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Abstract
A detailed study of collapse dynamics as foreseen by the Ghirardi-Rimini-Weber theory of spon-
taneous collapse and its continuous realisations in the form of stochastic differential equations

describing a brownian motion in the Hilbert space is presented.



I. INTRODUCTION

In attempting to propose possible solutions to the quantum measurement problem, a
number of possible solutions have been proposed. On the one hand, there exist many
decoherence theories, see ref. [14] for a review. On the other hand, different extensions
of quantum mechanics have been developed. On the one side, discontinuous stochastic
processes promoting the spontaneous collapse of the state of the quantum system have been
presented for the first time in ref. [8], namely the so called GRW theory. On the other
one, continuous processes such as in ref. [7] have been devised, in which the spontaneous
collapse of the quantum state is realised in the form of a brownian motion in the Hilbert
space. In both the approaches, the spontaneous collapse originates from stochastic and non-
linear terms additional with respect to the deterministic and linear Schrodinger evolution,

see refs.[3, 5-9, 16]).

The two families of processes are strictly connected. Actually, in ref. [12] it has been
shown that continuous processes can be obtained as a proper infinite frequency limit of
discontinuous ones. In all these process in the Hilbert space a set of physical quantities
(observables) appears, represented by the corresponding set of selfadjoint operators. The
processes act inducing the sharpening of the distribution of values of those quantities around
a stochastically chosen centre. In ref. [6] it has been shown that the physical effect of the
stochastic processes depends on the choice of observables that are being sharpened and not

on the details of the sharpening procedure.

The two approaches, being formally distinct, have different features. On the one hand, the
meaning of the parameters and the physical effects of the sharpening procedure are clearer
in the discontinuous processes; on the other one, the continuous realisations are more elegant
from the mathematical viewpoint. The paper is organised as follows. In Sect. IT the main
features of the two approaches are recalled, together with their relationship. In Sect. III the
continuous process is specialised to an experimental setup in which a single photon is sent
to a beam splitter creating a superposition of transmitted /reflected photon states, and the
photon is detected (or not) by a single-photon detector placed in the transmission region.
Sect. IV is devoted to the analysis of the setup in which a second single-photon detector
is added in the reflection region. In Sect. V the photon/detector interaction is modelled

and taken into account in the measurement dynamics, together with its interplay with the



stochastic reduction process. In Sect. VI a number numerical simulations are shown and

commented. In Sect. VII some conclusions are drawn.

II. HITTING AND CONTINUOUS PROCESSES

Let the set of compatible quantities characterizing the discontinuous stochastic process
be

~

A={A,; m=12,... K}, (A, A =0, Al =A,, (1)

and the sharpening action be given by the operator

o\ K /4 .
S, = <;) exp(R),  Ri=—la(A—a) 2)
The parameter « rules the accuracy of the sharpening and a; is the centre of the i-th hitting.
It is assumed that the hittings occur randomly in time, distributed according to a Poisson
law with frequency A.
The sharpening operator for the i-th hitting S; acts on the normalized state vector |i¢)

giving the state vector |p; ), which can be recast in a normalized vector [ ,):

/ |90i t>
‘wz,t> ||§017t|| ) |90 s > |77/} > (3>

The probability that the hitting takes place around a; is

2 (dlai) = lloiel”. (4)

Actually, it turns out that the effectiveness of the discontinuous process depends on «
and A only through their product.
The continuous process based on the same quantities A = {flm}ﬁzl is ruled by the Ito

stochastic differential equation

Ap) = [VA(A = (A)y) - dB - 1y(A — (A),,) dt] ), (5)
where
dB = {dB,,; m=1,2,...,K}, dB =0, dB,, dB,, = 6. dt, (6)
and
<A> v <¢t|AWt> (7)
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The parameter ~ sets the effectiveness of the process.
In refs. [12] and [6] it has been shown that, by taking the infinite frequency limit of the

discontinuous process (3) and (4) with the prescription
a = constant = 27, (8)

one gets the continuous process of eq. (5). As a consequence it becomes apparent that,
for t — o0, the continuous process drives the state vector to a common eigenvector of the
operators A. The probability of a particular eigenvector |a,) is given by |(a,|t)|?, for the

generic state vector |¢g) at a given arbitrary initial time.

III. SINGLE DETECTOR

Consider the experimental setup depicted in Figure 1, in which a single photon state hits
a beam splitter (BS), a superposition of |v)g and |y) states is formed and a single photon
detector (SPD) is placed in R position. In this case eqgs. (5)—(7) are specialized to a single

operator fl, namely the operator associated to the “pointer position” (more on this later).
Undetected

Photon Source SPD

BS

FIG. 1: Single detector setup.

We indicate with |cg 1 |? the transmission and reflection coefficients of the BS, respectively.

Therefore, in the photon + detector Hilbert space one has that the Schrodinger evolution
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generates the superposition

9 = (el + el D) > Lol DO) + o) o D)
= cp|Yr) + crlr), (9)

where ]D(0’+)> are the SPD states that correspond to SPD “ready” or “clicked”, respectively,

and |cz|? + |cgr|* = 1. The operator associated to the pointer position can be represented as
A=1,® [ao DOUDV| + a;[DF)(DP] | (10)

where ag 4 are the pointer position eigenvalues. Egs. (5)—(7) become

dp) = [VA(A = (A) )dB —Ly(A — (A)y,) a] o), (11)
dB =0, (dB)% = dt, (12)
(A) g, = aoles + aylenf = J(0) (13)

The time evolution of the coefficients of the superposition, cg 1, as due to the stochastic

process, can be obtained by projecting [ (¢t + dt)) onto |¢g 1), namely

era(t+dt) = (ralt +dt) = (Wl (l00) +d)) = Las@enn(t),  (14)
where
Lpp(t)=1+ [WKJr,O(t)dB - %VKi,o(t)dt}a (15)

and Ko (t) = ao+ — J(t). Since K;(t) (and hence L;(t)) is invariant under translation of

the system of eigenvalues a;, without loss of generality one can take ap = 0 and a;, = a,

obtaining
Ko(t) = —aler|?, (16)
K. (t) = a1~ |en?) = ales (17)
from which
Li(t) =1+ | & ayAler (®)PAB — bya?ler, p(t) dt]. (18)
Since, according to eq. (14),
lern(t+dt)[* = Ly, (t)lcr ()], (19)
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one has, by squaring eq. (18) and taking into account the It6 lemma, that:

qu(t) =14 2a\/v|cL.r(t)|*dB. (20)

The stochastic factor L% () of eq. (20) can be generated numerically in each step in dt
by extracting a gaussian random number dB, according to the statistics of eq. (12), and
iteratively inserting it into eq. (19) to produce the “path” followed by |cg |* during the

reduction process.

IV. TWO DETECTORS

SPD

Photon Source SPD

BS

FIG. 2: Double detector setup.

When considering the experimental setup described in Figure 2, where a second (and, for the
sake of simplicity, identical) SPD has been added in L position, the Schrédinger evolution

generates, in the photon + detectors Hilbert space, the superposition

) = (clide + crldn) IDE)IDE)

= cr LI DEIDRY) + erl eI DEDIDE) = culdon) + calvn), (21)
where now Dpg 1, are the states of the R and L SPD, respectively, and, again, |cr|?+]|cg|* = 1.
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The operators associated to the R and L pointer position are
Ars =1, 810 ® [0l DYLIDRL| +asl DEL(DLL]
and egs. (11)—(13) become

d) = [VA(AL = (Ar)p)dBy = (AL — (Ar) )"t

+v7(Ar — (AR) 4)dBr — 3v(Ar — (Ag) wt)Qdf] ),

dBrr =0, (dBry)?=dt, dBrdBL =0,

(AR) g, = (AL) g, = (A) y, = aoles|’ + aylerl.
By following the same procedure sketched in the previous section, one obtains
Lrp(t)=1+ [j: ay/Alerr|?dBr L — tva®|ep g|*dt
T avleprl*dBr g — 3va’|ep | dt |,
from which
L% 1 (t) = 1+ 2av/Alcr,rl?dBrr F 2ay/7|cr,z|*d B s
It is worth noticing that eq. (27) can be rewritten as

L%,L(t) =14 2a\/|crr|? (dBr — dBg) = 1 & 2a\/v|cr g*dC,

where

dC =dBr —dBy,

is a gaussian stochastic variable obeying the statistics

dC =0, (dO)%= (dBg)%+ (dBp)? = 2dt.

(22)

(26)

(27)

(28)

(29)

(30)

V. THE SYSTEM/DETECTOR INTERACTION AND ITS INTERPLAY WITH

THE STOCHASTIC PROCESS

In the previous sections the system /apparatus interactions generating the superpositions

(9) and (21) have been considered “instantaneous”. Actually, any real device has a finite

reaction time 7" and the dynamical development of the superpositions can be modelled by

proper interaction hamiltonians (see for instance ref. [11], where the von Neumann model of
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measurement in quantum mechanics is described in detail, and ref. [1] for a recent discussion
about the interplay between the measurement time and the localisation process).

Considering the single detector case, the system/apparatus interactions hamiltonian can
be written as

i =g, B1)

where P is the momentum operator of the pointer, R is defined as

RYr=)r R =0 (32)

the function f satisfies
f0)=0,  f(1)=a, (33)

B(t) is the activation function that, for the sake of simplicity, is assumed piecewise linear

starting from ¢t = 0 taken as the interaction initial time
B(t) = min(t/T, 1) t>0, (34)

and T is the time at which the interaction has fully developed.

The effect of the interaction hamiltonian (31) on the initial superposition

) = (celn)r + erl)r) ID@) (35)

is the following: since R|y); = 0, the term ¢z |y).|D®) is left unchanged; on the contrary,

since R|y)r = |7) g, the pointer position in the term cg|y)z|D@) is shifted from position “0”

to position “a”, corresponding to cg|y)gr|D™)), linearly in the time interval (t = 0,¢ = T)).
When taking into account the interaction (31), eq. (11) becomes

!

At + (A = (A))dB = 1y(A = (A) ) dt] ). (36)

dly) = |

Under the (very good) approximation that the stochastic process does not affect the
pointer wave functions corresponding to different pointer positions, but affects only the

coefficients of the superposition (cg 1), eq. (18) becomes
Li(t) = 1+ [ £ ay/AB(0)ler,plPdB — L1a* 5 ()]s | dt] (37)

from which

L3 (t) = 1£2a\/75(t)|crr[?dB (38)
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(a) Starting condition: |cg|* = 3. (b) Starting condition: |cg|? = 2.
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t[ps]
. e . 2 __ 4 . " . 2 _ 1
(c) Starting condition: |cgr|* = . (d) Starting condition: [cgr|* = 55.

FIG. 3: Paths of |cg|* as function of ¢ in case of a single detector with v = ;. The time
scale in ns= 107" s. For all the figures, in blue are the paths for the case without the von

Neumann activation (vNa), in red are the paths with vNa for T'= 10~* ns.

and, analogously, eq. (26) turns into
LR,L(t) =1 -+ |::|: a\/ﬁﬂ(t)|cL,R|2dBR,L — %7a252(t)|cL,R|4dt

T avAB()|eraldBrr — dva8(t) s | dt] (39)

from which

L2R,L(t) =1+ Qaﬁﬁ(t)\cLyRFdBR,L F ZG\/’_yﬁ(t)‘CLvRPdBL’R
=14 2a\/78(t)|cL.r|*dC. (40)

It is worth noticing that the difference between egs. (20) and (28) on one side, and egs. (38)

and (40) on the other, consists in the presence of the activation function §(¢) in the stochastic

9



‘i
Vv A

3 M 0 v i bl N N
0.0x10° 1.0x10" 2.0x10’ 3.0x10' 0.0x10° 1.0x10" 2.0x10’ 3.0x10’
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(a) Starting condition: |cg|* = 3. (b) Starting condition: |cg|? = 2.

0 - — 0! sl
0.0x10 2.0x10’ 3.0x10" 0.0x10° 1.0x10' 2.0x10 3.0x10"
t[ns] t[ns]
(c) Starting condition: |cg|? = ‘5—1. (d) Starting condition: |cg|? = 2_10.

FIG. 4: Paths of |cg|* as function of ¢ in case of a single detector with v = 7. The time
scale in ns= 107 s. For all the figures, in blue are the paths for the case without vNa, in

red are the paths for T'= 5 ns.

term, and can be qualitatively understood as follows: the stochastic localization process is
the more effective the more separate are the positions of the terms in the superposition.
Since the interaction hamiltonian (31) generates the superposition gradually, the stochastic

process starts at time ¢ = 0 and becomes fully effective at time ¢ = T, when §(T') = 1.
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t[ps]

3.0x10™

[ps]

(c) Starting condition: |cg|? = 2. (d) Starting condition: |cg|* = 5.

FIG. 5: Paths of |cg|? as function of ¢ in case of two detectors with v = ;. The time scale
in ns= 1072 s. For all the figures, in blue are the paths for the case without vNa, in red are

the paths for Tyn, = 107 ns.

VI. NUMERICAL RESULTS

The original choice of parameters, for a process of localisation in position space, in [§]

was

Amicro = 1078571 o712 = 107%cm (41)

Recently, the experimental search of spontaneous X-ray emission [13] has possibly ex-

cluded this set of paramenters. A possible choice compatible with [13] is

Amicro = 10771 7Y% = 107 %cm, (42)
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that, according to eq. (8), corresponds to

1
_ -9 —2,-1
Vmicro = 510 cm™°s (43)
600 900
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O °
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© 400 © 600
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g g
5 § 500
S 300 °
3 400
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5 200 5 300
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200
100
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=
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0 0 1 1 1 0 0 1 1 1
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. sie . 2 1 . oy . 2 _ 2
(a) Starting condition: |cg|® = 3. (b) Starting condition: [cgr|* = 3.
1200 1800
1600
1000
1400
° O
(9] (5]
2 800 1200
[ [
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g £ 1000
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. g . 2 __ 4 . Y . 2 1
(c) Starting condition: |cg|* = £. (d) Starting condition: [cgr|* = 5.

FIG. 6: The number of paths that, at each time bin, reached |cg|* > 1 — ¢ (blue and black
histograms for vNa switched off/on, respetively) or |cg|? < € (green and red histograms for
vNa switched off /on, respectively), with e = 1/N, N being the number of paths considered
in the statistical sample (10° in this case), for a single detector and v = 7. The integral

of any single histogram represents the total number of paths arrived at convergence (Born

Rule).

For an object of approximately 1 cm?® the number of elementary constituents is assumed

3

to be 10%3. Consequently, if the dimension of the object is reduced to 1 mm?® one has
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approximately 10%° constituents. From these considerations, in the first case one has

1
Ymacro,1 = V1 = 1023’7micr0 = 51014 cm

and in the second case

— _ 20
“Ymacro,2 = Y2 = 10 Ymicro =

1
2

2.1

5

10" em 257 L

Correspondingly, it is assumed that the parameter a describilng the “pointer” shift in posi-

tion is @ = 1 cm in the first case and @ = 1 mm in the second one.
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Figure 3 shows a sample of 10® paths followed by |cg(t)
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(c) Starting condition: |cg|? = 7.
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(b) Starting condition: |cg|? = 2.

(d) Starting condition: |cg|?> = .

1.0x10’ 2.0x10’

t[ns]

20

FIG. 7: The same as in Figure 6 for the two-detectors case.

’ 2

for the starting conditions

lcrl? = 1/2,2/3,4/5 and 1/20 for the case of a single detector with v = ;. The blue/red

paths correspond to the effect of the stochastic process alone and to the combined effect
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of stochastic process and von Neumann activation (vNa) with 7" = 10~ ns, respectively.
The paths tend to converge to |cg|> = 1 or |cg|? = 0 with probability given by the starting
condition (Born rule). For the stochastic process alone, the time scale at which the paths
approach convergence is of the order of 5 x 107° ns, while in the presence of vNa the
convergence is more distributed in time and becomes clear for ¢t ~ T'| as expected.

Figure 4 is the same as Figure 3, but for v = 75 and 7" = 5 ns. Now the time scale at
which the paths approach convergence is of the order of 3 ns (no vNa). The lengthening of
the convergence time is due to the fact that in this case the detector is smaller and hence

fewer constituents contribute to the spontaneous collapse.

1

0.97

e o
N @

o
o))

©
~

fraction of not yet converged
o o
(€3] (41

o
n

0.1y

0 9o -1 -1 -1 -1 -1
0x10 1x10 2x10 3x10 4x10 5x10
t [ps]

FIG. 8: Persistence of the superposition. Fraction of paths with e < |cg|? < 1—¢. The green
and blue curves correspond to the starting conditions |cg|* = 1/20 and 1/2, respectively,
without vNa. The red and black curves represent the same situation with vNa. The setup

with v = v, and a single detector has been chosen.

Figure 5 is the same as Figure 3, but for the case of two detectors. As can be seen, the
convergence is more rapid than in the case of a single detector. The larger effectiveness
of the localization process can be traced back to the statistical properties of the stochastic

process dC, whose variance is two times the variance of the individual stochastic processes

dB.
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In all these cases T has been chosen larger than the typical convergence time scale; for
T less then, or similar to, the convergence time scale the stochastic process is not affected

in a significant way.

In order to better quantify the convergence properties of the processes, Figure 6 shows the
number of paths that, at each time bin, reached |cg|*> > 1 —¢ (blue and black histograms for
vNa switched off/on, respetively) or |cg|* < € (green and red histograms for vNa switched
off /on, respetively), with e = 1/N, N being the number of paths considered in the statistical
sample, for the case of a single detector and v = 7,. The integral of any single histogram
represents the total number of paths arrived at convergence (Born Rule). As can be noticed
by comparing same color histograms, their shape and peak position depend on the starting
conditions. For instance, looking at the blue histograms (paths converging to |cg|* = 1),
the peak present for the starting condition |cg|?> = 4/5 tends to flatten as the initial value for
|cr|? is reduced and its position shifts from about 5 to about 8 ns for the starting condition
lcr|? = 1/20. Qualitatively similar comments hold also for Figure 7, where the case of two

detectors is shown.

Figure 8 shows the persistence of the superposition of | ) states. The fraction of
paths with ¢ < |cg|? < 1— ¢ is represented as a function of time. The green and blue curves
correspond to the starting conditions |cg|?> = 1/20 and 1/2, respectively, without vNa. The
red and black curves represent the same situation with vNa. The setup with v = v; and a
single detector has been chosen. As can be seen, both with and without vNa the starting
condition |cg|? = 1/2 corresponds to a longer lasting superposition, while with |cg|? = 1/20
the superposition decays more rapidly. A qualitatively similar situation is found for the

other setup previously considered.

At last, Figure 9 shows the persistence of the superposition for the paths converging to
|cr|* = 1. The fraction of paths converging to |cg|? = 1 with ¢ < |cg|? < 1—¢ is represented
as a function of time, The blue and green curves correspond to the starting conditions
lcr|? = 1/2 and 1/20, respectively, without vNa. The black and red curves represent the
same situation with vNa. The setup with v = ~; and a single detector has been chosen.
As can be seen, both with and without vNa, for the paths converging to |cg|*> = 1 the
superposition of [¢g 1) states is more persistent for the starting condition |cg|* = 1/20 than

for |cg|? = 1/2.
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FIG. 9: Persistence of the superposition. Fraction of paths with e < |cg|*> < 1 — ¢ as
a function of time, for the paths converging to |cg|*> = 1. The blue and green curves
correspond to the starting conditions |cg|* = 1/2 and 1/20, respectively, without vNa. The
black and red curves represent the same situation with vNa. The setup with v = v; and a

single detector has been chosen.

VII. CONCLUSIONS

In the present paper a detailed study of collapse dynamics as foreseen by GRW theory
and its continuous realisations in the form of stochastic differential equations describing
a brownian motion in the Hilbert space has been presented. The possible effect of the
finite reaction time of the apparatus has also been considered. It has been assumed that a
“pointer” shifts its position by an amount a as a consequence of its measurement; this, of
course, is not the general case, and what is the “pointer” has to be established in relation to
the real physical detection and logging apparatus employed. The features of the convergence
properties depend on the starting condition, and could be exploited to design experiments

aiming at pointing out “GRW” effects.

The two elements determining the time resolution in the experiment outlined in figure 1

or 2 are the single photon source and the detectors. We will now briefly consider the
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challenges each one presents to the possibility of a an actual implementation of the proposed
experiment.

A wide variety of single photon sources have been developed over the years, especially
thanks to their applied potential in quantum technologies such as quantum communication
and quantum computing. Among these sources, the most commonly used in quantum optical
experiments fall in two categories: heralded single photon sources and quantum dots. In
the first type of source optical nonlinearities are exploited to create photon pairs, followed
by the detection of one of the photons and the corresponding projection of the second one
on a single photon Fock state [4]. The advantages of these sources are that they can be
very brilliant and, more importantly for the present experiment, the extraction efficiency of
the photons from the source approaches unity. The main drawback of these sources is that
they are probabilistic in nature, and there always exists a non-zero probability that multiple
photon pairs are emitted at the same time, thus polluting the single photon state. The
typical lifetime of photons generated with parametric sources can be below one picosecond.

In the case of quantum dots, the emission of a stream of single photons is granted by the
Fermionic repulsion of electrons confined in quasi 0-dimensional nanostructures [2], often
embedded in a semiconductor substrate. There are two main disadvantages of quantum
dots; the first is that they generally operate at temperatures of the order of a few Kelvins,
the second is that the extraction efficiency from the source is usually less than 50%. This
second issue is of particular importance for the proposed experiment; indeed the majority of
the photons are generally scattered inside the semiconductor containing the quantum dot,
to be quickly absorbed by the substrate. This high probability of absorption before reaching
the detectors could result in a change in the collapse dynamics, hindering the experiment.
The typical lifetime of photons generated by quantum dots is of the order of tens to hundreds
of picoseconds.

Concerning the detectors, the most performant existing single photon detectors at optical
and near infrared frequencies are Superconducting Single Photon Detectors (SSPDs) [17].
These devices consist in superconducting wires driven near to the critical current of the
superconducting material. If properly designed, the energy of even a single photon absorbed
by the wire is sufficient to deposit enough heat to break the superconducting state, thus
generating a voltage spike. The time resolution of SSPDs is of the order of a few tens of

picoseconds, and their quantum efficiencies are close to unity, generally larger than 95%.
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The voltage spike generated by a detection event in SSPDs is then electronically amplified
giving rise to electrical pulses. For a general set-up, we can assume such pulses to be 10 ns
in time width and 10 V in amplitude. If the circuit is closed on a 50 Ohm load, each pulse
carries a charge of approximatively 10'° electrons, charge that is provided by capacitive
elements within the amplifier circuit (the circuit then needs time to recharge, the so called
“dead time” of the detectors).

If we assume the electronic pulse following detection events to be the “pointer”, and
assume that the set of observables to be sharpened is given by mass densities as in the last
realisation discussed in ref. [6], the value of the parameter v would be significantly smaller
than 79, resulting in collapse times much longer than 1 ns. It seems therefore possible to
build, with existing technologies, an experiment as that outlined in figure 1 or 2 in which the
collapse dynamics is longer than the time resolution given by the photon lifetime and the
resolution of the detectors (expected to be hundreds of ps at the most). Such an experiment
remains however challenging, given in particular the requirement that the almost totality
of photons must be succesfully routed to the detectors, to avoid the possibility of collapse
due to absorption of the photons from the various objects constituting the experimental
set-up. One promising route to minimize this problem might be the use of a fully integrated
experiment, in which single photons generated by a quantum dot are not extracted from the
semiconductor, but instead emitted in an optical waveguide fabricated in the semiconductor
itself. This process can be engineered to have high efficiency thanks to the Purcell effect
[10]. The photons could then be routed toward monolithically integrated SSPDs. Recent
experimental results [15] again show that such a goal can be considered within reach of
existing photonic technologies.

Albeit the qualitative features of collapse dynamics, as previously shown, do not depend
of the value of the parameter v, collapse times are sensitive to the details of the particular
detector employed. A tailored analysis is then required, taking into account all the particular

aspects of the experimental setup adopted, and is left to future investigation.
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