement method. In this method, the sudden change points
of the control curve are accurately located, and then the
mesh is refined first near these points, which greatly im-
proves the efficiency of the algorithm. At the same time, a
segmentation method based on the cumulative sum of cur-
vature is designed to ensure that more mesh points are allo-
cated at the position with larger curvature of the state curve.
This method significantly reduces the number of grid iter-
ations and shortens the calculation time. Simulation results
also show that the number of grid iterations, the number of
required collocation points and the CPU time of the pro-
posed algorithm are less than other methods.
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Figure 6

Optimization results of example 2
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Figure 7
Optimization results of example 3
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