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SUPPLEMENTARY FIGURES

FIG. S1. The filament orientation persistence time scales with aspect ratio as τcorr ∝ a3 in the rigid rod limit (κfil = 104). The
blue dots and orange dots are data from simulations with no interfilament interactions with the active force turned off and on,
respectively, showing that activity does not affect the persistence time. The dashed line follows τcorr = a3/4πγ.

FIG. S2. Caps that form at lower active force strengths (left) tend to be more ragged and drive less vesicle deformation than
those that form at larger active force strengths (right). For both snapshots, φ = 0.2, a = 10.5, and κfil = 104.

FIG. S3. The vesicle is constructed from a triangulated mesh of Nves beads, and contains Nfil polar active filaments. Each
filament consists of M bonded monomers of diameter σ. A propulsion force with magnitude fa is applied to each monomer in
the direction of the local filament tangent, and the filament bending modulus is κfil.
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SUPPLEMENTARY TEXT

A. Filament persistence time

In this section we compute the persistence length of the center of mass motion of the active filaments, lCOM
p , to

determine the regions in parameter space that correspond to the strong confinement limit. Under strong confinement,
almost all rods are on the vesicle surface at all times, while below this limit rods are found throughout the vesicle
interior. Strong confinement occurs when the filament motion persistence length is larger than the vesicle size, i.e.,
lCOM
p & 2Rves [1, 2]. This limit can be understood by noting that when a self-propelled filament collides with the
vesicle surface it is reoriented into the surface tension plane. When lCOM

p & 2Rves, rotation of the filament away from
the surface occurs more slowly than realignment with the surface due to subsequent collisions.
The autocorrelation timescale for rotation of a rigid rod scales as τcorr ∝ a3 [3]. Consistent with this result,

measurements on simulations of isolated active filaments give an autocorrelation time of τcorr ≈ a3/4πγ (dashed line in
Fig. S1). The persistence length of motion lCOM

p is therefore

lCOM
p = τcorrv0 ≈

faa
3

4πmγ2 , (S1)

where we have used v0 = fa/mγ as the active propulsion velocity. Recalling that the system enters the strong
confinement limit when this persistent length is on the order of the vesicle diameter, 2Rves, the threshold aspect ratio
for strong confinement is

a &

(
8πmγ2Rves

fa

)1/3

. (S2)

For the activity of Fig. 1, fa = 8kBT/σ, the threshold aspect ratio is aSC ≈ 4.3.

B. Competition between rotation and collision timescales

a. Rotation timescale: Consider a rigid, self-propelled rod, consisting of N + 1 monomers of mass m and bond
length b, that is moving toward a flat boundary. The rod is propelled by an active force with magnitude fa along
the rod’s tangent p̂. At the point of collision with the boundary, the rod will begin to rotate parallel to the wall.
The rotation will happen over a timescale equal to the that over which the rod would have moved its own length,
τrot ∼ mγL/fa, where L = Nb is the rod’s length. More explicitly, the (overdamped) equation of motion for the nth
monomer of the rod is

mγ
∂rn(t)
∂t

= fap̂(t) + N(s, t), (S3)

where rn(t) = R(t) +nbp̂(t) is the position of the nth monomer. The last term is the normal force due to the boundary.
Note that we have assumed the activity-dominated regime, so thermal forces are negligible.

Without loss of generality, we take the boundary to be oriented such that its normal vector is ŷ, and the rod to lie
in the x-y plane. The normal force can then be written as

N(s, t) = fa(p̂ · ŷ)
[(

p̂ · ŷ
p̂ · x̂

)
x̂− ŷ

]
δn,N . (S4)

Subtracting Eq. (S3) for n = 0 from that of n = N yields

mγL
∂p̂
∂t

= fa(p̂ · ŷ)
[(

p̂ · ŷ
p̂ · x̂

)
x̂− ŷ

]
. (S5)

The only timescale in this equation is

τrot = mγL

fa
. (S6)
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b. Collision timescale: To determine the collision timescale, we first must compute the collisional cross section,
σcoll, of two self-propelled rods. Consider two rigid rods of length L and diameter σ. One rod is located at r with
orientation p̂, and the other is located at the origin with orientation q̂. Again neglecting thermal motion, we assume
the rods move in the direction of their tangents with an active velocity v0 = fa/mγ. We choose our reference frame
such that the rod at the origin is stationary, and the other moves at the relative velocity v = v0(p− q). This defines
an axis ŵ = v/|v|. Projecting the rods onto the plane perpendicular to ŵ, we find that both rods have the projected
length

L′ =
(

1 + p̂ · q̂
2

)
L. (S7)

We can additionally project the rods’ orientations on to this plane:

p̂′ = p̂− (p̂ · ŵ)ŵ
|p̂− (p̂ · ŵ)ŵ| = p̂ + q̂

|p̂ + q̂| (S8)

q̂′ = q̂ − (q̂ · ŵ)ŵ
|q̂ − (q̂ · ŵ)ŵ| = p̂′. (S9)

Notably the rods are always parallel when projected into this plane. Treating the projected shapes of the rods as
simple rectangles of length L′ and width σ, the collision region is also a rectangle, with side lengths 2L′ and 2σ, giving
a collision area of

A(p̂, q̂) = 4L′σ = 2Lσ(1 + p̂ · q̂). (S10)

This approximation of the projected rod shape is valid in the long rod limit, L� σ, since accounting for the exact
shape of the ends of the rods will only contribute a term of order O(σ2). Averaging over all orientations p̂ and q̂ leads
to the total collisional cross section:

σcoll =
∫
A(p̂, q̂)dp̂

4π
dq̂
4π = 2

π
Lσ. (S11)

If the number density of rods is ρ, then the collision timescale is defined by the relation

ρσcoll(L+ v0τcoll) = 1. (S12)

That is, a rod will explore a volume V (t) = σcoll(L + v0t) in time t, and therefore will collide with ρV (t) rods on
average in that time. The collision timescale is the time τcoll such that it will have collided with one rod on average.
Thus,

τcoll = 1
ρσcollv0

− L

v0
(S13)

c. Competition of timescales: Recall the rotation timescale τrot = L/v0. The collision timescale can be written in
terms of τrot as

τcoll =
(

1
ρσcollL

− 1
)
τrot, (S14)

We expect that highly-aligned configurations, such as polar rings and caps, will form when τcoll . τrot. The number
density is related to the volume fraction as ρ = 4φ/πLσ2 (treating the rods as cylinders). Thus, we expect a transition
provided 2ρσL & 1, or

φa & (π/4)2, (S15)

where a = L/σ is the rod aspect ratio. Finally, we note that performing the same calculation in 2D results in the same
scaling.

C. Calculation of number of caps

a. Derivation of the effective ‘free energy’: We assume that activity induces an effective attractive interaction
between active rods, leading rods to preferentially form smectic layers. These smectic layers are sheared by the
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curvature of the confining vesicle. We assume that there is a force that is linear in displacement that resists this shear,
as well as an interfacial tension at the edges of the cap. Using the parameterization shown in Fig. 2b, we align the cap
to the z-axis and write the height field of the cap as a function of the polar angle θ:

h(θ) = Rves cos θ. (S16)

Note that we have assumed the cap radius is the same as the undeformed vesicle radius. Active forces may deform the
vesicle at the caps, leading to caps having a radius that is different from the vesicle’s unperturbed radius. Thus, this
calculation will be most accurate when the vesicle is not deformed too much from its initial state (high vesicle stiffness
or low activity).

The gradient in the height field gives the local shear energy density, which can be integrated over the cap surface to
find the total shear energy, with shear modulus G ∼ fa:

ushear(θ) = 1
2G
∫

dS
∣∣∣∣ ∂h

∂(Rves sin θ)

∣∣∣∣2
= πR2

vesG

∫ θ

0
dθ′ sin θ′ tan2 θ′

= πR2
vesG

(1− cos θ)2

cos θ .

(S17)

The cap has radius Rves sin θ, and therefore the interfacial energy can be written as

uint(θ) = 2πRvesγ sin θ, (S18)

where γ ∼ faL is the interfacial tension.
If the total number of rods in the system is Nfil, and we assume that all caps are the same size, then the total

number of caps is given by

ncap = Nfil

2πR2
vesρ(1− cos θ) , (S19)

where ρ = 2/
√

3σ2 is the hexagonal close packing density, and σ is the rod diameter. Therefore, the total energy
(relative to a reference state corresponding to a perfectly aligned smectic layer of rods) is

U(θ) = ncap(θ)[ushear(θ) + uint(θ)]

= GN

ρ(1− cos θ)

[
(1− cos θ)2

2 cos θ + γ

GRves
sin θ

]
.

(S20)

From this, we define the (normalized) free energy per filament f(θ) as

f(θ) = ρU(θ)
GN

= 1
1− cos θ

[
(1− cos θ)2

2 cos θ + ζ sin θ
]
, (S21)

where ζ = γ/GRves = cL/Rves, with the proportionality constant c the only free parameter.

b. Computing the number of caps: Using Eq. (S21), we first compute the optimal θ as

θ∗ = arg min
θ

f(θ) (S22)

and then evaluate ncap(θ∗). This yields the number of caps as a function of the parameter ζ, which we can fit to our
simulation data.

Provided ζ is small, we can find an asymptotic solution in the following way. Let z = cos θ/(1−cos θ) for convenience.
Since z(θ) is a monotonic function of θ (for 0 ≤ θ < π), minimizing Eq. (S21) with respect to z is equivalent to
minimizing with respect to θ. The free energy can then be written as

f(z) = 1
2z + ζ

√
1 + 2z. (S23)

Taking the derivative and setting it to zero, we obtain the following equation for z:

ζ√
1 + 2z

− 1
2z2 = 0. (S24)
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Squaring both sides, we can rearrange this into the form

z4

1 + 2z = 1
4ζ2 . (S25)

If ζ � 1, then the right hand side is very large and so we can assume that z � 1 as well. Approximating 1 + 2z ≈ 2z,
this reduces to

z ≈ (2ζ2)−1/3 (S26)

or, equivalently,

cos θ ≈ 1
1 + (2ζ2)1/3 . (S27)

Recall that we expect ζ ∝ L/Rves. We can instead write ζ as a ratio of the rod aspect ratio a to a critical aspect ratio,
ζ = a/a∗, with a∗ ∼= Rves/σ � 1. Inserting Eq. (S27) into Eq. (S19), and absorbing constants into a∗, we obtain the
result shown in the main text

ncap = Aφa−1[1 + (a/a∗)−2/3], (S28)

where we have used N = φVves/Vfil, with Vves = 4πR3
ves/3 and Vfil = πLσ2/4, and A = 8Rves/3πρσ3.

Dependence of a∗ on activity: We anticipate that the critical aspect ratio may depend on activity for several reasons.
First, the critical aspect ratio will depend on the local vesicle curvature in the vicinity of the cap, a∗ ∼= Rlocal

ves /σ, with
Rlocal
ves ≤ Rves because the active force from the rods will locally deform the vesicle from its unperturbed curvature.

The extent of deformation will increase with activity. Second, at very low activity fa . kBT/σ (or fa . 1 in our units),
thermal motions become relevant and the caps are not as well-formed (see Fig. S2 and SI Movie 4).

D. Onset of dynamic caps

Assuming all Nfil rods are contained within a cap, the total area occupied by rods is

Atail = Nfil/ρ, (S29)

where, as before, ρ = 2/
√

3σ2 is the hexagonal close packing density. Now, let us consider a state with all rods
organized into caps, and assume that the vesicle is approximately spherical with radius Rves. Then, the tails of the
rods will be located approximately on the surface of an inner spherical region, with radius R = Rves − Lrod. If the
total area of rod tails Atail occludes a large fraction of the surface area of this inner region, then the tails of the rods
are likely to interact. Such interactions can disrupt the stability of the caps, potentially leading to motions and/or
breakup of caps. This occurs when

Nfil/ρ & 4π(Rves − Lrod)2 → Nfil & 4πρR2
ves(1− Lrod/Rves)2. (S30)

Based on this analysis, caps will become motile above threshold values of the length and number of filaments given by
Eq. (S30).
We can recast these results in terms of the volume fraction φ and aspect ratio a of the filament. Using Nfil ∼ φ/a,

we write

φ & Ca(1− aσ/Rves)2, (S31)

where C ∝ Lrod/Rves. Consistent with this result, our simulation results show that motile caps arise in the lower-right
region of the parameter space of Fig. 1.

E. Effects of filament semiflexibility

As we show in Sec. A, the filament orientation correlation timescale is

τcorr = a3

4πγ . (S32)
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We assume that for semiflexible rods we can make the substitution a → lp/σ, where lp is the filament persistence
length. Further, simulations show [4]

lp = 2κb/kBT
1 + (faσ/kBT )2 , (S33)

where b = σ/2 is the bond length between filament monomers and κ is strength of the harmonic angle potential that
controls the semiflexibility of the filament. Assuming that fa is large, we find

lp/σ ≈
kBT

σ2
κ

f2
a
. (S34)

The system enters the strong confinement limit when τcorr & 2Rves/v0, where v0 = fa/mγ is the filament propulsion
velocity. Using Eq. (S34), this can be rearranged to find

fSCa σ/kBT & C(κ/kBT )3/5, (S35)

where C =
(

kBT
8πmγ2σRves

)1/5
. This is shown as a dashed line in Fig. 5a.

Note that there are no fitting parameters used in this analysis.

F. Equations of motion and simulation details

We simulate a vesicle with Nves = 2432 monomers and a nominal radius of Rves ≈ 25σ, measured as the distance
from the center of mass of the vesicle to the center of any given monomer within the vesicle in its undeformed state.
For this radius, we set the vesicle monomer diameter to σves = aσ with a ≈ 1.934 to ensure that there were no holes in
the vesicle that the active filaments could escape from. A filament is a linear chain of M monomers, each with diameter
σ. The vesicle is filled with Nfil such filaments, with Nfil varied to control the volume fraction φ = NfilVfil/Vves. See
Fig. S3.

Bonded monomers in both the vesicle and the filaments interact through an expanded FENE potential:

UFENE(r) = −1
2kstretch∆2 ln

[
1−

(
r − b

∆

)2
]
, (S36)

where r is the distance between the two bonded monomers, kstretch is the bond strength, b is the preferred bond
length, and ∆ is the maximum deviation; that is, |r − b| < ∆. For the vesicle, we set kstretch = 1000kBT/σ2,
bves ≈ 1.934σ (for hexamer bonds) or bpent ≈ 1.645σ (for pentamer bonds), and ∆ = b/2. For the active filaments, we
set K = 2000kBT/σ2, bfil = 0.5σ, and ∆ = 0.4σ. These stiff bond potentials act to nearly constrain the length and
area of the filaments and vesicle, respectively.
To penalize curvature, neighboring triangles on the vesicle (those that share an edge) also interact through a

harmonic dihedral potential. Each triangle i defines a unique normal vector n̂i. For neighboring triangles i and j, the
interaction potential is given by

Udih(φ) = κves(1− cosφ), (S37)

where cosφ = n̂i · n̂j . For most simulations in the main text, we set κves = 5000kBT so that the vesicle has a relatively
large bending modulus κ =

√
3κves [5]. Infinitely rigid vesicles are implemented by not integrating the equations of

motion for the vesicle monomers so that they are always in their initial (spherical) configuration.
Filament semiflexibility is incorporated through a harmonic angle potential of the form:

Uangle(θ) = κfilθ
2, (S38)

where θ is the angle between two neighboring bonds i and j; that is, cos θ = b̂i · b̂j , where b̂{i,j} are neighboring bond
vectors.

Non-bonded monomers interact sterically through an expanded WCA potential given by

UWCA(r) = 4ε
[(

σ

r −∆

)12
−
(

σ

r −∆

)6
]

r < rc, (S39)
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where r is the distance between two interacting monomers, ε is the strength of the interaction, ∆ shifts the potential,
and rcut = 21/6σ + ∆ is a cutoff distance. For interactions between two filament monomers, we set ∆ = 0, and for
interactions between a filament monomer and a vesicle monomer we set ∆ = σves/2. This ensures that active filaments
cannot escape the vesicle. In all cases, we set ε = kBT . We do not consider excluded volume interactions between two
vesicle monomers as the stiff bond and dihedral potentials act to keep vesicle monomers far apart.

Given these interactions, the total energy is the sum

Utot =
∑
pairs

UWCA(r) +
∑
bonds

UFENE(r)

+
∑
angles

Uangle(θ) +
∑
dih

Udih(φ).
(S40)

The equation of motion for any given atom i within molecule α is then given by

m
∂2rαi
∂t2

=− ∂Utotal

∂rαi
−mγ∂rαi

∂t

+ (1− δα,0)fa
rαi+1 − rαi−1
|rαi+1 − rαi−1|

+ ξαi (t).
(S41)

Here, α = 0 represents the vesicle, while α > 0 represents a filament. The first term on the right hand side consists of
the conservative forces present in the system, the second term damps the motion through a viscous force (with the
damping coefficient set to γ = 1/τ), the third term applies an active force to the atoms of each filament along the
tangent, and the last term adds random thermal forces. The thermal forces are modeled as Gaussian white noise with
moments

〈ξαi (t)〉 = 0, and〈
ξαi (t) · ξβj (t′)

〉
= 6γkBTδijδαβδ(t− t′).

(S42)

Simulations are run with a timestep of δt = 10−3τ for a total time of 104τ . For the first two state diagrams shown in
the main text (Fig. 1 and Fig. 3), we ran 9 trials for each set of parameters. For the last two state diagram shown in
the main text (Fig. 5a and Fig. 6a) we only ran one trial.

G. State detection algorithm

We classify states by a combination of the vesicle conformation and the organization of the rods within the vesicle.
The classifications are as follows

• undeformed/spherical: the vesicle is in a nearly spherical state (symbolized by •)

• deformed/other : the vesicle is in a deformed state, but the rod organization is not consistent or difficult to detect;
typically, this occurs for states in which the filaments form unstable polar rings that form and break apart over
time (symbolized by ?)

• oblate/ring: the vesicle is an oblate spheroid, and the filaments are organized into a stable polar ring (symbolized
by ◦)

• capped: the filaments are organized into stable caps, with varying amounts of vesicle deformation (symbolized by
◦ with the number of intersecting lines in the symbol equal to the median number of detected caps)

• dynamic capped: the filaments are organized into caps that are dynamic and/or motile (symbolized by �)

Our classification algorithm is constructed as follows. We first classify the vesicle conformation. We define the
asphericity α of the vesicle to be

α = 1
6
√
π

S3/2

V
, (S43)
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where S is the surface area of the vesicle and V is the volume. Note that α = 1 for a sphere, and α > 1 for any
non-spherical shape. Additionally, we measure the gyration tensor G as

G = 1
Nves

Nves∑
i=1

~ri ⊗ ~ri, (S44)

where Nves is the number of monomers making up the vesicle, and ~ri is the position of the ith monomer. Let a, b, and
c be the eigenvalues of G such that a ≤ b ≤ c. Then define

x = (b− a)/(b+ a)
y = (c− b)/(c+ b).

Using α, x, and y, we classify the vesicle conformation into four categories:

• spherical: α ≤ 1.01 and x ≤ 0.1 and y ≤ 0.1,

• oblate: x > 0.1 and y ≤ 0.1,

• prolate: x ≤ 0.1 and y > 0.1,

• non-spherical: otherwise.

Next, we attempt to classify the filament organization.
First, we determine if there are any caps in the system. To do this, we compute two fields on the vesicle surface: a

polarization field pi and an order parameter qi that measures how perpendicular the filaments are to the vesicle, both
of which are evaluated at each vesicle monomer i. Let n̂i be the unit normal vector of the vesicle at the ith vesicle
monomer, and let Mi be the set of filament monomers that are within 4σ of the ith vesicle monomer. Then

pi =
∑
j∈Mi

t̂j∣∣∣∑j∈Mi
t̂j
∣∣∣ , (S45)

where t̂j is the unit tangent vector of the filament evaluated at filament monomer j. Similarly,

qi = 1
|Mi|

∑
j∈Mi

t̂j · n̂i (S46)

To find potential caps, we first find the vesicle monomer i∗ such that qi∗ is maximized. We then use the procedure
described in Algorithm 1 to find a cap based on this seed monomer. To find additional caps, we choose a new seed point
by finding another monomer j∗ such that qj∗ is the maximal value among all monomers that are not yet a member of
a cap. We continue this process until all vesicle monomers have been visited, or until we do not find any additional
caps. Once all candidate caps are found, we discard any caps that comprise fewer than d

√
Nvese = 50 monomers.

Finally, as done for the vesicle itself, we compute the smallest and largest eigenvalues, λmin and λmax respectively,
of the gyration tensor computed using only the filament monomers. Let z = 1 − λmin/λmax. Then we classify the
filament organization as one of the following:

• capped: if there are a non-zero number of caps,

• polar ring: if there are no caps, and z > 0.75,

• other : otherwise.

The class other is very broad, and can include a range of filament organizations and behaviors such as polar flocks
on the vesicle surface, or transient polar rings that continuously form and break apart. Usually these states do not
result in any large scale deformation of the vesicle, but in some cases the transient ring states can lead to measurable
deformation.

For each simulation, we take 11 samples from the last 10% of the trajectory and measure the vesicle conformation
and filament organization at each sample. If we also have multiple trials, then we aggregate these identifications.
Finally, we assign an conformation and organization based on the most common measurement.

Having information on both the vesicle conformation and filament organization, we can revisit our earlier classification
scheme:
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input :A seed vesicle monomer i∗
output :A list of vesicle monomers belonging to a cap

1 initialize cap to empty list;
2 initialize visited to empty set;
3 initialize todo to stack containing only i∗;
4 while todo is not empty do
5 i← value popped from todo;
6 insert i into visited;
7 if p̂i · p̂i∗ ≥ cos(π/6) then
8 append i to cap;
9 Ni ← set of monomers neighboring monomer i;

10 for j ∈ Ni do
11 if j not in visited and p̂j · p̂i∗ ≥ cos(π/6) then
12 push j on to todo;
13 end
14 end
15 end
16 end

Algorithm 1: Algorithm to determine vesicle monomers belonging to a cap

• undeformed/spherical: the filament organization is other, and the vesicle conformation is spherical,

• deformed/other : the filament organization is other, and the vesicle conformation is not spherical,

• oblate/ring: the filament organization is polar ring, and the vesicle conformation is oblate,

• capped: the filament organization is capped,

• dynamic capped: the filament organization is capped, but the number of caps is inconsistent.
For the dynamic capping states, we classify the number of caps as inconsistent if the majority of states are capped, but
no particular number of caps forms a majority of these states.

H. Movie Descriptions

• movie-1.mp4: Animations corresponding to the data shown in Fig. 1. Each element of the figure corresponds to
an independent simulation performed at the indicated parameter values, with the volume fraction φ increasing
along rows, and the aspect ratio a increasing along the columns. Other parameters are fa = 8 and κfil = 104.

• movie-2.mp4: Animations corresponding to the data shown in Fig. 3, with the volume fraction φ increasing
along rows, and the active force strength fa increasing along the columns. Other parameters are a = 10.5 and
κfil = 104.

• movie-3.mp4: Animations corresponding to the data shown in Fig. S2, with the filament stiffness κfil increasing
along rows, and the active force strength fa increasing along the columns. Other parameters are φ = 0.20 and
a = 10.5.

• movie-4.mp4: Animations of simulations performed at fa ∈ {1, 2, 3} for φ = 0.2, a = 10.5, and κfil = 104. These
videos show that decreasing the activity leads to smaller vesicle deformations, more ragged caps, and more
frequent rod dissociation from caps.

• movie-5.mp4: Animations of simulations performed at φ ∈ [0.01, 0.10] and κves ∈ [102, 104] for fa = 8, φ = 0.1,
a = 10.5, and κfil = 104. These videos show the faceting transition of the vesicle as the rigidity is reduced. Caps
are still readily formed and stable, but the polar rings tend to trace a path between facets which destabilizes
them.

• movie-6.mp4: Comparisons of simulations performed at fa = 8, κfil = 104, φ = 0.05 and a = 25.5 with both
infinitely and finitely rigid vesicles. This video shows that the polar rings that form within a rigid vesicle are
unstable, and will break apart and reform repeatedly. In contrast, these parameters lead to a stable polar ring
when the vesicle has finite rigidity.
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