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1 Evolving infection rate

The SIS-based simulations in the main text assumed that the pathogen evolution impacted

the recovery rate µ, setting the infection rate β constant. The rationale is that the repro-

duction rate Ri(t) is governed by the quotient β/µ, and hence the specific value of these

two parameters is unimportant, only their ratio. To complete our analysis, we now run our

simulations once again, this time fixing µ and allowing β to undergo mutation - with higher

β, corresponding to greater fitness F via

Ri(t) =
kβi(t)

µ
= R0Fi(t), (1.1)

a là Eq. (2) of the main text. Similarly to our analysis in the main text, we impose a cap

Fmax on fitness, being Fmax → ∞ in case fitness is unbounded, and set to a finite value to

simulate the scenario of a bounded fitness.

In Fig. 1 we show the pandemic phase-diagrams under β-mutations for different values of

Fmax. Similarly to the case of mutating µ we find, again, the predicted phases: lethargic vs.

mutated under Fmax → ∞ (Fig. 1a), and volatile for finite Fmax (Fig. 1b-d). Interestingly,

we find that here the volatile phase emerges only at extreme values of σ, being significantly

narrower than that under µ evolution. Indeed, in Fig. 3 of the main text we enter the

volatile phase already at σ ∼ 1, being extremely volatile when σ ∼ 10. Here, in contrast, we

only observe the tip of the volatile phase at around σ ∼ 10, as the mutated phase boundary

gradually tends towards greater R0.

To understand this difference consider the case of extreme mutations in µ, i.e. large σ.

Under such mutations, a relatively fit strain (small µ) may reproduce in the next generation

into an extremely unfit offspring with much larger µ. Having such high recovery rate, the

offspring population will be eliminated within a small short period, before having time to

generate additional infections, thus terminating the evolutionary branch. This effect is less

dramatic when the evolution impacts β. Now, indeed, a highly fit strain (large β) can still

give rise to unfit offspring (small β), yet these offspring will continue to reproduce for some

time, as their µ remains unchanged. Hence the effect of volatile mutations is more subtle

under β-mutations.

2 The lethargic-mutated critical transition

To approximate the critical σc for the emergence of the mutated phase, let us first consider

the classic SIS model without mutations, for which ρ(t) follows

dρ

dt
= −µρ(t) + βkρ(t)

(
1− ρ(t)

)
. (2.1)

Linearizing around ρ = 0, one obtains [1]

ρ(t) = ρ(0)eαt, (2.2)
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Figure 1: Pandemic phase-diagram under β-mutations. (a) The lethargic vs. the
mutated phase under Fmax → ∞. (b) - (c) Introducing a maximal fitness Fmax we also
observe the volatile phase under large σ. The volatile phase begins at σ ∼ 10, as seen by the
tendency towards large R0. The theoretical predictions of Eqs. (11) and (13) of the main
text are also shown (black solid lines).

where α = βk − µ = µ(R0 − 1). Therefore, in case R0 < 1, we observe the well-known

exponential decay back towards the healthy state ρ = 0. Considering a fixed population size

of N , we express the number of infected individuals at time t by I(t) = Nρ(t), providing

I(t) = I0eαt, (2.3)

where I0 = I(0) is the size of the initial infected population.

Next, let us add the effect of mutation. Starting from a uniform population in which all

pathogens have fitness F0 = 1, we allow the reproducing pathogens to perform a Gaussian

random walk in fitness space. This results from a normally distributed fitness whose variance

grows linearly in time as σ2t. Therefore, the fraction of the pathogen population whose

fitness at time t is within a small margin around F , i.e. Fi(t) ∈ (F, F + dF ), is given by the

density function

φt(F ) dF =
1√

2πσ2t
e−

(F−1)2

2σ2t dF. (2.4)

Using this density function we express the sub-population of infected individuals carrying

a pathogen with fitness Fi(t) ∈ (F, F + dF ) at time t by I(F, t) dF = I0φt(F ) dF . This

population, infected by pathogens with fitness F , has R = FR0, and therefore, using Eq.

(2.3), evolves with time via
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I(F, t) dF = I0φt(F )eµ(FR0−1)t dF. (2.5)

Equation (2.5) approximates the temporal dynamics of the F -fitness sub-population as an

independent product of the initial infected population size, the fraction of that population

having fitness F at time t, and the relevant fitness dependent exponential growth/decay

rate. It is based on an approximation, which separates the effect of the random mutations,

as captured by the Gaussian form of φt(F ), and the natural selection, mediated by the

F -dependent exponential.

Integrating (2.5) over all F , one obtains the dynamics of the entire infected population,

providing

I(t) =

∫
F

I0
1√

2πσ2t
e−

(F−1)2

2σ2t
+µ(FR0−1)t dF. (2.6)

Extracting all terms independent of F outside of the integral we obtain

I(t) = I0eξ(t)
∫
F

1√
2πσ2t

e−
(F−(1+σ2µR0t

2))2

2σ2t dF, (2.7)

where

ξ(t) = µ(R0 − 1)t+
1

2
σ2µ2R2

0t
3. (2.8)

Observe that the integral in the r.h.s. of Eq. (2.7) has the form of a shifted Gaussian

distribution, which sums to unity once integrated over all F . Consequently, one arrives at

I(t) = I0eξ(t), (2.9)

providing the number of infected individuals at time t. This is equivalent to Eq. (8) of the

main text, expressed in absolute terms (I(t)) rather than relative terms (ρ(t)).

In case σ = 0, we have no mutations, ξ(t) = µ(R0 − 1)t in (2.8), and Eq. (2.9) retrieves

the solution of classic SIS model, as appears in Eq. (2.3). If, however, σ > 0, then for

sufficiently large t, the cubic term in (2.8) begins to dominate and we observe an exponential

proliferation in I(t). Most crucially, such proliferation is observed even if R0 < 1. Indeed,

under R0 < 1, for small t, I(t) undergoes an exponential decay, driven by the linear term

in (2.8). Yet this initial decay is followed by a guaranteed exponential growth, governed by

t3, which captures precisely the effect of the critical mutation.

To obtain the critical time tc for this transition we seek the minimum of ξ(t), depicting the

point in which the exponential curve changes its decaying trend. Hence we write ξ̇(t) = 0,

providing

µ(R0 − 1) +
3

2
σ2µ2R2

0t
2
c = 0, (2.10)

from which we obtain
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tc =

√
2

3µσ2

(
1−R0

R2
0

)
. (2.11)

As expected tc exists only for R0 < 1, as, indeed, R0 > 1 describes a pandemic state from

the get-go, lacking a critical mutation.

Our solution up to this point predicts a guaranteed mutation transition, followed by an

exponential proliferation for t > tc, as, indeed, ξ(t) inevitably becomes positive as t → ∞.

This, however, is only in the continuum limit, i.e. I0 →∞. For a finite initial infection, the

infected population may reach I(t) = 0 at t < tc, in which case the critical mutation arrives

too late, and the pathogen becomes extinct before ever reaching critical fitness.

Using the discrete nature of I(t) we can distinguish between two limiting cases: in case

I(t = tc) � 1, we expect with high probability that the critical mutation will occur at

t ≈ tc, giving rise to the mutated phase. Conversely, if I(t = tc)� 1, the chances for such

mutation vanish, and the pathogen will almost certainly become extinct before reaching

critical fitness. In between these two extremes we predict a critical point when

I(t = tc) ∼ 1, (2.12)

in which there exists a finite probability to observe either a mutated or a lethargic state.

Using Eq. (2.9), and taking tc from (2.11), this translates to

σc ∼
1

2

(
R0 ln I0

µ
1
2 (1−R0)

3
2

+

√
2

3

)−1

, (2.13)

providing the critical mutation rate σc for the emergence of the mutated phase. Taking

I0 � 1, σc can be further simplified to

σc ∼
√
µ(1−R0)3

2R0

1

ln I0
, (2.14)

recovering Eq. (11) of the main text.

3 The volatile critical transition

The volatile phase occurs in the limit of large σ, where mutations are rapid, and the natural

selection is too slow to lock-in the sporadically appearing fitness gains. In this regime the

pathogen quickly reaches optimal fitness Fmax, but fails to produce enough offspring with

similar fitness, as mutations drive it back down below the critical fitness Fc = 1/R0. We

therefore compare the two relevant time scales: τ1 - the time for a high fitness pathogen to

sufficiently reproduce, vs. τ2 - the time for mutations to effectively eliminate the fitness gain

and drive the pathogen from ∼ Fmax to below Fc.

We first begin with τ2. To evaluate this time-scale we use the Gaussian form of φt(F ) in

(2.4) to track a typical pathogen, whose walk through fitness space begins at Fmax and
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deviates from this initial fitness at a rate σ
√
t. This provides us with an approximation of

the pathogen’s time-evolving fitness as

F (t) = Fmax − σ
√
t. (3.1)

Such pathogen will lose its fitness, i.e. reach below Fc at time

Fmax − σ
√
τ2 = Fc =

1

R0

, (3.2)

providing

τ2 =

(
FmaxR0 − 1

σR0

)2

. (3.3)

To obtain τ1 we use (2.3) to track the reproduction of the pathogen as

I(t) ∼ eµ(FR0−1)t, (3.4)

where we used the fact that the fitness changes rapidly to substitute F (t) by its time-average

F . This provides with

τ1 =
1

µ(FR0 − 1)
(3.5)

the typical time scale required for I(t) to observe significant growth, and hence the time

window needed for the natural selection to favor the fitter pathogens. To evaluate F we

consider the fact that Eq. (3.4) undergoes exponential growth only as long as F (t) > Fc,

namely as long as t < τ2. We therefore seek F within the time window 0 ≤ t ≤ τ2, providing

F =
1

τ2

∫ τ2

0

(Fmax − σ
√
t) dt = Fmax −

2

3
σ
√
τ2. (3.6)

Taking τ2 from (3.3), we can substitute (3.6) into (3.5) to reach

τ1 =
3

µ(FmaxR0 − 1)
. (3.7)

In case τ2 � τ1 the fitter pathogens have much time to proliferate (τ1) before losing their

fitness (τ2), leading to successful spread. If, however, τ2 � τ1 the pathogens’ fitness declines

before it has time to sufficiently reproduce and hence its volatility bars it from spreading

efficiently. The critical transition between these two states is therefore when τ1 is of the

same scale as τ2, i.e.

3

µ(FmaxR0 − 1)
∼
(
FmaxR0 − 1

σR0

)2

. (3.8)

Extracting σ we obtain
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σc ∼
√
µ

3

(FmaxR0 − 1)
3
2

R0

, (3.9)

retrieving Eq. (13) of the main text.

4 Numerical simulations and data analysis

SIS model. To construct Figs. 1 - 4 of the main text we implemented the SIS model

scholastically on a random network. The network was constructed using the Erdős-Rényi

model G(N, p) with N = 5, 000 nodes and connection probability p = 1.5 × 10−3, yielding

an average degree of k = 15. The node dynamics was simulated via Gillespie with the

transitions given by Eqs. (3) - (6) of the main text in the unbounded case (Fmax →∞), or

(12) in the bounded case. The disease parameters were set to µ = 0.1 and β was varied

via β = µR0/k to simulate different R0. Unless specified otherwise, e.g., for observing the

hysteresis in Fig. 2 of the main text, we set the initial condition to ρ(0) = 0.2. Phase

diagrams were obtained by varying σ and R0 as specified in the Figure captions. Each R0, σ

data-point is a result of simulating 50 independent scenarios, from which we extracted the

probability P to observe a pandemic outcome. The predicted phase boundaries in Eqs. (11)

and (13) of the main text capture the functional form of the critical transition point, but

not necessarily its precise value. Therefore we exploited a degree of freedom to multiply

these predictions by a constant of order unity. Specifically, to obtain the black solid lines in

Figs. 1d, 2d and 3a of the main text we multiplied Eq. (11) by 5, 5 and 5.5, and Eq. (13)

by 0.5. In supplementary Fig. 1 we used the factor 4, 4 and 1.5 in panels (b),(c) and (d)

respectively.

COVID-19. To simulate the spread of COVID-19 we used an elaborate compartmental

model, taking all transitions and rates from empirical data on SARS-CoV-2, as detailed in

Fig. 4a of the main text [2-14]. This include the following set of transitions [15]:

S + I
β−→ E

E
1/4,30%−−−−→ IAS

E
1/3,70%−−−−→ IPS

IAS
1/7−−→ R

IPS
1/2,55%−−−−→ IM

IPS
1/2,10%−−−−→ IS

IPS
1/2,5%−−−−→ IC

IM
1/5−−→ R
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Figure 2: Estimating β for SARS-CoV-2. The prevalence ρ(t) vs. t in 12 elected countries
as obtained from empirical data on symptomatic carriers of SARS-CoV-2 (orange circles).
The early stages of the spread can be well approximated by an exponential growth of the form
ρ(t) ∼ eαt (blue solid lines), with the average α being 0.27. In each panel the exponential
fit was conducted on the range ρ(t) ∈ (1/N, 10/N).

IS
1/15,85%−−−−−→ R

IS
1/15,15%−−−−−→ D

IC
1/16,50%−−−−−→ R

IC
1/16,50%−−−−−→ D, (4.1)

where I represents the infectious population, i.e. IPS ∪ IAS. Each transition is characterized

by its rate and probability. For instance exposed individuals (E) transition to the asymp-

tomatic infectious state (IAS) with a probability of 30% and to the pre-symptomatic IPS
state with 70% probability. The former occurs within 4 days on average, hence a rate of 1/4,

and the latter within 3 days (rate 1/3). On top of the transitions in (4.1), we also include

vaccination

S
η−→ V, (4.2)

and mutation, in which an infected individual acquires a resistant strain with probability p.

The COVID-19 simulations were implemented on the same network described above, for

a simulated 200 days at 15 minute resolution, i.e. 96 time-stamps per day. The initial
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condition is set to ρ(0) = 2 × 10−3, a 0.2 percent of exposed individuals. In this model

we assume symptomatic individuals are isolated, and hence the spread is mediated by the

pre-symptomatic (PS state) and by the asymptomatic (AS) infected individuals. This leaves

an average infection window of 2 days for the symptomatic carriers (70%) and 7 days for

the asymptomatic (30%). Hence, on average the time window for individuals to propagate

viruses is 0.3× 7 + 0.7× 2 = 3.5 days. This helps us evaluate the efficient recovery rate as

1/3.5 = 0.29 days−1.

To asses the relevant β for COVID-19 we collected empirical data on the early stages of

the spread, prior to the imposition of mitigation policies (Fig. 2). The data indicate that

the initial rise in the prevalence of SARS-CoV-2 exhibits an exponential growth of the form

∼ eαt, with α ≈ 0.27 days−1. We therefore seek the infection rate β, such that in our

simulated spread we have

I(t) ∼ e0.27t, (4.3)

where I(t) = IM(t) + IS(t) + IC(t), i.e. all symptomatic individuals. We find that the best

fit, under our simulated conditions, is observed for β ≈ 0.05. Using R0 = βk/µ, and taking

µ = 0.29 this corresponds to R0 ≈ 2.6.
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