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Abstract In this study, the Leslie-Gower model with
functional response is extended into a non-smooth Fil-
ippov system by applying IPM strategies. Once the
number of pests reaches or surpasses the given eco-
nomic threshold(ET), spraying pesticides and releasing
the natural enemy are implemented simultaneously. In
order to maintain the pest population at or below ET,
global dynamics of the proposed model are investigated
completely, including the existence of sliding mode and
various equilibria, sliding dynamics and global stabil-
ity of equilibria. The result shows that real equilibrium
cannot coexist with the unique pseudo-equilibrium. In
particular, after excluding the existence of any possible
limit cycle, the global stability of equilibria is obtained
by employing qualitative and numerical techniques. In
the end, the effect of our work on pest control are dis-
cussed.

Keywords IPM - Filippov systems - Economic
threshold - Sliding mode - Global stability

1 Introduction

It is well-known that insects play an important role
in ecological balance, but some of them collectively re-
ferred to as pests would have a substantial adverse im-
pact on human life[l-3]. This is especially conspicu-
ous in agriculture. Once the number of pests exceeds a
certain value, causing infestation, it is bound to bring
about an immeasurable loss to crop yield, crop quality,
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together with social economy. Therefore, pest manage-
ment has been always a hot spot for many scholars[4—0].
During the World War II, some organochlorine insecti-
cides, such as DDT, were found to be effective in con-
trolling pests, but the long-term abuse of these chemical
pesticides can lead to insect resistance, environmental
pollution and even the resurgence of secondary pests
due to the damage of pesticides to natural enemies[7-9].
According to the survey report from U.S. department of
agriculture[10], although the dosage and concentration
of pesticides used in agriculture in the United States in-
creased tenfold respectively between 1940 and 1978, the
loss of crop yield went up from 7% to 17% and the quan-
tity of pests rose as well. So it was gradually realized
that using chemical methods alone was not feasible, and
the concept of IPM(Integrated Pest Management) came
up in the meantime. IPM is aimed at integrate suit-
able measures, such as chemical and biological methods,
to manage the number of pests below EIL(Economic
Injury Level) instead of killing off them, thereby not
only avoiding economic losses but also contributing to
the sustainable development of agroecosystem|[l1-13].
Actually, taking measures when the number of pests
approaches to EIL cannot prevent the economic toll
timely, so the Economic Threshold(ET<EIL) is set as
a critical value, that is, once the pest population reaches
or exceeds ET, appropriate measures should be applied
to reduce the quantity below ET, which can ensure that
EIL is never possible for the pest population to reach.

There have been many mathematical models estab-
lished to investigate the efficiency of IPM strategies,
including fixed moment and state-dependent impulsive
differential equations[14—16]. However, some weaknesses
of this class of models can be noticed. For the former,
control strategies are implemented at the fixed moment
regardless of whether the pest population reaches ET,
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which can enhance the cost and cause a waste of re-
sources. And for the latter, they assume that the death
of pests is an instantaneous process, whereas this pro-
cess is continuous in reality[17]. Hence, compared with
above models, the non-smooth Filippov system is more
realistic as it means that once the quantity of pests sur-
passes ET, continuous control measures will be taken
until it falls below ET again. Recently, Filippov sys-
tems with the threshold policy have been extensively
investigated[18-23]. But referring to Filippov predator-
prey ecosystems therein, it is interesting to note that
very few previous studies have considered carrying ca-
pacity of the predator. So in this paper, we will use the
Leslie-Gower(LG) model with Holling type I functional
response to describe the interaction between pests and
natural enemies[24]:

de
dt

2-0(-%)
dt_y T

z(0) >0, y(0) >0, r,s,h, K >0,

(1 _ 2) _
rT % may,

)

where x and y represent the population of pests and
natural enemies, r and s are the intrinsic growth rates of
the pest and the natural enemy respectively, the func-
tional response mx indicates the consumption of the
natural enemy to the pest; although pests and natural
enemies both grow logistically, carrying capacity of the
pest is a constant K while that of the natural enemy is
proportional to the pest population.

When the number of pests is less than ET, no con-
trol measure is carried out and the model(1.1) holds
true. But as long as the pest population reaches or
surpasses ET, we will apply IPM strategies to spray
insecticide and release natural enemy simultaneously,
and then the following extended LG model with TPM
strategies is set up:

T
= 1-— —) — - ,
rT ( mxy — p1x

a0
27— -
a Y|® - + P2y,

where the killing rate of pests and the release rate of
natural enemies are expressed by p; and po separately.
Consequently, the combination of models (1.1) and (1.2)
is the Filippov system which we will investigate in the
rest of this paper.

Throughout this paper, in order to guarantee the
existence of internal equilibria and sliding mode, we
assume r > p, which means that the killing rate caused
by spraying pesticide is less than the intrinsic growth

(2)

rate of pests; moreover, K > % is assumed, which

also ensures the normal survival of the pest population
in the ecosystem and makes the implementation of our
control strategies needed and meaningful.

Our main purpose of this study is to probe into the
global dynamics of model (1.1) with (1.2). Hence in
section 2, we first give a detailed explanation of our
Filippov system and present some useful preliminaries.
Afterwards, dynamical behaviors of models (1.1) and
(1.2) are investigated separately. In section 3, we exhibit
sliding mode dynamics and the existence of five types
of equilibria. Furthermore, local stability of pseudo-
equilibrium is analyzed. In section 4, the global dynam-
ics are obtained based on the previous discussion, and
the results of numerical simulation are shown to verify
theoretical analysis. At last, biological implications are
provided in section 5.

2 Preliminary results

We apply the threshold policy into LG model in order
to manage the pest population more appropriately, and
then the combination of models (1.1) and (1.2), namely
the Filippov system, is acquired as follows:

d
—xzm<1—%)—m$y—7p1zifh

dy h .
Y {3 (1 - *y)} +yp2y = fo,
x
with
0 r—FET <0
— ) ) 4
7 {L ¢ —ET >0, )

where p;x represents the impact on pest population
caused by chemical method, spraying insecticides, and
poy is the number of releasing natural enemies.

Due to the property of this model, let
D = {(z,y) € Rlx >0,y > 0} be the field of defini-
tion of system(2.1) with (2.2). Then denote Z=(x,y),
a smooth scale function H(Z)=x-ET and

Fi(2) = (fu(Z) , f2(2)",

Fy(Z) = (f21(Z) , f22(Z))"
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Hence, the system(2.1) and (2.2) can be rewritten as a
generalized Filippov system shown below:

P {Fl(Z) 7 €8,

5
ZESQ, ()

Fy(Z)

(1 = NF(E,) = 0 and H(E,) = 0 hold true, where
0<A<1and

(Hz(Ep), F>(Ep))

A= HL(E,), BB, - FA(E)’

it is a pseudo-equilibrium for system(2.3).

where S1 ={Z € D| H(Z)<0}and Se ={Z € D| H(Z)>0}.

In particular, the discontinuous boundary between the
region S7 and Sy is defined as ¥ = {Z € D| H(Z) = 0},
so we have D = S;UX USs. In the following, we call the
system(2.3) defined in the region S or Sy as subsystem
F1 or subsystem Fj respectively.

For the discontinuous boundary X', it can be seg-
mented into the following regions:

(i) Sliding region Xs: (F1(Z),Hz(Z)) > 0 and
(F2(Z),Hz(Z)) < 0 hold true, which means that tra-
jectories that once touch Xg will stay on it,

(ii) Crossing region Y'¢: (F1(Z),Hz(Z)) (F2(Z),
Hz(Z)) > 0 holds true, which implies that trajectories
can pass through Yo to another region,

(iii) Escaping region Xg: (F1(Z),Hz(Z)) < 0 and
(F2(Z),Hz(Z)) > 0 hold true, which suggests that tra-
jectories on X'g will move towards either Sy or S,
where (-, -) represents the standard scalar product and

the non-vanishing gradient of H(Z) is expressed by Hz(Z).

However, note that the escaping region is impossible in
this paper as (F1(Z), Hz(Z)) < 0and (Fx(Z),Hz(Z)) >
0 cannot hold simultaneously.

In order to investigate the sliding mode dynam-
ics for Filippov system(2.3), we need to know exactly
about the sliding domain on X', so the renowned Filip-
pov’s convex method [25] and Utkin’s equivalent control
method [26] are both feasible. Let

0(2) = (Fi(2), Hz(2)) (F2(Z), Hz(Z)) ,

then the sliding mode domain can be determined by{Z €
D| o(Z) < 0} due to the absence of the escaping region.

Next, the definitions of several types of equilibria
for system(2.3) are introduced.

Definition 2.1. For one point Fg, if it satisfies F;(Fr) =

0 and locates on the corresponding region S;, i=1,2, it
is a real equilibrium for system(2.3).

Definition 2.2. If the point Ey is satisfied with the
equation F;(Ey) = 0 but located in another region S;,
1,j=1,2, i# j, it is a virtual equilibrium for system(2.3).

Definition 2.3. If an equilibrium FE,, is on the sliding
mode X'g of system(2.3), that is, the equation AFy (E,)+

Definition 2.4. If a point F} is an equilibrium of
any subsystem(F; or Fy) but belongs to the separat-
ing boundary X, it is called a boundary equilibrium.
In other words, a boundary equilibrium FEj satisfies
Fi(Ey) = 0 or Fo(Ep) = 0 under the condition of
H(Ep) =0.

Definition 2.5. A tangency equilibrium Er of sys-
tem(2.3) is the one which belongs to the separating
boundary X, i.e., H(Er) = 0 and satisfies
(Hz(Er), Fi(Er))(Hz(Er), F2(ET)) =0.

For the subsystem Fj, since Huang [24] has ana-
lyzed this class of models, we only present main re-
sults from that paper here. This model has an equi-
librium Ey9 = (K,0), which is a saddle and unsta-

ble all the time, and an unique positive equilibrium
rhK rh

B = ,
! mK +rh’ mK +rh
totically stable.

And in region Ss, the subsystem F5 exists two equi-
libria as well, Foy = (K (1 — p—l) ,O), and an
unique internal equilibrium EQT:
( shK(r —p1) K(r—pl)(s—l—pg))
hrs +mK(s+p2)” hrs + mK(s+p2)/’

), which is locally aymp-

Lemma 2.1. Suppose that Z(t) = (z(t),y(t))?, z(t) >
0, y(t) > 0, is a solution of system(2.3) with the initial
value Zg = (z(to),y(to))T, z(to) > 0, y(to) > 0, then
Z(t) is always positive on t € [0,T).

Proof. For the function f;, we can get

dz
dt

x
=|rz|l— —) — may — x} =0
[ ( K Yy —P1 I

x—0

and for another function fo, we have

h
= {sy (1 - *y) + 71721/}
0 X

Therefore, Z(t) is positive for all t € [0,T) as long as
the initial solution satisfying (0) > 0 and y(0) > 0.

dy

=0.
dt

Y= y=0

Lemma 2.2. Denote the set D = {(x,y) € R*|z > 0,y > 0},

r< K y<7(s—|—p2)K}

h
is positively invariant and attracting for model(2.3) with

and the set 2 = {(J;,y) eD
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any given original values in D.

Proof. For the first function in system(2.1), we have

%:x(r—%—my—7p1)§$<r—%>7 (6)

d
which means that d—f <0 as long as x = K. And from
the above equation, we can get

K

< —mM8——
z(t) < 1+ cKert’

which results in

lim z(t) < K.

t—+oo

Similarly, combining the above result, for the second
function f5 in system(2.1), we can obtain

dy ( shy) < shy)

-9 _ < _

o = y\stwe-— ) <ylstm-—), (7
d K

thus 2 <0ify=0o0ry = M.Andfrom
dt sh

equation(2.5), we have

(S + pg)K

t) <
y(t) < sh+ cK (s + pa)e=(stp2)t’

(s +p2)

K
which means that . ligl y(t) < . Obviously,
— 400

{yly(t) <0} C {y y(t) < %} Therefore, {2

is a positively invariant set and is attracting likewise.

Theorem 2.1. The equilibrium F, is globally asymp-
totically stable in region Si.

1
Proof. Here we choose a Dulac function B(z,y) = —,
Ty

we have
9(B/f11) n O(Bfiz) _ _r _hs _ 0.

Ox y Ky

2 —

Therefore, by the Bendixson-Dulac criterion, there are
no limit cycles in region S;. Based on the local stabil-
ity of E1, hence Ej is a globally asymptotically stable
equilibrium.

Before analyzing properties of system(2.3), we give
some assumptions as follows:

2hrs

K(s+p2)(r—p1)
2hrs
(HQ) K(s—|—p2)(r—p1) > 1.

(Hi)

<1,

Lemma 2.3 There are no closed orbits existing in
region Ss.

1
Proof. We use the same Dulac function B(z,y) = —,
Y
and here we can get
(B f21) n O(Bfy) v hs
Ox Oy Ky

Thus, according to the Bendixson-Dulac criterion, there
are not any closed orbits in region Ss.

Theorem 2.2. When (Hy) holds, the equilibrium FEs
is a saddle, which is always unstable. Otherwise, if (Ha)
holds, Fsq is globally asymptotically stable.

Proof. Consider the Jacobian matrix of system(2.3)
at EQOI

pL—r —mK(l—&)

,
J(Ea) = ,
(Ez0) 0 n 2hrs
s e
P2 K(r—p)
then we can get eigenvalues straightforward:
2hrs
A =p— d Ay = -
1=p1—71 and Az =S+ p2 K(r—p1)’

where A\ <0 as 7 > p;.

Therefore, if Ay > 0, two eigenvalues have opposite
signs, that is, Foy is a saddle. And if Ay < 0, both
eigenvalues are negative, so FEyg is globally asymptoti-
cally stable based on the Lemma 2.3.

Theorem 2.3. The internal equilibrium FE5 is glob-
ally asymptotically stable in region Ss.

Proof. For simplicity, we denote that ¢ = hrs+mK (s+
p2), @1 = hsK(r—p1), g2 = K(r—p1)(s+p2) in the first

place, then we have Fy = q—l, kel . By calculation, the
q

Jacobian matrix of system(2.3) is obtained as follows:

2rqq mqs » mqi

_ _ —m _

Kq q q

J(EQ) = )
2h
hsqi2 s+ ps — 54
a1 q1)

from which we get the characteristic equation
N +BA+C=0,
where,

B 2rq12 + mKqiqo — 2hsK¢?

B
Kqq

—(r—p1) — (s +p2),
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himsgs? T m 2hs
O = 42 —1—(7“—&— 42 —p1) (s— q2+p2). where

qq Kq q q
h 2
Let C msg
qq1 o
T m s
Cy = T—ﬂ—ﬂ—m)(s— 2, 2)7
Kq q @
so C=C1+Cs.

Notice that B > 0 when

rg1? + mKqiqe + 2hsKqqe
a1 K [(r —p1) + (s + p2)]

So here we substitute values of ¢, q;,7 = 1,2, into the
left-hand side of the above inequality and simplify it:

rh2s2K2(r — p1)? + hmsK?>(s + p2)(r — p1)?

o(Z) = fir+ far
= [re (1= ) —mas] - [re (1= &) —mow - o]
= |rzx e may| - |rx e mzy — p1T| .
As aresult, 0(Z) < 0 is equivalent to
(1—£)— >0 and (1—£)— —prz <0
x ) mey and rx ) ~may—pa < 0.
By calculation, we get

Ymin < Yy < Ymazx

and

7"< ET) p1 7‘( ET>
Ymin = — 1—— — 5  Ymaxz = 1——.
m m K

1< )
K [hsK(r = po)] lhsK +mE (s + pa)] [(r = p1) + (s
)

+2hsK?(r — p1)(s + p2) [hrs + mK (s + p2)]

+ p2)]

Hence the sliding segment of Filippov system(2.3)

*EToKG — il ok + mk s+ pl (0= p0) + (57 73
_ [hsK2(r —p1)] [hrs + mK (s + p2)] [(r — p1) + 2(s + p2)] Vs = {(z,y) € D | 2 = ET,

C]Yl be expressed by

Ymin < Y < ymaz} .

— [hsK2(r — p1)] [hrs +mK (s + p2)] [(r —p1) + (
:(7‘ —p1) +2(s +p2)
(r—p1)+(s+p2)
Obviously this inequality holds, that is, B > 0 is
true.

Similarly, substitute values of ¢, ¢;,7 = 1,2, into the
formula of C:

o hmsga? hmsK?(r — p1)?(s + p2)?
1 pr— pr—

aq hsK(r —p1) [hrs + mK (s + p2)]
2h
q q Q1
B hrsK(r — p1) + mK?(r — p1)(s + p2)
K [hrs +mK (s + p2)]

>0,

which means that C' > 0 is established.

Hence, according to Routh-Hurwitz criteria, the in-
ternal equilibrium F5 is locally asymptotically stable,
and combined with Lemma 2.3, F5 is globally asymp-
totically stable in region Ss.

3 Dynamics of sliding mode and equilibria

In this section, we initially pay attention to the exis-
tence of the sliding domain, and then we study sliding
mode dynamics. In the end, different types of equilibria
are discussed.

In view of preliminaries, the sliding mode are de-
fined as
Ys={ZeX|o(Z)<0},

} [—(s +p2)it

5
tP Note. There is no escaping region for Filippov sys-

tem(2.3), as it is impossible that the two inequalities
<Hz(Z),F51(Z)> < 0 and <Hz(Z),F52(Z)> > 0 are
satisfied in the meantime.

Now, we use Utkin’s equivalent control method [26]
to probe for the dynamics of the sliding segment.

In light of this method, we can obtain the differential
equation for sliding dynamics on the segment Xg. It
follows from H = 0 and the first equation of Filippov
system(2.3) that

dH dzx T
:E:rx(lfg)—mxyfyplxzo.

Solving the above equation respect to v produces

n 0% 5

v= - =)=y

D1 K/ p

Substituting the formula of 7 into the second equation
in model(2.1) generates

dy {( h)} P2 x mpz o .
o202 (- -2
dt s a:y + P1 K 4 P1 4
which determines the dynamics on Xg.

The following is to explore different kinds of equi-
libria. Based on the analysis of section 2, there is an
unique positive equilibrium in each subsystem, that is,
El = (7m7}?frh’ 7m[§irh> iIl Sl and E2 =
K(r—p1)(s+p2)

shK(r—pi)
hrs+mK (s+p2)? hrs+mK (s+p2)

) in Ss. The discussion of

these two equilibria types is shown below:
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. . hrK hsK(r— .. .
(i) Since s > hmim(;((ﬁg), it is unlikely that
hrK hsK(r—pi)
m < ET < WM holds. In other WOI'dS,

FE, and E, cannot become real equilibria simultane-
ously.

(ii) When Mk

mK-+hr

< ET, E; is a real equilibrium
denoted by E}%, while Fs is a virtual equilibrium as

hsK(r—p1) 2
Wff(gipz) < ET, denoted by E%,.

(iii) If —neKG—p)

m > ET, E2 is a real equihb—

rium denoted by E%, and FE; is a virtual equilibrium

expressed by Fi,.

. hsK(r—
(iv) Due to the fact that WK(QLQ)

hrK
mK+hr

< ET <

is true, in this case, both equilibria are virtual
12
recorded as Fy,, Y.

Now, we probe for the pseudo-equilibrium. Solving
the equation ¥(y) = 0 yields

SP1
D2

r(1-E5)+

hsp1
+ p2 ET

1 =0 and ys =

As y1 < Ymin, we omit this solution. In order to make
sure that yo2 € (Ymin, Ymaz), it must have:

~(,- L) m<r<—Ef?>+2’?<r<1 ET)
m K m m—i—% m K/’
during which we can obtain
hsK(r — hrK
sK(r —p1) <ET<T7,
hrs + mK (s + p2) mK + hr

where both of internal equilibria happen to exist as
two virtual equilibria EY,, F%,. Therefore, the pseudo-
equilibrium FE,, = (ET, y2) cannot coexist with any reg-
ular equilibrium.

According to definition 2.4, the boundary equilibria
satisfy x = ET and equations:

dx(t

~—

:rx<1—£)—mmy20,

d
A0 -
i =y |s|1 Iy =0,
or
dx(t) x _
d{ —rx(l—E)—mxy—plx—O,
dy(t)

N ) et

Hence we can get two boundary equilibria below:

ET hrK
Ep = (ET —) here ET = ———
B Ty ) e hr +mK’
and
+ p2)ET hsK(r —p1)
B2 — (ET (s + )BT here ET = .
B ’ hs ) where hrs +mK (s + pa)

Correspondingly, tangent points satisfy x = ET and
equations:

rT (1 — %)—mxy =0orrx (1 — %)—mxy—plm =0,

so we get two tangent points as shown below:

1 r ET))
p— E— 1_7
gy = (or (1

CE= Rl

and

2 _
Er =
m

which are endpoints of sliding segment Y.

Lemma 3.1. The pseudo-equilibrium E,, is locally asymp-
totically stable respect to Xg.

Proof. For the dynamic equation of Xg, namely ¥(y),

we can take the derivative with regard to y at E,:

sy K +rpy(K — ET)
mK

Therefore, on the basis of stability theory for ODEs, E,
is locally asymptotically stable on Xg.

(B, = < 0.

4 Global dynamics and numerical simulation

In this section, we concentrate on the global dynami-
cal behaviors that the Filippov system(2.3) can exhibit.
Initially, we rule out the existence of three kinds of pos-
sible limit cycles, and then with combining properties
of equilibria, the global stability of equilibria can be
obtained.

According to the analysis in section 2, we can make
sure that there is no limit cycle totally contained within
the region S and S3. Then we have the following lem-
mas.

Lemma 4.1. There is no closed orbit completely con-
tained within the region S; (i=1,2).

Next, we give proofs of non-existence of the other limit
cycles which respectively contain a part of the sliding
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segment and the entire sliding mode.

Lemma 4.2. There exists no closed orbit which con-
tains partial sliding domain.

Proof. We prove it by reduction to absurdity. There
are two cases in all, namely, the pseudo-equilibrium FE,
exists or not. So when E, exists on the sliding segment,
it is stable such that all solutions nearby will converge
to this point finally. However, suppose that there is a
limit cycle including part of the sliding domain, some
trajectories that once touch the sliding domain converge
to this limit cycle, which contradicts the stability of the
pseudo-equilibrium.

On the other hand, when E, does not exist, there
are a real equilibrium and a virtual equilibrium coex-
isting in a certain region. Without loss of generality,
assume that this kind of limit cycle denoted by L con-
tains a real equilibrium F; in the region S7. This means
that any trajectory outside L will converge to itself and
cannot reach F; anymore, which contradicts the global
stability of the real equilibrium FE; in the region S;.
Hence, there does not exist any closed orbit including
part of the sliding domain.

Q\

\.\P/

4 ET 6 8 10
X

Fig. 1 The schematic of the possible limit cycle which sur-
rounds the sliding segment.

Lemma 4.3. There does not exist a closed orbit sur-
rounding the entire sliding domain.

Proof. Suppose that there is a closed orbit I' = I'1+1%
around the sliding segment (shown as Figl), where I; =
I'NS;, i=1,2. And I intersects with the switching
line x = ET at points P and Q. Denote the region en-
closed by I'as D and D; = D()S1, ¢ = 1,2. Then we
have two auxiliary lines x = FT — 6 and x = ET + 6,

which intersect with I" at points P, Q1 and P, Q2
respectively. Meanwhile, P, = P — a1(0), Q1 = Q —
61(9), P2 =P+ QQ(G), QQ = Q + 62(0), where az(9)
and b;(0) (i = 1,2) are continuous with respect to 6
and lim a;(f#) = lim b;(#) = 0, ¢ = 1,2. This means
6—0 6—0

that P11 and P>Q@Q2 tends to PQ with 8 — 0. More-
over, describe two regions delimited by I, P1@Q1 and
Iy, PyQo as Dy and D, respectively, which severally
tend to D7 and Dy when 6 — 0.

1
Let the Dulac function be B = —, then we can
Ty

obtain the following results by using Green’s theorem.
After the above analysis, it is easy to get that

Jd(Bfi2)

WIS

,gli%z// szl (gzjjﬂ)} dz dy

} dx dy

7

that is, we denote the result of the above equation by
Q.
By calculations, we have

2 [8(Bfun) . O(Bfi) % 2hs
Z{ ox + y }:

——— - <
2 )

~ Ky =z
which means that o < 0 is right.
Then, according to Green’s theorem, we have:

// Bfn (Bfm)} dz dy
D,

=¢ (Bfi1)dy — (B f12)dx
%QIFIPIJFITQ;

Q1

- / (Bfui)dy — (Bfiz)dz + / (Bfin)dy — (Bfio)da
Iy

Py
Q1
- / (Bfu1)dy

Py

Notice that along Iy, we have dy = fi2dt, dz = fi1dt,
and along P;Q1, we have dx = 0.

Similarly, we have

//D Bf?l (gi’zz)} dxdy—/:z(Bfm)dy

Therefore,
Q1 Q2
0—0 P Py

Q
P Y

=piln <%> > 0,
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as Q is greater than P along the vertical axis.
This causes a contradiction. Hence we can obtain
the conclusion as Lemma 4.3.

In what follows, we investigate the global dynamics
of Filippov system(2.3), and then the global stability of
internal equilibria and pseudo-equilibrium is obtained
with the support of numerical simulation.

Theorem 4.1. The pseudo-equilibrium E, is globally
asymptotically stable as long as it exists.

1.12

1.08

(a)

0.8 09 L0 L1 L2 L3 L4
(b)

Fig. 2 (a): Time history diagram of Filippov system(2.3)
when the pseudo-equilibrium E}, exists, which shows that tra-
jectories are prone to be stable finally. (b): The phase por-

trait of Filippov system(2.3) when hsK(r—p) _ o BT <

hrs+mK (s+p2)
m};’fhr’ which exhibits the global asymptotically stability of
pseudo-equilibrium FE,. The other fixed parameters are set as:
r=05K=3m=04,s=0.3,h=24,q1 =0.3,92 = 0.3,
and ET=1.1.

Proof. From the analysis in section 3, we know that
two internal equilibria Ey, F, are both virtual denoted
as Fi, and F%, when E, exists. This implies that the

internal equilibrium FE; belonging to the region S is
in the region S5, and FEs is an internal equilibrium of
the region Sy but is in the region S;. Therefore, all tra-
jectories move towards the opposite domain to reach
their own equilibrium and they are bound to touch the
switching line x=ET. Since E}, is LAS on the sliding seg-
ment and there does not exist any limit cycle in terms
of Lemmas 4.1-4.3, some trajectories which hit the slid-
ing mode Xy in the switching line will slide to E,, while
other trajectories which pass through the switching line
to the opposite area will return and ultimately approach
to E, after colliding with the sliding segment. So it fol-
lows that E), is globally asymptotically stable when it
is present. The result of numerical simulation is shown
in the figure below.

0.8

0- 6O 10 20 30 40 50 60 70 80

1.6

1.41

1.2}

1.0

0.8r

0.61

0.4r

0.2r
0.0 0.4 0.8 1.2 1.6 2.0 2.4

(b)

Fig. 3 (a): Time history diagram of system(2.3) when

hrK . . s
mKTJrhT < FET is true, which shows the stability of FEj.

(b): The phase portrait of system(2.3) when E; is the only
real equilibrium, which indicates that all solutions tend to
FE; eventually. The fixed parameters are given as follows:r =
0.8, K =3,m = 0.6,s =03,h =1,q1 = 0.3,g2 = 0.3, and
ET=1.3231.
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Theorem 4.2. The internal equilibrium FEy is glob-
ally asymptotically stable for the Filippov system(2.3)

- hrK
if i < ET.

Proof. In the light of the discussion in section 3, when
mf;}"fhr < ET, E, does not exist, and E; is a real equi-
librium expressed by E}% located in the region S; and
FEs is a virtual equilibrium described as E% situated at
the region S7 as well. Meanwhile, on the basis of The-
orem 2.1, F; is GAS in the region Sy, and there is no
closed orbit for this Filippov system(2.3) by Lemmas

4.1-4.3.

Consequently, as Fig 3 shows, trajectories starting
from the region S; will either approach to E}, straight-
forward or intersect with the sliding segment X's on the
switching line and slide to the top endpoint along this
segment, then get into the region S; again to reach E}%.
On the other hand, trajectories whose initial points are
in the region So will firstly move towards S; to reach
their own equilibrium Fs,. Hence these trajectories will
either pass through the switching line to S7 and go to-
wards E}, or collide with Xg and slide up to the end,
then approach to E}, in the region Sy. In view of this,
all trajectories will reach E'}, ultimately, that is, F}, is
GAS for system(2.3).

Theorem 4.3. If #}% > ET holds, the in-
ternal equilibrium FEs is globally asymptotically stable
for the Filippov system(2.3).

Proof. Combining the analysis in section 3, we have

that when #]Tﬁ% > ET holds, there are two

equilibria in total, namely, E% and Ei, both in the
region S3. Moreover, according to Theorem 2.3, Fs is
GAS in the region S, and no closed orbit exists for
system(2.3) by Lemmas 4.1-4.3.

Thus, as Fig 4 shows, trajectories initiating from
the region S» will tend to E% directly, or once they hit
the sliding segment, they will swipe down along this
segment to the endpoint and then enter the region Ss to
reach E%. Furthermore, trajectories starting from the
region S7 are attracted by F; in the opposite region. So
they will either go across the switching line and move
towards E% or collide with the sliding segment and slide
down to approach to E% in the region S. It then follows
that all solutions will converge to E% finally, in other
words, E% is a GAS node for the system(2.3).

Finally, we find that the parameter ET plays an

important role in the pest control. Denote —-*£_ and

mK+rh
#Im as A and B respectively, and A > B holds

based on the analysis in section 3. By employing numer-
ical simulation, the tendency of solutions with different

3.8

5 60 10 20 30 40 50 60 70 80 90

(a)

3.0 3.3 3.6 3.9 4.2 4.5

X
(b)
Fig. 4 (a): Time history diagram of system (2.3) when

#&zﬁr;) > ET holds, which shows that FEs3 is indeed

2
stable finally. (b): The phase portrait of system(2.3) when
equilibrium FE> is the only real one, which clearly shows the
global dynamics of system(2.3) in this situation. The fixed
parameters are:r = 0.8, K =9,m =0.1,s =0.3,h = 2,q1 =
0.2,g2 = 0.1, and ET=3.4571.

6.6
6.0 ET
: '
5.4
= 48[
ET
4. 2/ —— ET>A>B
P —— ET>A>B
36l I —— A>ET>B
U/ A>ET>B
ET A>B>ET
3.0 —— A>B>ET
0 10 20 30 40 50

t

Fig. 5 Solutions of Filippov system(2.3) with various ET,
where the values of fixed parameters are r = 0.8, K = 9,m =
0.1,s = 0.3,h = 2,q1 = 0.2,g2 = 0.1. It demonstrates that

ET should be greater than #}m.
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ET are exhibited in Fig 5. We can see clearly that only
if ET > B holds, all trajectories would approach to ei-
ther the pseudo-equilibrium on the switching line X or
the internal equilibrium in the region S;, which implies
that the pest population is controlled and eventually
stabilize at or below ET, in other words, our control
tactics work.

5 Biological implications and conclusions

Nowadays, the Filippov system has been found to be
useful to describe the real-world problems and inves-
tigated in many fields[27-29]. Compared with the im-
pulsive differential equations, the non-smooth Filippov
system is more close to the reality in describing pest
control measures. And despite many papers have stud-
ied Leslie-Gower model, none of them have considered
the effect of control strategies. Hence we expand the LG
model with Holling I functional response into a piece-
wise smooth system by applying IPM strategies, which
can be called as a Filippov system with the threshold
policy as well. This means that we do not take any ac-
tion when the number of pests is below the economic
threshold(ET), but in case the quantity reaches or ex-
ceeds ET, we will spray pesticides and release the nat-
ural enemy in the meantime. In order to minimize the
economic toll and maximize the crop yield, our goal in
this paper is to get the conditions under which the pest
population can stabilize at or below the value given in
advance. So we make use of Filippov theories and quali-
tative techniques with numerical simulations to investi-
gate dynamical behaviors of proposed system in detail,
including global dynamics of subsystems, the existence
of sliding mode and different types of equilibria, sliding
mode dynamics and the global stability of equilibria.

It is worth mentioning that no possible limit cycle
exists for our proposed system and all trajectories are
able to converge to the certain equilibrium finally un-
der some conditions rather than exhibiting divergence
or oscillation, which means that our strategies are fea-
sible. Moreover, the results of global stability are con-
centrated in Theorems 4.1-4.3 and Figs 2-4. Especially,
combining the outcome of numerical simulation in Fig
5, it is realized that the selection of ET plays a strong
part in the pest control, as this offers the condition of
choosing ET. Consequently, our findings are valuable
for how to draw up strategies effectively and when to
take measures.
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Figure 1

The schematic of the possible limit cycle which sur-rounds the sliding segment.
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Figure 2

Please see manuscript .pdf for full caption.
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Figure 3
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Figure 4

Please see manuscript .pdf for full caption.
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