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Abstract

This paper presents a standard approach, based on dual quaternions (DQ), to
deal with the kinematic analysis of scissor-like elements (SLE). Kinematic
relations of homogeneous SLE are simplified by using DQ exponentiation. The
steps to identify kinematic singularities are detailed by an algorithm. A second
algorithm is introduced to deal with the computation and plotting of reachable
and dexterous workspace. In this approach, not just points and vectors, but lines
and planes are represented by DQ. The motion of points, lines and planes can be
appreciated in practical examples based on domotics.

Keywords: Mechanisms; kinematics; scissor-like elements; dual quaternion

Introduction

The need of making folding equipment ranges from the Mongolian yurts, to more
sophisticated devices such as the Da Vinci’s umbrella or the velum of the Roman
Coliseum [1]. In the last decades, the idea of joining various scissors through a pivot
and hinges leaded into more complex assemblies; for example, in 1985 Escrig [2]
introduced an approach of translational homogeneous SLEs structures, the next
year a novel configuration through polar SLE was presented [3], fourteen years later
Hoberman patented a closed structure of symmetrical angulated SLEs [4], leading
into the famous toy today known as the Hoberman sphere, the next year Hoberman
patented a radial expansion truss structure [5] by using non-symmetrical angu-
lated SLEs. Nowadays, SLEs have been used in aeronautical, architecture, robotics,
among other applications [6, 7, 8, 9, 10, 11, 12].

The kinematic analysis of extensive SLE becomes complex because of the large
amount of joints and links. Farrugia introduced an approach based on matrices
[13] to deal with the kinematics of SLE. The main drawback of this approach is
the number of rows and columns in the matrices which depends on the amount of
SLEs in the mechanism. The kinematic analysis of SLEs can be developed by using
Screw Theory [14]. However, the possibility to deal with the orientation of lines,
planes and volumes are not allowed. In [9] it was introduced the use of DQ in the
kinematic analysis of translational SLE with constant bar length; nevertheless, the
kinematics of connectors was omitted, the application was limited to homogeneous
assemblies, and the motion of lines and planes was not explored.

Usually, deployable structures exhibit kinematic singularities along the motion
paths [15]. These critical points could lead into the change of mobility [16]. A
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robust strategy to control SLE based systems was shown in [17]. This control tech-
nique did not consider singularities being possible to lead into collisions that reduce
or damage the utility of the mechanism. In this paper, we introduce an algorithm
to identify singularities in SLE. If the singularities are detected, then the reachable
and dexterous workspace can be computed and plotted by using a second algorithm.
Previously, it is necessary to write the kinematic relations of the points of interest
from the origin frame. The rotations and translations caused by connectors are
considered in this kinematic relations. Extensive homogeneous assemblies of SLE
can be simplified by DQ exponentiation being possible to reduce the computational
effort [9]. One of the main advantages of DQ is the possibility to orientate lines,
planes and volumes [18, 19, 20], we take advantage of this property giving the pos-
sibility to include lines and planes, considered as end-effectors, in the kinematic

relations of SLE structures.

This document is organized as follows: in the first Section; concepts and terms
used in the paper are defined, starting from Clifford algebra, as well propositions
to deal with the motion of points, lines and planes in SLE. In the second Section,
translational and polar SLE are represented by DQ, connectors employed to assem-
ble three dimensional structures are represented by DQ too. Also, two algorithms
to identify singularities and compute the workspace are included in this section.
In the third Section; the theory introduced in the first and second Sections is ap-
plied in numerical examples based on domotics. Finally, pertinent conclusions and

perspectives for future works can be found.

Rigid displacements by Clifford algebra

Quaternions have proven to be efficient at representing rotations with clear geomet-
ric meaning [21, 22, 23, 24, 25, 26, 27]; unfortunately, they do not handle transla-
tions. Dual quaternions were introduced by William Clifford [28] like an effort to
combine rotations and translations while retaining the benefits of the quaternion
representation of rotations. In this section, we introduce concepts, notations and
definitions about Clifford algebra, as well, its application in the displacement of
rigid bodies by dual quaternions. Well known algebraic systems like complex num-
bers, matrix, vector, quaternion are included in Clifford algebra and unified in a
coherent mathematical language [29]. Rotation and translation of geometric enti-
ties such points, lines, planes, areas and volumes are basic operations in Clifford
algebra, this characteristic will be exploited in the next sections of this paper. We
start defining the Clifford algebra.

Definition 1 A n-dimensional Clifford space (Cl(n)), viewed as an extension of
FEuclidean vector space, becomes Clifford algebra, with 2™ elements, when geometric
product is defined. The orthonormal basis {s1,...,sn} considered as Euclidean vector

R™ is constrained to

GSj TS =0,Yi#j A ?=e¢,
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h =41, 0, -1 ts the signat tor ;.
where e = + , represents the signature of any generator g;

AP AT 4
Aiming for simplicity, the Clifford space is depicted as Cly» ar ra(n). The dimension

n of the Clifford space can be computed as the sum of the signatures A\P"™9.

Definition 2 The elements in Cl(n) are called according to the amount of genera-
tors, i.e, an element with ¢; is called vector, with ¢;s; is called bivector, with ¢;S;<
is called trivector, and so on. The elements with zero generators are scalars.

Based on Definition 2, a multivector is a general element of Clifford algebra and
the number of generators defines the degree of any element.

Definition 3 A j-dimensional subspace of Cl(n), defined by homogeneous multi-

vectors of j degree, is denoted by (M>J

By using Definition 3, it is possible to decompose a Clifford space as follows
Clav arpa(n) = (M)g & (M), & ... & (M), . (1)
In Eq.(1) ” @7 represents the direct sum of subspaces.

Definition 4 The subspaces of Cl(n) with even degree, i.e, (M),, (M),, and so
on, are defined as spinors and the direct sum of the spinors of Cl(n) is denoted by

Clt(n).

The spinors are employed in rotation and translation of rigid bodies [30, 31, 32|, it

can be appreciated in the next subsection.

Isomorphism between Clifford algebra and dual quaternions

By using the definitions established above, we introduce the concept of dual quater-
nion and its property to rotate and translate rigid bodies. The primal Clifford space
employed in rigid displacements is Clg 1 3(4), which belongs to the hyperspace PR?
with orthonormal basis {¢], <7, <7, <4 }. Note that by Definition 1 we have

(=0 A (D= =) =-1.
Also, by Definition 1 and 3 note that there exist 2* elements in Clg 1 3(4) as follows

Clo1,3(4) =(M)y © (M), & (M), ® (M), @ (M),

=(scalar) @ (1,7, 5,59) @ (17,515,515 51535354351 )

D (6157535555557, 5561535 515553) @ (S7ssass) -

By Definition 4, the spinors from Clg 1 3(4) are extracted as follows

+
Ol (4) = (1,61 67,6159,5159, 5159, 555, S351 51515353 ) -
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Any element % in C17(4) can be written as

h =1+ v166] + vacis! + v3cis] + wosisisgsd + wis s + wasi sy + wssics.

Note that the expression above is formed by one scalar, six bivectors and one
tetravector giving a total of eight elements. By Definition 1 the expression above

can be rewritten as

h =14 vi6ic] + vasde] + vssics + (s]sisgsd) [wo + wisasy + washst + wssisq] .

(2)
In Eq.(2) v, w; € R. If it is used the next relations
G353 iy sis o ds Sl ok Gt «re (3)
then by replacing Eq.(3) in Eq.(2) we have
h=14v1i+vej + vsk + € wo + wii + waj + wsk]. (4)

Definition 5 A dual quaternion, denoted as Hy , is a dual number composed by

eight elements Hy € R®; namely

h = v + v + v2j + vsk + e(wy + w1t + waj + w3k), (5)

where v;, w; are real coefficients, € represents the dual unit of the number and i, j, k
are the unit vector along the x—,y— and z—axes respectively. The elements of Hy

satisfy the properties i2 = j2 = k? = ijk = —1 and €2 = 0.

From Eq.(4) and Definition 5 we conclude the isomorphism between Clifford al-
gebra and DQ.

Rotation and translation of rigid bodies by dual quaternions

In the Subsection above, starting from the isomorphism with Clifford Algebra, it
was detailed the origin of DQ. Here, we use DQ to rotate and translate rigid bodies.

Aiming for simplicity, Eq.(5) is represented by

h = v 4 ew’. (6)

Eq.(6) is used in the next definition.



Guerrero Grijalva and De Pieri Page 5 of 17

Definition 6 For two given DQ, h® and h®, the homogeneous product is computed

as

a a a b

vy —vy —v§  —vS g
hehb = U(ll Ug 77)1(31 ’U(QZ Ullji
vg v§ uf —of| (vl
vy —v§ v g vsk
vg —v{ —v§ —vg wg wy —w! —w§ —wg vg
te vy vy —v§ v§ wbi w!  wi  —w§  wg vbi
vg v§ o vf —of| |whj w§  w§ o wh —wi| vl
v —v§ v uf Wik w§ —w§  wi  wh vik

It is important to highlight that, in general, the product of DQ does not satisfy the

commutative property.

Definition 7 Two conjugation relations are defined for DQ as follows

1 Conjugate of DQ: h* = vy — v17 — v2j — v3k + €(wy — w1 — waj — w3k).

2 Dual conjugate of DQ: h* = vy — v17 — v2j — U3k — e(wy — Wit — waj — w3k).
Both DQ conjugations will be used in the motion of points, lines and planes in the

propositions introduced in the next subsection.

Definition 8 A DQ is called unit DQ if hh* = 1. Then, it satisfies the following

pair of conditions
SHuvi+vi+ui=1 A + 1 + =0
Vo (%5 Uy U3 = Vow1 V1w VoW v3ws = U.

The conditions detailed in Definition 8 let visualize a unit hypersphere of three
dimensions, and a three-dimensional hyperplane perpendicular to the normal at
the point vg,v1,v2,v3 on the hypersphere. Note that the hyperspace PR3 C R?,
then a DQ representing a rotation and a translation is defined in R8. This manifold

interpretation is used in the next definition.

Definition 9 Let T = Cosg + ﬂsing be a spinor from Clg,3(3) that represents
a rotation about a unit vector 4 through . Its conjugate is T* = cosg — ﬂsing
such that YY* = 1. Let t = (0,t514,tyj,t.k) be a translation spinor from Clg g 3(3).
Its corresponding conjugate is t* = —t. A geometric body & under the rotation Y
followed by the translation t becomes the point Y& +t. The transformation sequence

T,t can be compacted in the next DQ as follows

h =Y+ 5tT
=cos ¥ +asiny + 5 (—sin ¥ (£ 4) + cos 3t +sin 5t x @) .

The DQ presented in Definition 9 will be employed in the displacement of points,

lines and planes in the next subsection.
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Motion of points , lines and planes

The main objective of this paper is to use DQ to analyze the kinematics of SLE
assemblies which have a point, a line or a plane such an end-effector. Therefore, in
this subsection, by using the definitions depicted in the last subsections, we present

the motion of points, lines and planes using DQ.
Proposition 1 The DQ presented in Definition 9 is a unit DQ.
Proof. By Definition 8 and 9 we have

hh* =(T + £t7) (T* 4+ 5(t7)")
=(T+ 5t7) (T*+ £T*¢%)
=TT 4 5 (YL +17T)
=1+5(t"+1)
=1.

Proposition 2 For a given point uP = ((),ugi,/igj, uPk) in the hyperspace PR3,
represented in DQ coordinates by &P = 1+&(uP), where 1 = (1,04,05,0k), a rotation
T and a translation t is represented by ,§p = h&Ph*.

Proof.

&P =1+4¢
=l+e¢

YEPY* + 1)

YEPY*) + et
=1+¢e(YEPT*) +ef +¢i
=1+¢(TEPY*) +ek — et

=(T +2L7) (1 +e€?) (T* - ET*%)
=(T+¢ekY) (1+ecP) (Y*+eT*L)
=(T+eiT) (1 +e7) (T +e57)"
—hEPhF,

~ /S

Proposition 3 A line in DQ coordinates can be represented by €& = 1+ em, where
I = (0,14,1y4,1.k) is the vector displacement of the line in the hyperspace PR3,
m = (O,m/) with m' = 1 x ly is the moment of the line where ly is the position
vector of any arbitrary point in the line. Then, a rotation followed by a translation
of the line is computed as 'EL = héEh*.

Proof. The rotation in this case affects to the vector displacement YTIT* as well
the moment YmY™*. On the other hand the translation only affects to the moment
through ¢ x (TIY*). So, we have

=TT e [TmY* 4 f x (YY)
=YIT* +(TmY*) + ¢ [w]
=TI0* +e(TmY*) +e§(TIT*) — (11T
=(T+5T) (1+em) (T 42175 )
=(T+e57) (L+em) (T +e57)"
=heln.

IS
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Note that the line representation in DQ coordinates is based on Pliicker coordinates
[29, 33].

Proposition 4  The rotation and translation of a plane, represented in DQ) coordi-
nates as N =n — ed, where n = (0, ny1, nyj,nzk) is the normal vector represented
in the hyperspace PR3 and d = (d,, 0,0,0) where d' is the distance of the plane from
the origin, is given by /§N = heVhx.

Proof. The rotation of a plane affects the orientation of the normal vector Tn Y™,
while the translation affects the distance of the plane from the origin; however, it
is necessary to consider the projection of the translation over the normal vector
d+t- (TnY*). Thus, we have

lfN =TnY* —e[d+t- (TnY*)]
—TnY* —ed+e [W}
=TnY" —ed + 5 (L") +£(TnY")
S(reem - (1)
=(T+e5T) (n —ed) (T 4 eT°5)
=(T+e57) (n—ed) (T +57)°
—heN .

t
2

Note that in Propositions 2, 3 ,and 4 the conjugate of DQ is used in motion of
lines and the dual conjugate of DQ is used in points and planes. The definitions
and propositions presented in this section are used in the kinematic analysis of SLE
structures in the next section.

Kinematic analysis of SLE using DQ

There are translational SLEs with the possibility to translate along a straight trajec-
tory in one ore more axes. Also there are polar SLEs that in addition to translation
they have the possibility to rotate through a fixed axis being possible to describe
curvilinear trajectories. Moreover, three dimensional folding structures can be as-
sembled by using connectors. In practical application it is possible to find, besides
of a point, a line or a plane as end-effector in SLE structures. Thus, by taking ad-
vantage of the DQ properties, in this section we introduce an approach to deal with
kinematic analysis of complex homogeneous and heterogeneous assemblies of SLEs.

Definition 10 A SLE unit, also known as pantograph is a composition of two bars
connected to each other at an intermediate point through a revolute joint called pivot
which allows them to rotate freely about an axis perpendicular to their common plane
but constrains all other degrees of freedom. The end points of these bars can be hinged
to the next SLE unit, these joints are called hinges depicted on Figure 1. Also, the
geometrical parameters of a standard SLE are shown in Figure 1.

Representation of translational SLE by DQ
There are two types of translational SLEs [34]: the first type with constant bar
lengths and the second type with different bar lengths.
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Translational SLEs with constant bar lengths: type 1

This type of folding structures can only translate without any rotation. When all
bars have the same lengths a3 = as = bs = by = aj, and the pivots are located in
the middle of the bars, these assemblies describe an straight translation. Definitions
9 and 10 are employed to describe the kinematic relation of a point in the pivot or

the hinges from the origin frame C through a translation spinor t; = (0, ¢, t,j, 0k)

as follows.
e From the origin C' to the pivot A: hyy = 1+ ety, with t, = @ and
ty = 2.
e From the origin C' to the upper hinge Bp: hrp, = 1+¢cty, with t, = @
and t, = g.
e From the origin C' to the lower hinge Cp: hic, = 1 +€ty, with ¢, = @
and t, = 0.

Note that the input parameters are the SLE aperture § and the length of the bar a;.
In extensive assemblies of SLEs the most used DQ, among the DQ defined above,
is the hrc,. It happens because the hinge Cp of the ¢ SLE is linked with the hinge
C of the i + 1 SLE, leading into uniform displacement of the origin frame. As seen

in the following example.

Example 1 In the SLE structure in Figure 2 the kinematic relation of a point &

in As, A4, Bps, Bp4, Cpy, from the origin C is given by

Az¢P _ Piv 7% 1%

c’§ =hicphicphra& by hic, hic,

AgeP _ P71 * * *
cf —hICphICphICphIAf hIAhICphICphICp

Bp3¢eP P7x * ¥

¢ 6" =hicphicphipr€ hig, hic, Mo,

Bpa¢eP _ Pp* * * *

c & =hicphicphicphippé hIBp ICp IC’phICp
Cpa¢P _ P7= * * *
o1& =hicphicphicphicp € Mo hio  Picy hic, -

The relations above come from Proposition 2. Also, it is possible to appreciate that
the most used DQ is h;¢, and its dual conjugate. Therefore we consider important

to introduce DQ exponentiation for homogeneous DQ in the following point.

DQ exponentiation of translational SLEs: typel By using Definition 6, if a point
¢P =1+ €0 is affected by homogeneous motions represented by hrc, then we can

use

(€] = i, )"€" i, ]" = [0+ =(ny 103 — 52 + 0j + k)]

where n is the number of SLEs. In the Example 1 the relation g” 4¢P can be rewritten
as [571¢F]4, and thus reducing the computational effort [9]. DQ exponentiation can

be proven here and in the sequel by using Definition 6 and Proposition 2 as follows
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(e8] =lhco €7 o] = 1+ =(V/Aa3 = 5%+ 0j +0k)

{’éff =lhic,*¢" [Rie,) = [L+e(2y/4aF = 5% +0j + Ok)]
3

(€8] =Thue, e Wic,)* = 11+ =(3y/4a] — 8% + 0j + OF)

{'fﬂn =lhic,y "€ e, ] = [1+e(ny/4a3 — 6% + 05 + OF)).

Translational SLEs with different bar lengths: type 2
Similar to the previous case this kind of SLE can only translate without any rotation.
Bar lengths are a; = by = a, and by = az = by. These assemblies describe an
inclined translation. Definitions 9 and 10 are used to describe the kinematic relation
of a point in the pivot or the hinges from the origin frame C' through a translation
spinor ty = (0, ¢, 1,7, 0k) as follows.

e From the origin C to the pivot A: hya = 1 + ety, with t, = M% and
5%4+b3 —a3

25by

e From the origin C to the upper hinge Bp: hyp, = 1+ ety, with ¢, =

(ay +by) cos Ty _ (ay+by)sinTy .

e From the origin C' to the lower hinge Cp: hyc, = 1+ ety, where t, =
by sinay—;ay sin By and ty _ by cosay —ay cos By with 6Y — arccos (52,b§,+a%).

T _

ty = bys% where 7y = § — ay; ay = arccos

Ty, ay defined above.

= 2 25ay )
«ay defined above.

Note that the input parameters are the SLE aperture § and the lengths of the bars

ay,by. The DQ presented in this subsection is employed in the next example.

Example 2 1In the SLE assembly in Figure 3 the kinematic relation of a point ¢¥
inAs, Bpa, Cpo, from the origin C' is given by

o*" =hycphycophy a6 Iy 4By o By o
or2€l =hyophy €05 Py o,
6P =hy cphyon€ Y o e, -

Similar to the last case, DQ exponentiation for this type of SLE is presented in the
following point.

DQ exponentiation of translational SLE: type 2 Homogeneous displacements rep-
resented by hy ¢, in a point ¢¥ = 140 can be defined through DQ exponentiation
as

[/flygr: lhye "€ [Bye, )"

= [1 4 e(n(by sinay + ay sin By )i + n(by cosay — ay cos By )j + 0k)],

where n is the number of SLEs. In the Example 2 the relation g” 2¢P can be rewritten
. [Cp2¢P12
as [ &y ]".
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Representation of polar SLEs by DQ
The main characteristic of these structures is to deploy and contract as a part of a
single arc. Besides of translation, there exists a rotation by this type of SLE. The
lengths of the bars are a1 = as = ag and b; = by = bg. Definitions 9 and 10 are
used to describe the kinematic relation of a point in the pivot or the hinges from
the origin frame C through a rotation spinor Y g = cos g + 4 sin g and a translation
spinor tg = (0,1, t,7, 0k) as follows.

e From the origin to the pivot A: hga = 1 + etg, with t, = bsc% and

t, = besinTs SINTS where Tg = 5 — (ug; (ug = arccos (7524;1;%5—@%)

e From the origin C' to the upper hinge Bp: hgp, = 1 + etg, with t, =
(as+bs)cosTs _ (as+bs)sinTs
T and ity =

s

; Ts, ag defined above.
e From the origin C to the lower hinge Cp: hge, = Ys + ctg, where t, =

bs sin ag+bg sin Bs _ bscosBs—ascosag . _ 62—b§+a§ 3
SESRASTRSSRES and t, = SRS tERE with B = arccos s )i

asths

;0= (0i 4+ 0j + k);¥ = — arctan ((as_bS)Sinz); ag defined above.

astBs
(as+bs) cos —25=5

Note that the input parameters are the SLE aperture ¢ and the lengths of the bars

as,bs. In the next example is applied the DQ presented in this subsection.

Example 3 The kinematic relation of a point £ in the positions Ao, Bpa, Cps, in

Figure 4 from the origin C is expressed as

AsepP _ PTv 7%

czf *hSCp hSAf thhch
Bpa¢P _ PTsx 7%
o€ =hscphspp€ R, e,

Cp3¢P _ PTx  jx  7x
o*& =hscphscphscr§ Poo oo, oo, -

It is important to highlight that the expression above can be employed to displace
lines and planes too, being just necessary to replace £&, N instead of ¢¥. In homo-
geneous displacements such as g” 3¢P in the Example 3, based on Definition 6, DQ

exponentiation can be used as follows.

D@ exponentiation of polar SLE  Homogeneous displacements represented by hsc,
in a point £ =1 + £0 can be defined through DQ exponentiation as

er]” neppE "

{fs} =lhscp]"€" [hse, ]
=[1+e(n (0205 — 0106+ 04 cosg — o3 sin g) i
+n (0105 + o906 + 03 cosg + o4 sin g) J+0K)],

where
ty cos 5 ty sin 2 ty cos t, sin 3 ost oot
Ol =5t — Ty, O2= 5o+ o5, 03= 5t — T,
oet .
o4 ———‘752“ — 5%, 05 =cos g, 0¢ = sin g.

The parameters ¢, and t, correspond to the DQ hscp, which relates the lower hinge

from the origin. Note that in the Example 3 the expression gp 3¢P can be replaced

by [¢reef)]
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Representation of connectors by DQ

The use of connectors in three dimensional SLE structures is quite common. How-
ever, the kinematic impact of these connectors generally is small being sometimes
ignored or it is considered ideal, it means that the translation that produce these
connectors is considered null, i.e, the folding roof presented in [9]. Thereby, aiming
for accuracy, in this subsection we introduce a DQ representation of a connector
taking into account the rotation and translation that it causes in the assembly. In
Figure 5 is depicted a connector with L-shape. The parameters are Ax, Ay, Az that
represent translations in z—, y—, z—axes respectively, and 2,0 < £ < 7 is the angle
between the beams of the connector. The above mentioned parameters can be em-
bedded in a DQ through translation and rotation spinors t;, = (0, Ax, Ay, —Agz),
T, = cos % + Gsin % with &4 = (0,£1,0). The symbol + in @ is going
to depend of the desired rotation according to right-hand rule. Thus, we have
hy =Yr+ 5t Tr. In Figure 5 is shown a structure composed by two translational
SLEs with constant bar (in red), and one polar SLE (in green), both assemblies
linked by a connector. Then, the kinematic relation of a point ¢¥ in Bp from the
origin C' is given by

erel = hicphicohohsp € hp, Rilio, hic, -

Analysis of singularities in SLE

Deployable structures, including SLEs, usually deal with singularities. These sin-
gularities can cause the change of mobility. Previously to compute the reachable
workspace of a folding structure, it is indispensable to identify the singularity points
in the path of the mechanism. Thus, in this subsection we introduce Algorithm 1,
based on the aforementioned theory, to identify singularities in SLE assemblies.

Algorithm 1 Algorithm for detection of singularities in SLE

1: procedure PARAMETERS DESCRIPTION

2 Define the dimensions of the SLE bars

3 Compute dpyax = a1+ b1 > Based on Figure 1
4 Determine the kinematic relation gp£

5: Choose the searching increment (Spty) > Searching accuracy
6: procedure SEARCHING Loop

7 auxy = 100 : —Spsy : 0 > Vector from 100 to 0 with —Sy;, increment
8: n = size(auxzy) > Number of elements in vector auxy
9: 5[n] =dpmax X 0.01 X auzy > Vector with n possible values of §
10: for i =1 ton do

11: gpf[i](éi) > Calculate gPE for each interaction
12: ts) = (0, tapa)s typa)s tzpi) > Extract the translation spinor
13: if txm s ty[z] s tz[z] ¢ R then

14: Break > Stop the loop
15: dBIF = 03 > Value of § at singularity time

Analysis of workspace in SLE

Analogously to serial robots, SLE structures usually have a end-effector, then it is
important to know the dexterous or reachable workspace of SLE mechanisms. The
singularity analysis is going to be essential in this point because we can know the
limit of the input §. Therefore, the first step of this approach is to apply Algorithm
1 to compute dg;r. Some SLE assemblies are free of singularities, if this is the case,
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then Algorithm 1 must be omitted. In Algorithm 2 are detailed the steps to calculate
and plot the reachable workspace of a SLE structure. If it is desired to compute the
dexterous workspace, then in the line 7 of the Algorithm 2 is necessary to replace
£ by £ =100 x 5,”-(;/51\/[,4)( where d,4,5 is an arbitrary value of 0475, dnrax > Ogrp >
oprr > 0.

Algorithm 2 Algorithm for computation and plotting of workspace in SLE

1: procedure PARAMETERS DESCRIPTION(Geometry-dimensions)

2 Define the dimensions of the SLE bars

3 Compute dprax = a1 + b1 > Based on Figure 1
4 Determine the kinematic relation 8P§P’L*N

5: Choose the increment (St ) > Plotting accuracy
6: procedure WORKSPACE COMPUTATION LOOP

7 auxy = 100 : =Sy, : £ > Vector from 100 to £ = 100 X dprr/darax with —Spyy increment
8: n = size(aux1) > Number of elements in vector auzi
9: On] = 0max % 0.01 X auzy > Vector with n possible values of ¢
10: fori =1 ton do

11: gpf[i] (6:) > Calculate 8135 for each interaction
12: i) = (0, ta(q)s typa)s tofa) > Extract the translation spinor
13: Y[;) = cos @ + 4 sin @ > Extract the rotation spinor
14: Plot the orientation of the point, line or plane 5[1;,5[%],5[1;]]

Numerical and practical examples

In this section is applied all the theory presented above in applications based on
domotics. The first example is a retractable lamp, the chosen end-effector is a line
which emulates the central beam of a light bulb. The second example is a folding
furniture for displays like televisions or digital photo frames, which will be repre-
sented like a plane. Thus, we can appreciate the DQ advantage of orientate points,
lines and planes.

Retractable lamp

The folding structure shown in Figure 6 can be employed to assemble a lamp that
could be used over a table, in the corner of a lounge or on the streets to illuminate a
public place. The lamp presented below will be used like a hall lamp, and the central
beam of light is represented as a line £&. The proposed assembly is presented in
Figure 6. The structure is composed by two translational SLEs with constant bar
length (in red), two translational SLEs with different bar length (in blue) and
three polar SLE (in green). Aiming to plot the reachable workspace, we define the
kinematic relations of the points A, Bp1,Cp1,Cpo from the origin C.

AieP P E * 1
'€ =hicphrcphycphycphscphsophsa l‘%‘Al’Ag('71>/‘,<(",whifcphﬂffcphfcphicp
BP1§P
C

_ P77 * *
—IY,ICIP h,[(;P hycP hycp /I,g(r/, h SCp h S /3/>£ h SBp h ;(,777 /7’5’(, 'p hgk,cp hgk,cp h’?(?p h;(?p

2
Cp1¢P _ P7+ 5% _ |CpieP
e =hiephicpé hicphicp—[c 51}

C
CP2§P

P
:h,J Cp ]7,1 Cp hycP hycpé- h’*YCp h’*YCp hﬁ;CP h’?(?p .

The geometric dimensions of the SLE structure in Figure 6 are detailed in Table
1. In Figure 7, by using Algorithm 2, is depicted the reachable workspace of the
aforementioned points. In Figure 7 the axes are orientated according to Figure 6.b.
In Figure 6.c is highlighted the collision between the bars of the structure, when
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0 = 0psF, leading into the lost of mobility. By using the numerical values shown
in Table 1 and the Algorithm 1 we compute dg;r = 0.19 m, it means that the
reachable workspace is computed for 0.5 > ¢ > 0.19 m. The kinematic relation for
the line ¢& depicted in Figure 6.b. is defined as follows

Aq L _ L = * * * * * *
le = h]CP }L](,‘P}LYCP hYCp/LS(,Vp }lg(rp hSAf /L‘g‘,,,lll‘g('jp hS('thCp hYCphICp hIC‘p‘

In the expression above, the line £& has a vector displacement [ = (1.54,04,0k) and
a moment m’ = 0. Because of Proposition 2, note that the kinematic relation above
employs conjugation of DQ instead of dual conjugation of DQ. By using éléL , in
Figure 8 is plotted the lines orientation for 6 = 0.202,0.23,0.29, 0.36,0.45,0.5. Now
we interpret a numerical example, for § = 0.45 m the value of gl ¢his

Ael — [0+ 1.37i — 0.62 + Ok + £(0 + 0i 4 0 — 0.4461k)). (7)

From Eq.(7), we extract the displacement vector I = (1.37i — 0.62j + 0k) and
the moment m’ = (0i + 0 — 0.4461k) by using lp = I x m' we compute Iy =
(0.27657 + 0.60945 + 0k) being any arbitrary point over the line. If it is desired to
orientate the line segment as depicted in Figure 8, then we can use ' = P — Pg
where Pp is the final point and Pg is the starting point of any segment line. Thus,
by using élﬁp, the starting point can be extracted, then the value of ' can be
extracted from &'¢%.

Folding furniture for displays

Each year the size of televisions increases while the area of the rooms decreases.
One possible solution to this contradiction is to fix the display on the wall. The
main drawback is that the display can not be inclined. The furniture presented
in this subsection was designed to be fixed on the roof of a room (see figure 9.a),
moreover offers the possibility to regulate the inclination. Then, in this example we
intend to apply the orientation of planes emulating flat displays, as well the use of
connector to create a three dimensional structure. The structure is composed by
one translational SLE with constant bar length (in red), one connector (see Figure
9.b), one translational SLE with different bar length (in blue), and two polar SLEs
(in green). The kinematic relations of the points Ay, Cp1, Cps from the origin frame
C can be written as follows

AL ¢P __ o - P = *
c'§" =hicphihycphscphsa&® hs hso, by hihic,

CpieP _ P —

gplg —hion PR (8)
P2cP P71 1 5L*

¢ 2" =hicphrhycp€ hy o, hihic,, -

The connector hy, in Eq.(8) has @ = 7/2 and Ay = 0.5, Az = —1 cm according to
Figure 5. By using Algorithm 1 the value of ¢ at singularity time was computed as
dprr = 0.2 m. This time the singularity was caused by a jam as depicted in Figure
9.b. The dimensions of the bars are the same depicted in Table 1. In Figure 10,
by using Algorithm 2, it is plotted the reachable workspace of the arbitrary chosen
points Ay, Cp1,Cpo in Figure 9.b. Because of the connector Figure 10, becomes
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three dimensional. Now, we assume that there is a television display fixed in the
point A;. Based on Proposition 4 the plane of the display can be represented by
&N =n—ed, where n = (0,4,04,0k) and d = 0 at the origin. The kinematic relation
of the plane from the origin is given by

&N = hicphohycphsc hsa€NB5 W Ryo Ry hic,.- (9)

Note that in Eq.(9) is employed the dual conjugation according to Proposition 4.
In Figure 11, the orientation of planes are plotted according to various values given
to 0. Now, we interpret one of the plotted result, in the case of § = 0.43 m the
orientation of the plane was

AeN — [0+ 0i — 0.265 — 0.97k — £ (0.48 + 0i + 05 + Ok)] ,

which means a plane with normal vector n = (0i—0.265 —0.97k) at distance d = 0.48
m from the origin. However, if it is desired to compute a point in the plane, then
we can use élﬁp from Eq.(8). Through the development of the numerical examples
shown in this section, we applied all the theory introduced above, based on these
results and other experiences acquired throughout this research in the next section
we detail the main conclusions and possible future work.

Conclusions and future work

This paper addresses the kinematic analysis of SLE structures based on DQ. It
starts from the representation of SLE, connectors, and end-effectors by DQ. Kine-
matic relations of homogeneous assemblies of SLEs are simplified by using DQ
exponentiation. The analysis of singularities is developed by Algorithm 1. If there
exist singularities in the SLE structure, then , by using Algorithm 2, they are con-
sidered in the computation and plotting of reachable or dexterous workspace. In
the practical examples, the theory developed along the paper was applied. Also, it
was possible to appreciate the dual quaternions characteristics to orientate points,
lines and planes.

In future works, we intend to present a complete analysis and interpretation of sin-
gularities in SLE; thereby, control strategies to deal with these singularities. Also,
we perceived that this approach can be applied to serial and parallel mechanisms
or robots, by using the same concept, it means to represent mechanical elements
by DQ, then the kinematic relation can be written in the same way presented in
this paper. Differential kinematics based on DQ is expected to be explored being
possible to define conditions and theorems to deal with the kinematic control of
SLEs.
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Figures

Figure 1 Scissor-like element. Parts of standard SLE and its geometrical parameters.

Figure 2 Folding structure. Composed by four translational SLEs with constant bar lenght.

Figure 3 Folding structure. Composed by three translational SLEs with different bar lenght.

Figure 4 Folding structure. Composed by three polar SLEs.

Figure 5 Connector. Description of its geometrical parameters.

Figure 6 Retractable lamp. a. folding state b. intermediate position c. collision.

Figure 7 Workspace analysis. Reachable workspace of points A;, Bp1,Cp1,Cpa.

Figure 8 Light beam. Orientation of the light beam represented by a line on the x-y frame.

Figure 9 Folding furniture for flat displays. a. deploying condition b. singularity c. side view d.
front view.

Figure 10 Workspace analysis. Reachable workspace: points A;,Cp1,Cpa.

Tables
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Figure 11 Folding furniture for TV. Orientation for planes emulating a flat display.

Table 1 Bar length dimensions of Figures 6 and 9.

ar ay by as bs
Bar length [meters] 0.25 0.3 0.2 0.35 0.15
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Figure 1

Scissor-like element. Parts of standard SLE and its geometrical parameters.
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Figure 2

Folding structure. Composed by four translational SLEs with constant bar length.



Figure 3

Folding structure. Composed by three translational SLEs with different bar length.




Figure 4

Folding structure. Composed by three polar SLEs.
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Figure 5

Connector. Description of its geometrical parameters.

Figure 6

Retractable lamp. a. folding state b. intermediate position c. collision.
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Workspace analysis. Reachable workspace of points A1, BP1, CP1, CP2.
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Light beam. Orientation of the light beam represented by a line on the x-y frame.
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Folding furniture for flat displays. a. deploying condition b. singularity c. side view d. front view.

Folding furniture for displays: reachable workspace

“03 ~J
'04 ~

0.5

z-axis (meters)

y-axis (meters) x-axis (meters)

Figure 10

Workspace analysis. Reachable workspace: points A1, CP1, CP2.

0.5



Planes orientation

©
no
!

©
.9
/

z-axis (meters)
)
fe3}
[

-0.8

0.5
0.5

y-axis (meters) ) x-axis (meters)

Figure 11

Folding furniture for TV. Orientation for planes emulating a at display.
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