
Supplementary Material 

1. Covariance Matrix is circulant: 

Let Rij be the element of the ith row and the jth column of the Covariance matrix. Rij can be 

written as follows. 

     

𝑅𝑖𝑗 = ∬ 𝑐𝑜𝑠(𝛽𝑟𝑐𝑜𝑠( θ − θ𝑖))𝑐𝑜𝑠(𝛽𝑟𝑐𝑜𝑠(θ − θ𝑗)) 𝑑θ𝑑𝑟 

 

where 𝜃𝑖 and  𝜃𝑗  are the preferred directions of ith and jth head direction neurons. 𝜃 is the current 

direction and r is the magnitude of the current displacement with respect to the origin. 

Let 𝜃′ = 𝜃 − 𝜃𝑖. This makes 𝜃 − 𝜃𝑗 = 𝜃′ + (𝜃𝑖 − 𝜃𝑗) = 𝜃′ + 𝛼 

where 𝛼 = 𝜃𝑖 − 𝜃𝑗 

So, the integral becomes  

𝑅𝑖𝑗 = ∬ 𝑐𝑜𝑠(𝛽𝑟𝑐𝑜𝑠( θ′))𝑐𝑜𝑠(𝛽𝑟𝑐𝑜𝑠(θ′ + α)) 𝑑θ′𝑑𝑟 

 

Similarly, when we consider the concatenation of cosine and sine terms in the complex PI case, 

the following expressions will appear in addition to the above expression. 

𝑅𝑖𝑗 = ∬ 𝑐𝑜𝑠(𝛽𝑟𝑐𝑜𝑠( θ′))𝑠𝑖𝑛(𝛽𝑟𝑐𝑜𝑠(θ′ + α)) 𝑑θ′𝑑𝑟 

𝑅𝑖𝑗 = ∬ 𝑠𝑖𝑛(𝛽𝑟𝑐𝑜𝑠( θ′))𝑠𝑖𝑛(𝛽𝑟𝑐𝑜𝑠(θ′ + α)) 𝑑θ′𝑑𝑟 

 

However, when the above integrals are evaluated between the appropriate limits, the results 

will clearly be functions of 𝛼 alone. 



𝑅𝑖𝑗 = 𝑓(𝛼) 

                  = 𝑓(𝜃𝑖 − 𝜃𝑗) 

Hence the covariance matrix is circulant. Moreover, when 𝜃𝑖 and 𝜃𝑗 are interchanged, the 

integral remains the same. Hence, the covariance matrix is symmetric as well. 

For the case of multiple β, any term in the covariance matrix can be represented by the 

following expression 

 

𝑅𝑖𝑗 = ∬ 𝑐𝑜𝑠( β1r cos(θ′))cos(β2 rcos(θ′ + α))  dθ′𝑑r 

=
1

2
∬ 𝑐𝑜𝑠( r(β1 cos(θ′)  +  β2 cos(θ′ + α)))cos(r(β1cos(θ′) − β2 rcos(θ′ + α)))  dθ′𝑑r 

Let 𝐼1  =  ∬ 𝑐𝑜𝑠( r(β1 cos(θ′)  +  β2 cos(θ′ + α)))  dθ′𝑑r  

And 𝐼2 = ∬ cos(r(β1cos(θ′) − β2 rcos(θ′ + α)))  dθ′𝑑r 

Expanding 𝑐𝑜𝑠(θ′ + α) term in 𝐼1 gives the following 

𝐼1  =  ∬ 𝑐𝑜𝑠( r(β1 cos(θ′)  + β2 𝑐𝑜𝑠(α) cos(θ′)  − β2 𝑠𝑖𝑛(α) sin(θ′)))  dθ′𝑑r 

𝐼1  =  ∬ 𝑐𝑜𝑠( r((β1 + β2 𝑐𝑜𝑠(α)) cos(θ′) − β2𝑠𝑖𝑛(α)sin(θ′))) dθ′𝑑r 

Let 𝑎(α) = β1 + β2 𝑐𝑜𝑠(α) and 𝑏(α)  =  β2𝑠𝑖𝑛(α). Now, I1 can be simplified as follows 

𝐼1  =  ∬ 𝑐𝑜𝑠 ( r√a2 + b2 ( cos(γ)cos(θ′) − 𝑠𝑖𝑛(γ)sin(θ′)))  dθ′𝑑r 

Where 𝑐𝑜𝑠(γ) =
𝑎

√a2+b2
  and 𝑠𝑖𝑛(γ) =

𝑏

√a2+b2
 

∴ 𝐼1 = ∬ 𝑐𝑜𝑠 ( r√a2 + b2(cos(θ′ + γ)))  dθ′𝑑r 



Where 𝑎, 𝑏 𝑎𝑛𝑑 γ are all functions of α. Hence, when the expression is integrated with 

appropriate limits, we get a function of alpha as the result. Similarly, I2 will result in the 

following form 

 

𝐼2 = ∬ 𝑐𝑜𝑠 ( r√a2 + b2(cos(θ′ −  γ)))  dθ′𝑑r 

Hence resulting 𝑅𝑖𝑗 is only a function of α = θ𝑖 − θ𝑗. 

Therefore, it has been shown the covariance matrix is circulant in all the combinations of PI. 

Moreover, when i and j are interchanged, the integral remains the same. Hence, the 

covariance matrix is symmetric as well. 

 

2. Derivation for grid cells in PCA 

The path integration in real form is given by  

                 𝑃𝐼 =  𝑐𝑜𝑠(𝛽 (𝑥𝑐𝑜𝑠𝜃 + 𝑦𝑠𝑖𝑛𝜃))    

       

and the eigenvectors are approximated as  

 𝑌(𝜃) = 𝑐𝑜𝑠(𝑘𝜃) 

Hence the output of the network can be found using the following expression. 

                                                           𝑓(𝑥, 𝑦) = ∫ 𝑐𝑜𝑠(𝑘𝜃)𝑐𝑜𝑠(𝛽 (𝑥𝑐𝑜𝑠𝜃 + 𝑦𝑠𝑖𝑛𝜃))
𝜋

−𝜋
 𝑑𝜃 

     

Where 𝑓(𝑥, 𝑦) is the output. 

The above expression, eqn 9 can be expanded as follows 



    =
1

2
∫ 𝑐𝑜𝑠(𝛽 (𝑥𝑐𝑜𝑠𝜃 + 𝑦𝑠𝑖𝑛𝜃)  −  𝑘𝜃)  +  𝑐𝑜𝑠(𝛽 (𝑥𝑐𝑜𝑠𝜃 + 𝑦𝑠𝑖𝑛𝜃) +

𝜋

−𝜋

 𝑘𝜃) 𝑑𝜃 

The 
1

2
  term can be ignored to observe the qualitative behavior of the function. 

In the above integral, make the following substitutions 

𝑥 =  𝑟 𝑐𝑜𝑠𝛼  and  𝑦 =  𝑟 𝑠𝑖𝑛𝛼 

Now the integral becomes 

                                          = ∫ 𝑐𝑜𝑠(𝛽 𝑟 𝑐𝑜𝑠(𝜃 − 𝛼)  −  𝑘𝜃)  +  𝑐𝑜𝑠(𝛽 𝑟 𝑐𝑜𝑠(𝜃 − 𝛼) +
𝜋

−𝜋

 𝑘𝜃) 𝑑𝜃 

Let 𝐼1 = 𝑐𝑜𝑠(𝛽𝑟𝑐𝑜𝑠(𝜃 − 𝛼) − 𝑘𝜃) and 𝐼2 = 𝑐𝑜𝑠(𝛽𝑟𝑐𝑜𝑠(𝜃 − 𝛼) + 𝑘𝜃). 

Consider I1 alone and change the variable 𝜃 to 𝜃′ such that   𝜃′ = 𝜃 − 𝛼  and   𝑑𝜃′ = 𝑑𝜃 

So, I1 changes to the following expression 

  = ∫ 𝑐𝑜𝑠(𝛽𝑟𝑐𝑜𝑠(𝜃′) − 𝑘(𝜃′ + 𝛼))𝑑𝜃′ 
𝜋

−𝜋
  

 = 𝐽𝑘(𝛽𝑟)𝑐𝑜𝑠(−𝑘𝛼)     

        

Where𝐽𝑘(𝛽𝑟) represent the Bessel functions of first kind and kth order as a function of 

𝛽𝑟. 

Similarly, I2 can be simplified as 

𝐼2 = ∫ 𝑐𝑜𝑠(𝛽𝑟𝑐𝑜𝑠(𝜃′) + 𝑘(𝜃′ + 𝛼))𝑑𝜃′ 
𝜋

−𝜋

 

     = 𝐽−𝑘(𝛽𝑟)𝑐𝑜𝑠(𝑘𝛼) 



                                               = (−1)𝑘𝐽𝑘(𝛽𝑟)𝑐𝑜𝑠(𝑘𝛼)                      

         

Hence, combining equations 10 and 11, the final output becomes 

   𝑓(𝑥, 𝑦) = 𝐼1 + 𝐼2 

                                                     = 𝐽𝑘(𝛽𝑟)𝑐𝑜𝑠(−𝑘𝛼) +  (−1)𝑘𝐽𝑘(𝛽𝑟)𝑐𝑜𝑠(𝑘𝛼)                                                                                                                                                 

Here, when k is odd, the terms cancel and when k is even, the terms add up which is the reason 

we see firing fields with even order grids as observed in the simulation result. Now we consider 

the alternate formulation of PI in the complex form described previously. 

 

The alternate formulation of path integration is given by  

    𝑃𝐼𝑖 = 𝑒𝑗(𝛽 (𝑥𝑐𝑜𝑠𝜃+𝑦𝑠𝑖𝑛𝜃))                                    

and the eigenvectors can similarly be approximated as  

    𝑌(𝜃) = 𝑒𝑗(𝑘𝜃) 

Hence the output of the network changes to the following expression. 

    𝑓(𝑥, 𝑦) = ∫ 𝑒𝑗(𝑘𝜃)𝑒𝑗(𝛽 (𝑥𝑐𝑜𝑠𝜃+𝑦𝑠𝑖𝑛𝜃)) 𝑑𝜃
𝜋

−𝜋
 

                                                                       = ∫ 𝑒𝑗(𝛽 (𝑥𝑐𝑜𝑠𝜃+𝑦𝑠𝑖𝑛𝜃)+𝑘𝜃) 𝑑𝜃
𝜋

−𝜋
   

         

Where 𝑓(𝑥, 𝑦) is the output. 

We follow a similar procedure as in the previous case. Substitute 𝑥 =  𝑟 𝑐𝑜𝑠𝛼  and  𝑦 =

 𝑟 𝑠𝑖𝑛𝛼 in the integral. 



 

    𝑓(𝑥, 𝑦) = ∫ 𝑒𝑗(𝛽 𝑟 𝑐𝑜𝑠(𝜃−𝛼)+ 𝑘𝜃) 𝑑𝜃
𝜋

−𝜋
 

Now we change the integrating variable 𝜃  to 𝜃′ such that   𝜃′ = 𝜃 − 𝛼  and   𝑑𝜃′ = 𝑑𝜃 

 

𝑓(𝑥, 𝑦) = ∫ 𝑒𝑗(𝛽𝑟𝑐𝑜𝑠(𝜃′)+𝑘(𝜃′+𝛼)) 𝑑𝜃′
𝜋

−𝜋

 

             = 𝐽−𝑘(𝛽𝑟)𝑐𝑜𝑠(𝑘𝛼) 

             = (−1)𝑘𝐽𝑘(𝛽𝑟)𝑐𝑜𝑠(𝑘𝛼)                  

                                                                                           

Therefore, in this case, the grid cells can be seen in both even and odd orders as observed in 

the simulation. 

 

The equations 9 and 14 give the expressions for the final output from the model which was 

simplified to a Bessel’s integral form. On integration, these expressions give equations 12 and 

15 which are well known as the modes of vibration on a circular membrane. 

 

3. Equivalence of Complex formulation and concatenated forms of PI: 

Eigenvectors: 

The eigenvectors from the model closely resemble the theoretical complex form of the 

eigenvectors that are obtained from a complex covariance matrix. The following figures show 

the comparison of a few eigenvectors. 



 

 



 

Fig 3a: Comparison of theoretical eigen vectors and eigen vectors from the simulation. 

As seen in the figures above, the eigenvectors match in behavior but there is a phase 

difference in some cases and also there is a part of the eigenvectors that is zero for those from 



the model. Both these differences are a result of the concatenation but they do not have any 

affect on the result. The following firing fields show confirm the description above that the 

result of concatenation and complex formulation are same. 

 

Fig 3b: Comparison of theoretical firing fields and firing fields from the simulations.  

 

 

4. Triangular trajectory Generation: 



 

 Fig 4a: Pictorial description of triangular trajectory 

 

Disto codes are the firing patterns shown by neurons in the CA1 region of Hippocampus. Some 

neurons in HC fires after travelling a specific amount of distance as reported by 21. To perform 

this experiment, the rat was made to run in a triangular trajectory. To construct a triangular 

trajectory, the animal starts at point ‘A’. A circle with radius ‘R’ is inscribed in an equilateral 

triangle. The initial value of radius (R) is set to 0.77 units. The radius of circle at intersecting 

point of circle and triangle i.e. point A is perpendicular to the side of the triangle. So, to make 

a triangular trajectory, OA is fixed and the Hypotenuse OB’ denoted by R’ of the right-angled 

triangle (OAB’) is varied by incrementing the angle ‘t’ by 1.72° after each iteration i.e.,  𝑑𝑡 =

 1.72°.  Variable theta is initially incremented by 𝑑𝜃 = ±1.72°  =  in each iteration. 𝑑𝜃 varies 

from +60° to -60° to adjust the length of the R’ to make a triangle. Therefore, when theta 

becomes ±60° i.e at vertices of a triangle, the length of R’ is maximum and further decreases 

after reaching the vertex, hence, the sign of 𝑑𝜃 is inverted upon reaching the next vertex. The 

R’ is calculated by the following equation. 

𝑅′ = 𝑅 𝑠𝑒𝑐𝜃 



                            

The point B’ is (R’ sin(t), R’ cos(t)). If ‘t’ is varied from 0° to 360°, a complete regular triangle 

is formed. To add randomness to the trajectory a factor dR is introduced. A random value 

between -0.01 and 0.01 is added to dR every iteration. So, every iteration dR sec𝜃 is added to 

R sec𝜃. If the trajectory intersects with any of the boundary, dR is adjusted to make sure that 

the trajectory stays within the border of the environment.  

 

Pillar Size Array 

The pillar is systematically placed at each vertex of an equilateral triangle in a clockwise 

fashion. As soon as the rat reaches the pillar, the pillar disappears from the current vertex and 

appears at the next vertex. We start by placing the pillar at the top-right vertex. Each iteration, 

the distance d from B` to the pillar is calculated. When d is lesser than a certain value, the pillar 

is shifted to the next position.  

To construct the pillar size array, the value d is plugged into the function f(d)=50 + (d/s)(-49), 

s is the side length of the triangle. This function returns 50 when d = 0 (the animal is at the 

pillar) and 1 when d = s (the farthest distance the animal can be from the pillar). So, f(d) is 

proportional to the apparent size of the pillar. An array of length 100 is constructed each 

iteration as shown below: 

𝑉100 = [0 … 050−𝑓(𝑑)  1 … … . 12𝑓(𝑑) 0 … 050−𝑓(𝑑)]   

 

Again, the bigger the pillar appears to the animal, the more ones the array has. This array is 

normalized and then concatenated with PI data. 

5. Model architectures: 



 

Fig 5a: Model architecture for disto codes which combines visual vector with PI. 

 

Fig 5b: Model architecture for multi-compartment environment which combines PI with 

other sensory information. 

 

6. Analysis of Firing Fields: 

 

I. Firing Rate Maps: The firing rate maps are calculated by dividing the 2D area of the 

environment into 40×40 bins. The activity of neurons after thresholding is assigned to 



the respective bins according to their firing locations. A gaussian low pass filter is used 

with s.d = 3 to smoothen the obtained firing rate map. 

 

II. HGS and SGS scores: To quantify the gridness score of hexagonal and square grid 

cells, autocorrelation is calculated using the equation 16: 

  𝑟(𝜏𝑥 , 𝜏𝑦) =  
𝑀 ∑ 𝜆(𝑥,𝑦)𝜆(𝑥−𝜏𝑥,𝑦−𝜏𝑦)− ∑ 𝜆(𝑥,𝑦) ∑ 𝜆(𝑥−𝜏𝑥,𝑦−𝜏𝑦)𝑥,𝑦𝑥,𝑦𝑥,𝑦

√[𝑀 ∑ 𝜆(𝑥,𝑦)2−[∑ λ(𝑥,𝑦)𝑥,𝑦 ]2]−[𝑀 ∑ 𝜆(𝑥−𝜏𝑥,𝑦−𝜏𝑦)
2

]−[𝜆(𝑥−𝜏𝑥,𝑦−𝜏𝑦)]2]𝑥,𝑦𝑥,𝑦

                                                                                        

where, r is an autocorrelation map, 𝜆 (x,y) is the firing rate at location (x, y) in firing rate map, 

M is the total number of pixels in the firing rate maps and τx and τy are the x and y coordinate 

spatial lags. 

 

Using autocorrelation, Hexagonal Grid Score (HGS) and Square Grid Score (SGS) are 

calculated using the following equations: 

       𝐻𝐺𝑆 = 𝑚𝑖𝑛[𝑐𝑜𝑟(𝑟, 𝑟60°
), 𝑐𝑜𝑟(𝑟, 𝑟120°

)]  −

𝑚𝑎𝑥 [𝑐𝑜𝑟(𝑟, 𝑟30°
), 𝑐𝑜𝑟(𝑟, 𝑟90°

), 𝑐𝑜𝑟(𝑟, 𝑟150°
)]              

 

                        𝑆𝐺𝑆 = 𝑐𝑜𝑟(𝑟, 𝑟90°
) − 𝑚𝑎𝑥 [𝑐𝑜𝑟(𝑟, 𝑟45°

), 𝑐𝑜𝑟(𝑟, 𝑟135°
)]                                                                        

where, rθ is the autocorrelation rotated by θ°
 

 

III. Connected Component analysis: Connected component analysis is done to calculate 

the number of place cells in layer 1 and layer 2 of the model. The algorithm reads the 

pixels of firing rate maps and assigns it to one component if the color intensity lies 

within a set of intensities and the pixels are adjacent to each other 27.  

 



7. Grid cells with PI Type II and Type IV:  

 

Fig 7: Autoencoder results with PI Type III and PI Type IV. (a) and (b) Classification of 

neurons in Hexagonal Grid Cells, Square Grid Cells and Non-Grid Cells with PI Type III as 

input to the autoencoder from layer 1 and layer 2 respectively. (c) and (d) Classification of 

grid cells similar to (a) and (b) with PI Type IV as input to the autoencoder.  

 

 

 

 

 

 

 

 


