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Abstract We consider one- and two-dimensional (1D and

2D) optical or matter-wave media with a maximum of the

local self-repulsion strength at the center, and a minimum

at periphery. If the central area is broad enough, it supports

ground states in the form of flat-floor “bubbles”, and topo-

logical excitations, in the form of dark solitons in 1D and

vortices with winding number m in 2D. The ground and

excited states are accurately approximated by the Thomas-

Fermi expressions. The 1D and 2D bubbles, as well as vor-

tices with m = 1, are completely stable, while the dark

solitons and vortices with m = 2 have nontrivial stability

boundaries in their existence areas. Unstable dark solitons

are expelled to the periphery, while unstable double vortices

split in rotating pairs of unitary ones. Displaced stable vor-

tices precess around the central point.
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1 Introduction

The consideration of models based on the nonlinear Schrödinger

(NLS) equations with a spatial variation of the local coeffi-

cient in front of the cubic term makes it possible to essen-

tially expand the variety of stable localized and extended

states supported by the NLS equations. In many cases, the

variation is represented by nonlinear lattices, i.e., spatially

periodic modulations of the local nonlinearity strength [1].

These arrangements help to stabilize multidimensional and

spatiotemporal self-trapped states in optics [2,3], photonic-

s [4,5], and various setups for Bose-Einstein condensates

(BECs) in ultracold atomic gases [6,7,8]. The interplay of

such structures with parity-time symmetry [9] and gauge

fields [10,11] was considered too. In this connection, it is

relevant to mention that linear lattices, i.e., spatially peri-

odic linear potentials, are commonly used for the creation

and stabilization of solitons. In particular, linear lattices in

combination with self-repulsive cubic nonlinearity [12] give

rise to various families of gap solitons, including fundamen-

tal [13,14], subwavelength [15,16], parity-time-symmetric

[17,18], subfundamental [19], composite [20,21], surface

[22], moving [23,24], dark [25], discrete [26], and multi-

pole [27] ones, as well as clusters built of them [28]. Further,

gap solitons were predicted in moiré lattices [29,30] and in

systems with quintic and cubic-quintic nonlinearities [31].

Two-dimensional (2D) gap solitons [32] and vortex solitons

of the gap type [33] were predicted too.

Nonlinear lattices [1] can also support many types of

soliton families, including those of fundamental, dipole, and

multipole types in regular [34,35,36], random [37] and de-

fective [38] lattices, as well as in combined linear-nonlinear

ones [39], and in nonlinear lattices embedded in a space of

fractional dimension [40,41]. Vortex solitons in nonlinear

lattices were predicted too [42]. Parallel to that, experiments

with bound states of solitons (alias “soliton molecules”) in
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fiber lasers [43] and microresonators [44] have drawn much

interest. The experiments have explicitly demonstrated vari-

ous dynamical effects, such as the buildup of the “molecules”

[45], excitation of internal modes in them [46], and switch-

ing of bound states [47].

NLS equations with spatially modulated self-defocusing

nonlinearity constitute another class of models that support

various localized and extended states [1]. These include strong-

ly [48,49] and weakly [50] localized fundamental and mul-

tipole solitons, self-trapped states in photonic-crystal fiber-

s [51], dark solitons with slowly decaying tails [52], soli-

tary vortices created by the application of a torque [53], hy-

brid vortices [54], localized states in a spin-orbit-coupled

system [55], flat-top modes [56,57], hopfions [58], soliton

gyroscopes [59], non-autonomous solitons [60], and vortex

clusters [61,62]. Such models are quite promising for the

creation of stable 2D and 3D bright solitons, which, other-

wise, are subject to the collapse-induced instability under

the action of the uniform self-focusing nonlinearity [63].

There are physically relevant types of nonlinear modes

that have not yet been studied under the action of the spatial-

ly modulated self-repulsive nonlinearity. One of them repre-

sents “bubbles”, i.e., modes with a suppressed density in the

central region, which, unlike spatially odd dark solitons, are

spatially even states that do not cross zero [64]. Collisions

between bubbles [65] and a possibility of collapse dynamics

in them [66] were studied too. Models with spatially inho-

mogeneous self-defocusing, which is strong near the center

and weak at the periphery, are very natural settings for the

study of bubbles.

An important class of the above-mentioned modes is one

with flat-top shapes. They have been studied, theoretically

and experimentally, in many settings with competing nonlin-

earities, such as cubic-quintic optical media [67] and “quan-

tum droplets”, predicted in BEC with the attractive cubic

nonlinearity balanced by the effective quartic self-repulsion

induced by quantum fluctuations around mean-field states

[68,69]. The flat-top shape is explained by the fact that the

competition imposes an upper limit on the density of the

wave field, hence increase of the total norm of the field leads

to the expansion of the mode, keeping its amplitude constan-

t. In particular, the upper limit imposed on the density makes

the BEC in the “quantum droplets” an incompressible liquid,

which explains the name of these states. The droplets have

been created in the experiment [70,71,72], and their theo-

retical investigation was extended for states with embedded

vorticity [73,74].

Unlike the flat-top-shaped states, concepts of nonlinear

modes whose shape would demonstrate features such as a

“flat floor” or “flat waist” were not elaborated yet, to the

best of our knowledge. In this paper, we demonstrate that

1D and 2D flat-floor bubbles, 1D flat-waist dark soliton-

s and 2D flat-waist vortex modes can be readily supported

by inhomogeneous self-defocusing cubic nonlinearity, with-

out the necessity to use composite competing nonlinearities.

In addition to their interest to fundamental studies, such s-

tates may find applications, such as all-optical beam guiding

[75,76] (using the inner “hole” in dark solitons, bubbles, or

vortices as conduits steering embedded signal beams) and

optical tweezers. In these contexts, the size of the hole is

a crucially important parameter, which can be adjusted by

means of the waist shaping.

The rest of the paper is organized as follows. The 1D and

2D models are formulated in Section 2, which also includes

some analytical results, such as ones based on the Thomas-

Fermi approximation (TFA) and the limit case of the model

with the delta-functional spatial modulation of the local non-

linearity strength. Numerical results for bubbles, dark soli-

tons (in 1D), and vortices (in 2D) are reported in Section 3. It

also includes a qualitative analytical explanation for stability

and instability of the dark solitons. The paper is concluded

by Section 4.

2 The model and methods

2.1 The basic equations and solutions

2.1.1 The flat-floor profile

The nonlinear Schrödinger (NLS) equation, which describes

the propagation of laser beams in self-defocusing nonlinear

media, or effectively 2D matter waves in BECs (in the latter

context, it is called the Gross-Pitaevskii (GP) equation [77,

78,79]), is taken in the scaled form:

i
∂E

∂z
= −1

2
∇2E +G(r) |E|2E. (1)

Here E and z denote the field amplitude and propagation

distance, respectively, (x, y) is the set of the transverse coor-

dinates, with r ≡
√

x2 + y2, and (1/2)∇2 = (1/2)
(

∂2x + ∂2y
)

is the paraxial-diffraction operator, in terms of optics, or the

kinetic-energy operator for matter waves. In the latter case,

E and z are replaced by wave function ψ and time t, respec-

tively. In the 1D version of Eq. (1), with single coordinate x,

G(r) is replaced by G(x).

The NLS equation (1) conserves the total power (alias

norm),

P =

∫∫

dxdy |E (x, y)|2 , (2)

the angular momentum (in 2D, where it may be conveniently

written in polar coordinates, r and θ),

M = i

∫

∞

0

rdr

∫ 2π

0

dθE (∂E∗/∂θ) . (3)
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Fig. 1 (a) The transition of ordinary (relatively narrow) 1D “bubbles” into flat-floor ones with the increase of the width of the nonlinearity profile

in the 1D version of Eq. (5), i.e., for values x0 = 0, 2.5, 5, at a fixed nonlinearity strength, g = 20, and propagation constant k = −10. (b)

Profiles of the 1D flat-floor bubbles for different values of g at x0 = 5 and k = −8. (c) Profiles of the same modes for different values of k at

x0 = 5 and g = 20. (d) The power defect of the 1D flat-floor bubble, defined as Eq. (15), versus k, as obtained from the numerical solution (the

black solid line), and as predicted by TFA, according to Eq. (25) (the red dashed line), for the same x0 = 5 and g = 20 as in (c). In Eq. (5),

g0 ≡ 1 is fixed throughout this paper. The numerical scheme eith stepsizes ∆x = ∆r = 0.1 and ∆z = 0.002 is used throughout this work, see

details in the main text.

Fig. 2 Simulations of the stable propagation of perturbed 1D bubbles

with different values of k at x0 = 5, g = 20: (a) k = −2; (b)

k = −5; (c) k = −9. The propagation of perturbed 1D dark soli-

tons at g = 5: (d) a stable dark soliton with x0 = 3, k = −15;

(e) an unstable one with x0 = 3, k = −3; (f) an unstable dark

soliton with x0 = 0.5, k = −15. Simulation of the stable propa-

gations of perturbed 1D bubbles in the model based on Eq. (16), with

γ = 225 and the delta-function approximated by a narrow Gaussian,

δ̃(x) =
√

1000/πexp(−x2/0.001) (with
∫

+∞

−∞
δ(x)dx = 1, as it

must be for the delta-function): (g) k = −3; (h) k = −6; (i) k = −12.

All panels display the domain with size |x| ≤ 15, while zm stands for

the largest propagation distance in the simulations.

and the Hamiltonian,

H =
1

2

∫∫

dxdy
[

|∇E|2 +G(r)|E
∣

∣

4
∣

∣

]

. (4)

In 1D, expressions (2) and (4) are replaced by their straight-

forward counterparts. Numerical simulations performed in

this work maintain the conservation of P , M , and H .

To construct flat-floor bubbles and flat-waist vortices and

dark solitons, we define the profile of the self-defocusing

nonlinearity with G(r) > 0 as

G(r) =

{

g, r ≤ r0,
g0 + (g − g0)exp[−(r − r0)

2], r > r0,
(5)

where g0, r0, and g > g0 are positive constants. In 1D, r

and r0 should be replaced by |x| and x0 > 0. By means of

rescaling, we set g0 ≡ 1 in what follows below, while g > 1
represents the largest local strength of the self-defocusing

nonlinearity, at r = 0, and r0 is the width of the flat-floor

section of the nonlinearity profile.

Stationary solutions with real propagation constant k <

0 and embedded integer vorticity,m = 0, 1, 2, ... , are sought

for, in polar coordinates (r, θ), as

E = U(r)exp(ikz + imθ), (6)

where the real stationary field amplitude U satisfies the e-

quation

kU − 1

2

(

d2

dr2
+

1

r

d

dr
− m2

r2

)

U +G(r)U3 = 0. (7)

The mode with m ≥ 1 may be considered as a vortex with

winding number m embedded in the fundamental state (the

2D “bubble”), which corresponds to m = 0.

The 1D stationary states are looked for as

E = U(x)exp(ikz), (8)

with real function U satisfying the equation

kU − 1

2

d2U

dx2
+G(x)U3 = 0. (9)
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Fig. 3 (a) The transition of 1D ordinary dark solitons into flat-waist ones with the increase of the spatial-modulation width, x0 = 0, 2.5, 5, at

fixed g = 5 and k = −10. (b) Profiles of the 1D flat-waist dark solitons for different values of g at x0 = 5 and k = −4. (c) Profiles of 1D

flat-waist dark solitons with different values of k at x0 = 5 and g = 5. (d) The power defect of the 1D flat-waist dark solitons, given by Eq. (15),

versus k, as obtained from the numerical solution (the black solid line), and as predicted by TFA, according to Eqs. (28) (the red dashed line), for

the same values x0 = 5 and g = 5 as in (c). (e) Stability (blue) and instability (yellow) domains for dark solitons in the plane of (x0,k) at g = 5.

Direct simulations of the propagations of the dark solitons marked by B1–B3 are displayed in Figs. 2(d–f), respectively.

The 1D counterpart of vortices is the dark soliton, which can

be constructed by embedding the usual dark-soliton solution

of the NLS equation with G = const [80,81],

Udark(x) =

√

− k

G
tanh

(√
−kx

)

, (10)

in the flat-top segment of the 1D fundamental state. In the

uniform space, the dark soliton is characterized by its pow-

er defect, i.e., the difference of the integral power and its

background value, corresponding to the constant asymptotic

density, U2
backgr = −k/G:

∆P ≡
∫ +∞

−∞

dx
[

U2
backgr − U2

dark(x)
]

=
2

G

√
−k. (11)

Another characteristic of the dark soliton is the difference of

its Hamiltonian and the background value,

∆H ≡ 1

2

∫ +∞

−∞

dx

{

G
[

U4
backgr − U4

dark(x)
]

−
∣

∣

∣

∣

∂U

∂x

∣

∣

∣

∣

2
}

=
2

3G
(−k)3/2 .

(12)

For the dark soliton in the uniform space, it is relevant to

express ∆H in terms of ∆P , using Eqs. (11) and (12):

∆H =
G2

12
(∆P )

3
. (13)

Similarly to Eq. (11), one can define the power defec-

t for the bubble, vortex, and dark soliton states in the 2D

and 1D versions of the present model, with the nonlinear-

modulation profile defined as per Eq. (5). The defect is a

sum of two terms, which represent the difference between

the actual solution and background values in the regions of

r < r0 (or |x| < x0, in 1D) and r > r0 (or |x| > x0):

∆P2D = 2π

∫ r0

0

rdr

[

−k
g
− U2(r)

]

+ 2π

∫

∞

r0

rdr

[

− k

g0
− U2(r)

]

,

(14)

∆P1D = 2

∫ x0

0

dx

[

−k
g
− U2(x)

]

+ 2

∫

∞

x0

dx

[

− k

g0
− U2(x)

]

.

(15)

2.1.2 The delta-functional profile in 1D

The limit case of the 1D model, opposite to the flat-floor

configuration, is one with the central region that is very nar-

row in comparison with the dark-soliton’s width. In this lim-

it, Eq. (9) is replaced by

kU − 1

2

d2U

dx2
+ [1 + γδ(x)]U3 = 0, (16)

where δ(x) is the Dirac’s delta-function, and the coefficient

in front of it is γ =
∫ +x0

−x0
G(x)dx ≡ 2gx0, with G(x) taken

from the 1D version of Eq. (5). The interaction of field U
with the delta-functional defect is accounted for by the fol-

lowing term in the Hamiltonian (the interaction potential),

cf. Eq. (12):

Wint = (γ/2) |U(x = 0)|4 . (17)

Note that Eq. (16) gives rise to an exact bubble solution,

Udelta(x) =
√
−k tanh

(√
−k (|x|+ ξ)

)

, (18)

with offset ξ determined by the cubic equation for tanh
(√

−kξ
)

:

γ
√
−k tanh3

(√
−kξ

)

+ tanh2
(√

−kξ
)

− 1 = 0. (19)

It is easy to see that Eq. (19) has a single solution for all pos-

itive values of γ. The power defect of solution (18), defined

as in Eq. (11), is

∆Pdelta = 2
√
−k

[

1− tanh
(√

−kξ
)]

. (20)
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Fig. 4 (a) The largest real part of the eigenvalues, Re(λ)max, defined as per Eq. (21), versus x0 for dark solitons at fixed k = −15, g = 5.

Examples of the eigenvalue spectra at k = −15, g = 5, and values of x0 marked by symbols S1–S3 in panel (a): x0 = 0.5 in (b); x0 = 1.06 in

(c); x0 = 3 in (d).

Note that, as it follows from Eqs. (19) and (20), the pow-

er defect satisfies condition d∆P/dk > 0, which is tanta-

mount to the anti-Vakhitov-Kolokolov criterion. It is a nec-

essary condition for stability of states supported by self-

repulsive nonlinearities [39]. This fact suggests that the ex-

act bubbles supported by the delta-functional nonlinearity-

modulation profile may be stable (the Vakhitov-Kolokolov

criterion proper, with the opposite sign, is a well-known nec-

essary condition for the stability of localized states support-

ed by self-attractive nonlinearities [82,83,84]). Indeed, di-

rect simulations of perturbed evolution of these bubbles, per-

formed in the framework of Eq. (1) with G(x) = γδ̃(x) (see

Eq. (16)), where δ̃(x) is a narrow Gaussian approximating

the ideal delta-function, corroborate the stability, as shown

below in Figs. 2(g-i).

2.2 Linearized equations for small perturbations

To explore the stability of the stationary solutions against

small perturbations, we introduce the perturbed 1D solution

as

E = [U(x) + p(x)exp(λz) + q∗(x)exp(λ∗z)]exp(ikz),

(21)

where p(x) and q∗(x) are small perturbations associated with

an instability growth rate, λ. Substituting this ansatz in Eq.

(1) leads to the eigenvalue problem for λ,

iλp = −1

2

d2p

dx2
+ kp+ gU2(2p+ q),

iλq = +
1

2

d2q

dx2
− kq − gU2(2q + p). (22)

In the 2D case, the perturbed wave function with embed-

ded integer vorticity, m, and an integer azimuthal index, n,

of the perturbation is taken as

E = [U(r)+p(r)einθ+λz+q∗(r)e−inθ+λ∗z]eimθ+ikz, (23)

which leads to the eigenvalue problem in the following form:

iλp = − 1
2

[

d2

dr2 + 1
r

d
dr − (m+n)2

r2

]

p

+kp+ gU2(2p+ q),

iλq = + 1
2

[

d2

dr2 + 1
r

d
dr − (m−n)2

r2

]

q

−kq − gU2(2q + p). (24)

Stationary perturbed solutions are stable if real parts of all

the corresponding eigenvalues are zero, Re(λ) = 0.

2.3 The Thomas-Fermi approximation (TFA)

TFA, which neglects the derivatives in Eq. (7), is a common-

ly known method for constructing stationary solutions [79].

In the framework of TFA, the approximate solution of Eq.

(7) is

[

U2
TFA(x)

]

1D
= − k

G(x)
, (25)

[

U2
TFA(r)

]

2D
=

{

−
(

k +m2r−2
)

/G(r), at r2 > −m2/k,
0, at r2 < −m2/k .

(26)

Obviously, Eq. (25) pertains to the bubble, while the 2D ex-

pression (26) predicts a 2D bubble for both m = 0 and vor-

tices with m ≥ 1 (in the former case, the “hole” at r2 <
−m2/k is absent in the TFA solution). Note also that, for

the radial-modulation profile (5), the inner flat area, r < r0,

is completely covered by the zero part of TFA, see the bot-

tom row in Eq. (26), for large values of the vorticity,

m2 > −kr20. (27)

The predictions produced by TFA for the 1D and 2D bubbles

and vortices are compared below with numerical solutions.

In 1D, the TFA does not directly produce dark solitons,

but they can be introduced by means of a straightforward

approximation combining Eqs. (10) and (25),

[UTFA(x)]dark =

√

− k

G(x)
tanh

(√
−kx

)

, (28)
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Fig. 5 Cross-section profiles and full intensity distributions for 2D bubbles at g = 20, k = −10: (a1) profiles obtained for different values of r0
in Eq. (5); (a2) the intensity distribution for r0 = 0; (a3) the distribution for r0 = 2.5; (a4): the same for r0 = 5. The cross-section profiles and

full distributions of the intensity for 2D flat-floor bubbles at r0 = 5, k = −8: (b1) the profiles for different values of g; (b2) the intensity profile

for g = 2; (b3) the profile for g = 5; (b4): the same for g = 20. (c1) The power defect of the 2D flat-floor bubble, defined as per Eq. (11), versus

k, as obtained from the numerical results (the black solid line) and TFA (the red dashed line). The full intensity distributions for the 2D flat-floor

bubbles, obtained for r0 = 5, g = 20: (c2) for k = −2; (c3) for k = −5; (c4) for k = −9. All bubbles are dislayed as real profiles, as their

phases are constant.

which is relevant under condition
√
−kx0 ≫ 1.

The accuracy of TFA can be naturally characterized by

calculating the power defects, defined by Eqs. (14) and (15),

and comparing them to counterparts produced by the numer-

ical solution of Eqs. (7) and (9). In particular, it is obvious

from Eqs. (25) and (26) (with m = 0) that TFA predicts the

power defect of the 1D and 2D bubbles to be proportional

to |k|. For the 2D state with m = 0, it can be calculated

analytically in the limit of r0 = 0:

∆P2D (m = 0, r0 = 0) = −πk
g0

ln

(

g

g0

)

. (29)

For the 1D bubbles, TFA produces a simple result in the

limit of g ≫ 1,

∆P1D ≈ −2k

g0

√

ln

(

g

g0

)

. (30)

The comparison of the TFA-predicted and numerically

found ∆P1D,2D is displayed below in Figs. 1(d) and 5(c1),

respectively.

3 Results and discussion

The numerical solution of Eqs. (7) and (9) was produced by

means of the Newton’s method. It is an example of root-

finding algorithms for f(x) = 0, solved by means of the

iteration process, xn+1 = xn − f(xn)/f
′(xn) where n de-

notes the iteration’s number and f ′ stands for the first deriva-

tive [85]. In the case of the 2D equation (7), the method was

applied in the polar coordinates, removing the artificial sin-

gularity at r → 0 by means of the appropriate boundary

conditions, viz., dU/dr|r=0 = 0 for zero-vorticity modes, or

U(r) ∼ rm ones with vorticity m ≥ 1. The input for these

modes was taken as Uinput =
√

−k/G
(

tanh(
√
−kr)

)m
,

replacing r by x in 1D, and setting m = 1 for the 1D dark

solitons.

The stability of the stationary solutions was subsequent-

ly explored by solving eigenvalue equations (22) and (24),

and the results were verified by direct simulations of Eq. (1)

for the perturbed propagation, employing the finite-difference

method for marching in time [86]. It was checked that the

numerical mesh with ∆x = ∆r = 0.1 and ∆z = 0.002 was

sufficient for producing fully reliable results. It is relevant

to mention that numerical methods for producing stationary
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Fig. 6 Characteristics of flat-waist vortices with m = 1, g = 4, and different values of r0. (a1,b1): The power defect, defined as per Eq. (11),

versus k. Other panels represent typical examples of the vortices with k = −10, by showing their density distributions in (a2,b2), contour plots

(a3,b3), cross-section profiles (a4,b4), and phase patterns (a5,b5). The values of r0 are: 2 in (a1)-(a5), and 5 in (b1)-(b5).

and dynamical solutions to NLS/GP equations with a spa-

tially varying nonlinearity coefficients were developed and

used in many previous works [1,28,39,40,41,42], [48]-[62].

3.1 One-dimensional (1D) bubbles

Typical profiles of the flat-floor bubbles in 1D are displayed

in Fig. 1. The transition of the ordinary bubbles into ones

featuring the flat-floor profile, following the increase of width

x0 of the flat section in the nonlinearity profile, is displayed

in Fig. 1(a). Naturally, the width of the flat segment in the

bubble is determined by x0. The width is not sensitive to the

strength of the nonlinearity in the flat section, g, while the

minimum value of the field in the bubble mode depends on

g, as seen in Fig. 1(b). Profiles of the flat-floor bubbles with

different values of the propagation constant, k, are compared

in Fig. 1(c).

The power defect versus propagation constant k of 1D

flat-floor bubbles, as obtained from the numerical results

and as predicted by TFA, are shown in Fig. 1(d). Note that

the TFA and numerical findings are virtually identical, with

∆P1D growing linearly with |k|, in exact agreement with T-

FA. Furthermore, for g = 20 and g0 = 1, which correspond-

s to Fig. 1(d), Eq. (30) predicts the slope d (∆P1D) /dk =
2
√
ln 20 ≈ 3.46, which is very close to the value 3.38 pro-

duced by Fig. 1(d).

The calculation of stability eigenvalues for the flat-floor

bubbles has demonstrated that they are completely stable (at

least, up to k = −24). This conclusion is corroborated by

direct simulations of the modes marked by A1–A3 in Fig.

1(d), as shown in Figs. 2(a-c), respectively.

3.2 Dark solitons

Depicted in Fig. 3 are profiles and the stability area of 1D

dark solitons, constructed with the help of the input given

by Eq. (28). Profiles of the solitons with different values of

width x0 of the flat section in the nonlinearity profile are

shown in Fig. 3(a), where one can see that the ordinary dark

solitons transform into flat-waist ones as x0 increases. We

present the profiles of the 1D dark solitons with different

values of nonlinearity strength g in Fig. 3(b), in which the

amplitude of the flat-waist segment decreases with the in-

crease of g. Then, the profiles of dark solitons with different

propagation constants k are shown in Fig. 3(c). Note that the

variation of the dark-soliton profiles following the change of

x0, g, and k, observed in Fig. 3, are quite similar to those for

the 1D bubbles shown in Fig. 1.

Properties of the dark-soliton families are summarized in

Fig. 3(d) by means of lines showing the relation between the

soliton’s power defect and propagation constant. It is seen

that the TFA, based on Eqs. (28), produces the ∆P (k) de-

pendence for the dark solitons which is virtually identical to

its numerically computed counterpart.

An essential result is reported in Fig. 3(e): the stability

domain for the 1D dark solitons in the (x0,k) plane, pro-

duced by the solution of the eigenvalue problem based on

Eq. (22). It is seen that the decrease of the width of the flat-

floor area, x0, or the decrease of |k| lead to destabilization

of the dark soliton. In either case, it tends to lose its stability

when it becomes relatively wide, in comparison with width

2x0 of the central region. Further, Fig. 4 demonstrates that

the destabilization, which occurs with the decrease of x0 at a

fixed value of k0, is accounted for by a simple bifurcation of

the center-saddle type [87], with two imaginary eigenvalues
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Fig. 7 Characteristics of double vortices, with m = 2 and g = 4. (a) The power defect versus k for a family of vortices with r0 = 3. Both

the numerical results and TFA prediction, calculated as per Eq. (26), are displayed by the continuous black and dashed red lines, respectively.

(b) Stability (blue) and instability (yellow) domains for the double vortices in the plane of (r0, k). Perturbed evolution of the vortices marked

by D1 and D2 is displayed in Figs. 8(c) and (d), respectively. Panels (c1)-(c5) display an example of a stable double vortex from the family, for

k = −1. (c1): The intensity distribution; (c2): the contour plot; (c3): the cross-section profile; (c4): the phase pattern; (c5): the spectrum of stability

eigenvalues. Panels (d1)-(d5) display the same as, respectively, (c1)-(c5), but for an unstable double vortex with r0 = 4.5 and k = −5.

colliding at the critical point and carrying over into a pair of

real ones with opposite signs.

The stability of sufficiently narrow dark solitons can be

understood following the principle that the stable configu-

ration is one minimizing the system’s Hamiltonian. To im-

plement this approach, it is necessary to compare values

of ∆H , given by Eq. (12), for the dark soliton placed in

the central region, with G = g, and in the peripheral area

(|x| > x0), with G = 1, taking into regard the constraint

that this should be done for equal values of the total power.

Indeed, the values of the power defect, given by Eq. (11), are

different for the same k but different local values of G(x),

the defect being larger for smaller G = 1 than for G = g:

δP ≡ ∆P (G = 1)−∆P (G = g) = 2
√
−k

(

1− 1

g

)

.

(31)

To maintain the balance of the total power, one may assume

that the imbalance, δP , is distributed in a very broad flat

background, with large spatial width L, so that the constant

background amplitude, Ubackr =
√
−k, for G = 1 (see Eq.

(25)), is replaced by Ubackr =
√
−k + δU , with a small

change,

δU ≈ δP/
(

2
√
−kL

)

, (32)

which absorbs the imbalance of the total power. This shift,

in turn, gives rise to a small change in the quartic term of

Hamiltonian (4) in the background area:

δHbackr ≈ 2GU3
backrδU · L ≈ (−k)δP, (33)

where expression (32) is substituted for δU . Finally, the total

difference of values of the Hamiltonian for the dark soliton

with the center placed at x = 0 and at |x| > x0 is

δHtotal = δHbackr +∆H (G = g)−∆H (G = 1)

≡ 4

3
(−k)3/2

(

1− 1

g

)

.
(34)

The positiveness of δHtotal in Eq. (34) suggests that the

configuration with a relatively narrow dark soliton, placed

in the broad top-floor region, with a larger value of G = g,

is stable, in comparison with its counterpart in which the

dark soliton is placed in the asymptotic area, where the local

nonlinearity coefficient, G = 1, is smaller. Note a crucial-

ly important contribution of term (33), which represents the

change of the Hamiltonian of the indefinitely broad back-

ground due to the small change of its amplitude: without

this term, δHtotal would have a wrong sign.

On the other hand, for smaller |k| or smaller values of

x0, when the dark soliton does not remain very narrow in

comparison with size x0 of the flat-floor region, Fig. 3(e)

demonstrates that a relatively wide dark soliton, with the

center placed at x = 0, is unstable. This fact may be qualita-

tively explained, considering the limit case of the very nar-

row modulation profile approximated by Eq. (16). Indeed,

treating the dark soliton as a quasi-particle in the framework

of the perturbation theory [88], the Hamiltonian perturba-

tion term (17) acts on the particle as an effective potential,

obtained by the substitution of the unperturbed dark soliton

(10), with its center placed at x = ξ:

Wint(ξ) = (γ/2) tanh4
(√

−kξ
)

. (35)
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Fig. 8 The evolution of perturbed vortex states at g = 4: (a) the one

with m = 1, r0 = 5, k = −10; (b) precession (circular motion) of

the vortex with the pivot initially placed off the center, at (xc, yc) =
(4.7, 0), with m = 1, r0 = 5, k = −5; (c) a stable double vortex

with m = 2, r0 = 3, k = −1; (d) an unstable double vortex with

m = 2, r0 = 4.5, k = −5. All panels display the domain with size

|x|, |y| ≤ 10.

By itself, this potential is attractive, with a minimum at ξ =
0. However, the effective dynamical mass of the dark soli-

ton, treated as a particle, is negative [80,81,89], therefore

the action of potential (35) makes the equilibrium position

of the particle at ξ = 0 unstable.

The predictions for the (in)stability of dark solitons based

on the computation of eigenvalues are confirmed by direc-

t simulations of their perturbed evolution. Typical examples,

corresponding to points marked B1–B3 in Figs. 3(e), are dis-

played in Figs. 2(d–f), respectively. In particular, if the posi-

tion of dark soliton placed at the center is unstable, in panels

(e) and (f) of the Fig. 2, it is spontaneously expelled from

the flat-floor area, as might be expected.

3.3 Two-dimensional (2D) modes: bubbles and vortices

We now turn to the consideration of 2D flat-floor bubbles

(which represent the ground state) and flat-waist vortices.

At first, we dwell on results for the bubbles. The profiles

and intensity distributions for them are displayed in Fig. 5.

In particular, Fig. 5(a1) depicts the profiles of 2D flat-floor

bubbles for different values of r0 in the spatial-modulation

pattern given by Eq. (5), whose intensity distributions are p-

resented in Figs. 5(a2-a4). It is seen that the bubbles form the

flat-floor shape as r0 increases. Similarly, Fig. 5(b1) depicts

the profiles of 2D flat-floor bubbles for different values of

g, whose 2D intensity distributions are shown in Figs. 5(b2-

b4). In Figs. 5(b1–b4) one sees that the minimum value of

the bubble’s field naturally decreases with the increase of g,

in accordance with Eq. (26). Generally, the profiles of these

2D flat-floor bubbles are similar to their 1D counterparts,

cf. Fig. 1. Further, according to the results of the linear sta-

bility analysis and numerical simulations, the flat-floor bub-

bles are all stable (as one may expect for the ground states,

which are actually represented by the bubbles), at least up

to |k| = 24. Dependencies of the power defect, ∆P2D, on k

for the 2D flat-floor bubbles, as produced by the numerical

results and TFA (see Eq. (26)), are reported in Fig. 5(c1),

and the intensity distributions with different k are depict-

ed in Figs. 5(c2-c4). Note that the numerically found and

TFA-predicted ∆P2D(k) dependencies are virtually identi-

cal, both being proportional to |k|, as said above (see, in

particular, Eq. (29)).

Next we present the results for flat-waist vortices. Typ-

ical examples of such modes with winding number m = 1
are displayed in Fig. 6 for r0 = 2 and r0 = 5. The power de-

fect versus k for the 2D flat-waist vortices, as produced by

the numerical solution and predicted by and TFA (see Eq.

(26) for different values of r0, is displayed in Figs. 6(a1,b1).

It is seen that, unlike the 2D bubbles (cf. Fig. 5(c1)), there

is a small discrepancy between the numerical findings and

TFA prediction, and the power defect is not strictly propor-

tional to |k|. Typical intensity distributions, contour plots,

cross-section profiles, and phase patterns of the vortices are

presented in Figs. 6(a2-a5) and 6(b2-b5). These modes natu-

rally feature flat waists instead of the flat floor, as the vortic-

ity stipulates vanishing of the amplitude at r = 0. The width

of the flat waist of the vortices increases with r0, similar to

the 2D bubble (ground-state) modes presented in Fig. 5. The

phase patterns are usual, directly corresponding to m = 1.

The results for double flat-waist vortices, with the wind-

ing number m = 2, are depicted in Fig. 7. The dependence

of the power defect on k, intensity distributions, contour

plots, and cross-section profiles of such double vortices are

similar to those withm = 1, while the phase patterns in pan-

els 7(c4) and (d4) obviously represent the double vorticity.

Note a visible discrepancy between the numerical findings

and TFA prediction for the power defect, as a function of k,

in panel (a1), similar to what is shown for the 2D bubbles in

Fig. 6(b1).

An essential issue is the stability of the vortices. Accord-

ing to our results, obtained from the linear-stability analy-

sis and corroborated by direct simulations, the vortices with

m = 1 are completely stable, at least up to k = −24. On the

other hand, the double vortices are stable only if |k| is not

too large. A stability chart for them in the plane of (r0, k) is

shown in Fig. 7(b).

Simulations of the perturbed evolution of vortices from

Figs. 6 and 7 are displayed in Fig. 8. First, panels (a) and

(c) of this figure demonstrate the stable propagation of the

unitary and double vortices labeled C2 in Fig. 6 and D1 in

Fig. 7, respectively.
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Fig. 9 Panels (a) and (b) display the precession (shown as the trajectory of motion of the vortex’ pivot) of vortices with m = 1, g = 4, k = −5:

(a) the vortex with the pivot initially placed at (xc, yc) = (1.5, 0), for r0 = 2; (b) the vortex with (xc, yc) = (4.7, 0), for r0 = 5. Panel (c)

displays the trajectories of two unitary vortices, into which the unstable double one (with m = 2) splits, for g = 4, r0 = 4.5, k = −5. The

precession of double vortices with g = 4: (d) an initially unstable one, with r0 = 5, k = −5, (xc, yc) = (3, 0); (e) an initially stable double

vortex, with r0 = 3, k = −2, (xc, yc) = (1.5, 0). Insets in panels (c)-(e) show details of relatively short segments of the respective trajectories.

Further, Fig. 8(b) displays precession of the vortex whose

pivot (center), with coordinates (xc, yc) = (4.7, 0), is ini-

tially shifted off the origin. In Fig. 8(b), the pivot performs a

circular motion in the periphery of the flat-waist area of the

vortex. The trajectory of the motion is shown in Fig. 9(b).

In addition, Fig. 9(a) shows the precession trajectory of the

unitary vortex with the initial position (xc, yc) = (1.5, 0).
In the latter case, the radius of the precession motion de-

creases in the course of the evolution. A general conclusion

is that, if the original vortex is stable, its precessing motion

is robust as well. These results resemble experimentally ob-

served precession of vortices in BEC [90].

Unstable evolution of the vortex labeled D2 in Fig. 7 is

displayed in Figs. 8(d) and 9(c), where the double vortex

(with m = 2) splits into a persistently rotating pair of uni-

tary ones, with the rotation period z = 7.39. The character

of the instability corresponds to the spectrum of eigenvalues

for small perturbations around the double-vortex solution,

which is displayed in Fig. 7(d5). It is seen that the instabil-

ity is accounted for by a quartet of eigenvalues with nonze-

ro imaginary parts, on the contrary to the pair of purely re-

al eigenvalues that represent the instability of the 1D dark

solitons in Figs. 4(a,b). The imaginary parts of the unstable

eigenvalues determine the angular velocity of the rotation of

the emerging pair of split unitary vortices in Figs. 8(d) and

9(c). The emergence of a quartet of complex eigenvalues is

known as a generic type of the destabilizing bifurcation. In

particular, it typically accounts for the onset of instability of

vortex solitons [91].

Actually, the splitting instability of double vortices (with-

out setting the emerging pair in rotation) is a commonly

known property of the 2D NLS equation with the spatial-

ly uniform cubic self-repulsion, see review [92] and original

works [93,94,95,96,97,98,99]. In the present case, the dif-

ference is that the spatial modulation of the local nonlinear-

ity in Eq. (5) induces an effective trap, which prevents the

separation of the split pair, keeping it in the rotating state.

The same trap maintains the stability of the double vortices

in the blue area of Fig. 7(b) (the stabilization of multiple

vortices by an external potential is known in other models

[100]).

Lastly, the precession of vortices with m = 2, which are

initially placed off the center, is displayed in Figs. 9(d,e). In

panels (d) and (e), the double vortices, with (r0 = 5, k = −5)
and (r0 = 3, k = −2) are, respectively, initially unstable and

stable against splitting, according to Fig. 7(b). In both cas-

es, the shifted double vortices split in rotating pairs with a

small separation between the unitary vortices, which perfor-

m robust precession. Further, the separation between the u-

nitary vortices in the pair remains constant if the original

double vortex is stable (Fig. 9(e)), while the size of the pair

produced by splitting of an unstable double vortex slowly in-

creases in the course of the evolution, as seen in Figs. 9(c,d).

The consideration of vortices with m ≥ 3 is left beyond the

scope of the present work.

4 Conclusion

We have considered the model of the optical medium or

BEC with intrinsic self-repulsion. The model includes the

spatial modulation of the local nonlinearity strength, with a

maximum in the central area and a minimum in the periph-

ery. The analysis has revealed new modes, viz., the 1D and

2D flat-floor bubbles, 1D flat-waist dark solitons, and 2D

flat-waist vortices. In a broad parameter region, the structure

of the modes is accurately predicted by the TFA (Thomas-

Fermi approximation). Through the computation of eigen-

values for small perturbations, it is predicted that the 1D

and 2D flat-floor bubbles, as well as 2D vortices with wind-

ing number m = 1, are completely stable, which is corrob-

orated by direct simulations. Nontrivial findings are insta-

bility boundaries, in their existence area, for dark solitons

and vortices with m = 2. Unstable dark solitons sponta-
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neously escape into the peripheral area with a smaller local

self-repulsion coefficient, which is explained by means of

the analytical approximation. Unstable double vortices split

in rotating pairs of unitary vortices. Lastly, originally dis-

placed stable vortices feature robust precession around the

origin.

The consideration of vortices with m ≥ 3 may be inter-

esting too, especially the precession in the presence of the

flat-waist structure.
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83. Bergé L.: Wave collapse in physics: principles and applications

to light and plasma waves. Phys. Rep. 303, 259–370 (1998)

84. Fibich, G.: The Nonlinear Schrödinger Equation: Singular Solu-

tions and Optical Collapse. Springer, Heidelberg (2015)

85. Kelley, C.T.: Solving nonlinear equations with Newton’s method.

SIAM, Philadelphia (2003)

86. Antoine, X., Duboscq, R.: GPELab, a Matlab toolbox to solve

Gross–Pitaevskii equations II: Dynamics and stochastic simula-

tions. Comput. Phys. Commun. 193, 95–117 (2015)

87. Champneys, A.R.: Homoclinic orbits in reversible systems and

their applications in mechanics, fluids and optics. Physica D 112,

158-186 (1998)

88. Kivshar, Y.S., Yang, X.P.: Perturbation-induced dynamics of dark

solitons. Phys. Rev. E 49, 1657–1670 (1994)

89. Busch, T., Anglin, J.R.: Motion of dark solitons in trapped Bose-

Einstein condensates. Phys. Rev. Lett. 84, 2298–2301 (2000)

90. Anderson, B.P., Haljan, P.C., Wieman, C.E., Cornell, E.A.: Vor-

tex precession in Bose-Einstein condensates: Observations with

filled and empty cores. Phys. Rev. Lett. 85, 2857–2860 (2000)

91. Malomed, B.A., Kevrekidis, P.G.: Discrete vortex solitons. Phys.

Rev. E 64, 026601 (2001)

92. Fetter, A.L.: Rotating trapped Bose-Einstein condensates. Rev.

Mod. Phys. 81, 647–691 (2009)

93. Neu, J.C.: Vortices in complex scalar fields. Physica D 43, 385–

406 (1990)

94. Pu, H., Law, C.K., Eberly, J.H., Bigelow, N.P.: Coherent disin-

tegration and stability of vortices in trapped Bose condensates.

Phys. Rev. A 59, 1533–1537 (1999)

95. Castin, Y., Dum, R.: Bose-Einstein condensates with vortices in

rotating traps. Eur. Phys. J. D 7, 399–412 (1999)

96. Mötönen, M., Mizushima, T., Isoshima, T., Salomaa, M.M.,

Machida, K.: Splitting of a doubly quantized vortex through

intertwining in Bose-Einstein condensates. Phys. Rev. A 68,

023611 (2003)

97. Kawaguchi, Y., Ohmi, T.: Splitting instability of a multiply

charged vortex in a Bose-Einstein condensate. Phys. Rev. A 70,

043610 (2004)

98. Shin, Y., Saba, M., Vengalattore, M., Pasquini, T.A., Sanner, C.,

Leanhardt, A.E., Prentiss, M., Pritchard, D.E., Ketterle, W.: Dy-

namical Instability of a Doubly Quantized Vortex in a Bose-

Einstein Condensate. Phys. Rev. Lett. 93 160406 (2004)

99. Mateo, A.M., Delgado, V.: Dynamical evolution of a doubly

quantized vortex imprinted in a Bose-Einstein condensate. Phys.

Rev. Lett. 97, 180409 (2006)
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