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Supplemental Figure 1. Effect of missing values on ellipse-fitting method and centroid (arithmetic 1 

mean position of all points). To compare the effect of missing values between the ellipse-fitting method 2 

and the centroid, we arbitrarily deleted the continuous dots (the X-marked hollow dots) from the given 3 

set of dots (the red filled dots): the anterior scleral opening (ASCO) of Fig. 1. (A) Complete demarcation, 4 

(B) deleting 3 dots, (C) deleting 6 dots. (A) The best-fitted ellipse for all the dots was fitted, and its 5 

center is marked as a purple dot. A centroid for all the dots was simply calculated by averaging and is 6 

marked as a green dot. (B, C) In the cases with missing values. The best-fitted ellipse for the given set 7 

of dots (without hollow dots; red ellipse) was fitted, and its center is marked as a red dot. A centroid for 8 

the same set of dots was simply calculated by averaging and is marked as a blue dot. For comparison, 9 

the best-fitted ellipse, ellipse center, and centroid using all the dots are marked with the purple ellipse, 10 

the purple dot, and the green dot, respectively. From the original center, the angular range of the 11 

incomplete demarcation (between the grey arrows) was measured as 34° (B) and 58° (C). To visualize 12 

the difference between the dots, central areas are magnified (middle and right column). Even in a case 13 

of complete demarcation (A), the center of the ellipse and centroid are different because the radial 14 

scans were not centered on the ASCO when they were obtained initially. Therefore, the centroid is 15 

subject to the uneven sampling despite the complete demarcation. Such a difference is amplified by the 16 

incomplete demarcation since the centroid is overfitted to the observed points only (B and C). Despite 17 

the increase of the indiscernible angle, the center of the best-fitted ellipse is nearly fixed, in contrast to 18 

the increased discrepancy of the centroid (between the blue arrows). The x and y axis values are in 19 

pixels.  20 

 21 

Supplemental Figure 2. Range of best ellipse depending on degree of indiscernible angle. To simulate 22 

the variability of the ellipse-fitting method as dependent on the demarcation status, we arbitrarily deleted 23 

the continuous dots (the hollow dots) from the given set of dots (the red filled dots): the anterior scleral 24 

opening (ASCO) of Fig. 1. (A) Complete demarcation, (B) deleting 6 dots, (C) deleting 10 dots, (D) 25 

deleting 16 dots. Then, the best-fitted ellipse for the original entire set of dots (the purple ellipse), and 26 

the best-fitted ellipse for the given set of dots (without hollow dots; the red ellipse) were fitted using our 27 

customized code. For the same given set of dots, we also drew ‘the most deviated second-best-fitted 28 

ellipse’ (the blue ellipse). Numerically, the best-fitted ellipse was defined as the ellipse that minimizes 29 



its cost function: the squared sum of the distance between every dot from the given ellipse. To define 30 

‘the most deviated second-best-fitted ellipse’, we found the most deviated ellipse while the increase of 31 

the cost-function was bounded, which stands for the limit of the deviation of the best-fitted ellipse. At 32 

the center, the purple dot indicates the original center (without missing values), the red dot indicates the 33 

measured center (with missing values), and the blue dot indicates the center of the most deviated 34 

second-best-fitted ellipse (with missing values). Please note that the purple dots are invisible in (A) and 35 

(B) because they are overlapped by the red dots. From the original center (the purple dot), the angular 36 

range of the incomplete demarcation (between the grey arrows) was measured as 57° (B), 87° (C), and 37 

130° (D). The possible range of the best-fitted ellipse (the red ellipse)’s center is drawn in thick solid-38 

red lines. Please note that the range of the best-fitted ellipse center (the thick solid-red closed circuit at 39 

the center) was negligible until the indiscernible angle approached 90°. The x and y axis values are in 40 

pixels.  41 

 42 

  43 



Appendix. 44 

Let us represent a general conic by an implicit second order polynomial: 45 

𝑎𝑥2 + 𝑏𝑥𝑦 + 𝑐𝑦2 + 𝑑𝑥 + 𝑒𝑦 + 𝑓 = 0 46 

We want to find the initial ellipse equation ( �̂�, �̂�, �̂�, �̂�, �̂�, 𝑓) that fits (𝑥1, 𝑦1), ⋯ ,  (𝑥𝑛 , 𝑦𝑛) by 47 

( �̂�, �̂�, �̂�, �̂�, �̂�, 𝑓) = 𝑎𝑟𝑔𝑚𝑖𝑛 ∑(𝑎𝑥𝑘
2 + 𝑏𝑥𝑘𝑦𝑘 + 𝑐𝑦𝑘

2 + 𝑑𝑥𝑘 + 𝑒𝑦𝑘 + 𝑓)2

𝑛

𝑘=1

 48 

satisfying (𝑎2 + 𝑏2 + 𝑐2 + 𝑑2 + 𝑒2 + 𝑓2 = 1). 49 

This equation can be solved by linear algebra. We note that the equation above is different from the 50 

rigorous definition of the cost function, since squared value of the implicit second-order polynomial is 51 

not equal to the squared value of the distance between the given ellipse and point (𝑥𝑘 , 𝑦𝑘). 52 

 53 

Then, our goal is to find the best ellipse 𝑀 that minimizes 54 

∑ 𝑑(𝑀, (𝑥𝑘 , 𝑦𝑘))
2

𝑛

𝑘=1

 55 

where 𝑑(𝑀, (𝑥𝑘 , 𝑦𝑘)) is the distance between ellipse 𝑀 and point (𝑥𝑘 , 𝑦𝑘).  56 

The mathematical definition is as follows: 57 

𝑑(𝑀, (𝑥𝑘 , 𝑦𝑘)) =  min
(𝑥,𝑦)∈𝑀

√(𝑥 − 𝑥𝑘)2 + (𝑦 − 𝑦𝑘)2. 58 

 59 

This optimization problem is solved numerically (by the Nelder-Mead method). 60 

 61 


