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Investigating the Role of Environmental Transmission in COVID-19

Dynamics: A Mathematical Model Based Study

Ibrahim M. ELmojtaba, Fatma Al-Musalhi, Asma Al-Ghassani and Nasser Al-Salti

Sultan Qaboos University, 123 AL-Khoud, Oman

Abstract

A mathematical model with environmental transmission has been proposed and analyzed to

investigate its role in the transmission dynamics of the ongoing COVID-19 outbreak. Two

expressions for the basic reproduction number R0 have been analytically derived using the next

generation matrix method. The two expressions composed of a combination of two terms re-

lated to human to human and environment to human transmissions. The value of R0 has been

calculated using estimated parameters corresponding to two datasets. Sensitivity analysis of the

reproduction number to the corresponding model parameters has been carried out. Existence

and stability analysis of disease free and endemic equilibrium points have been presented in

relation with the obtained expressions of R0. Numerical simulations to demonstrate the effect

of some model parameters related to environmental transmission on the disease transmission

dynamics have been carried out and the results have been demonstrated graphically.

Keywords: COVID-19, Environmental Transmission, Basic Reproduction Number, Sta-

bility Analysis, Sensitivity Analysis.

1 Introduction

The ongoing novel coronavirus disease (COVID-19) outbreak, emerged in Wuhan, China in

December 2019, has been declared a pandemic by the World Health Organization (WHO) on

March 11, 2020 [1]. It has spread in over 210 countries and territories around the world with

more than 3.5 millions confirmed infections and around 250 thousands reported death cases

worldwide as of May 4, 2020.

Coronavirus is a family of pathogens that primarily targets the human respiratory system.

Previous outbreaks of coronaviruses (CoVs) include the severe acute respiratory syndrome
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SARS-CoV and the Middle East respiratory syndrome MERS-CoV which have been previously

characterized as agents that pose a great public health threat [20]. The new strain of this family,

causing COVID-19, has been named SARS-CoV2 by WHO on February, 2020 [2]. In the early

stage of COVID-19 outbreak, most of the confirmed cases were found to have a link with the

Huanan Seafood Wholesale Market, which was closed on January 1, 2020 [3]. COVID-19 can

be transmitted directly from person to person by respiratory droplets, and emerging evidence

suggested that it may also be transmitted through contact and fomites [13]. Previous studies

suggested that the transmission of coronaviruses might occur from contaminated dry surfaces

[10, 18], and recently Kampf et. al. concluded that coronaviruses can remain infectious on

inanimate surfaces for up to 9 days [14]. Moreover, Ong et. al [17] concluded their study

by stating that significant environmental contamination by patients with SARS-CoV2 through

respiratory droplets and fecal shedding suggests the environment as a potential medium of

transmission and supports the need for strict adherence to environmental and hand hygiene.

Therefore it is very essential to investigate this route of transmission in the global spread of

COVID-19. Hence, the aim of this work is to study the role of environmental contamination

by infected individuals in COVID-19 transmission dynamics through mathematical modeling.

A number of mathematical models have been already developed to study the transmission

dynamics of COVID-19, see for example [7, 15, 16, 22, 23, 26]. In [7], the authors developed

a Bat-Host-Reservoir-People model and then reduced it to a Reservoir-People model in order

to focus in the transmission from Huanan Seafood Wholesale Market (reservoir) to people.

They have estimated the value of R0 from reservoir to human to be 2.3 and from human to

human to be 3.58. In general, the most commonly used model is the Susceptible- Exposed-

Infectious-Recovered model (SEIR) with the infectious individuals taken as one class as in [26]

or divided into symptomatic and asymptomatic classes as in [22]. In this work, we will follow

the same approach, but we include a new route of disease transmission corresponding to human

contact with contaminated environment. The rest of the paper is organized as follows. In the

next section, we present the proposed mathematical model. The mathematical analysis of the

proposed model will be carried out in Section 3. The analysis includes the calculation of the

basic reproduction number, sensitivity analysis and stability analysis. In Section 4, numerical

simulations to demonstrate the effect of some model parameters related to the environmental

transmission in the disease transmission dynamics are carried out. Finally, a brief conclusion

is presented in Section 5.
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2 Model Formulation

To investigate the role of environmental transmission in the COVID-19 dynamics, we propose

the following model:

S ′(t) = Λ− β1I(t)
S(t)

N(t)
− β2A(t)

S(t)

N(t)
−

βeB(t)S(t)

k +B(t)
− µS(t)

E ′(t) = β1I(t)
S(t)

N(t)
+ β2A(t)

S(t)

N(t)
+

βeB(t)S(t)

k +B(t)
− (λ+ µ)E(t)

A′(t) = ǫλE(t)− (µ+ γ2)A(t) (1)

I ′(t) = (1− ǫ)λE(t)− (µ+ γ1 + δ)I(t)

R′(t) = γ1I(t) + γ2A(t)− µR(t)

B′(t) = α1I(t) + α2A(t)− µeB(t)

where, N(t) is the total human population, which is divided into susceptible S(t), exposed E(t),

asymptomatic A(t), infected I(t) and recovered R(t) classes, so that N(t) = S(t)+E(t)+A(t)+

I(t)+R(t) and N ′(t) = Λ−µN(t)−δI(t). Here B(t) represents the concentration of coronavirus

at contaminated environment and as it is the case for most models involving environmental

transmission, see for example [24, 4] and the references therein, the environmental-related force

of infection is modeled using Michealis-Menten or Holling type II functional responses, taking

to be
βeB

k +B
in our model, where βe is the contact rate with the contaminated environment

and
B

k +B
is the probability of catching the disease. The constant k represents the minimum

concentration of virus at environment capable of ensuring 50% chance of contracting the disease.

The minimum infectious dose for human to human transmission of COVID-19 is expected to

be very small. However, for infection through environmental transmission, it is expected to be

a lot more, since the virus needs to first survive at the surface before starting the journey from

surface through hand to face [9]. All other parameters of model (1) are defined in Table 1.
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Table 1: Parameters used in model (1)

Parameter Symbol

Natural death/birth rate µ

Disease related death rate of humans δ

Recruitment Rate Λ

Contact rate from contaminated environment βe

Shedding rate from symptomatic to environment α1

Shedding rate from asymptomatic to environment α2

Life time of the virus in the environment 1/µe

Transmission rate of the disease from symptomatic β1

Transmission rate of the disease from asymptomatic β2

Rate at which exposed become symptomatic λ

Proportion of asymptomatic individuals ǫ

Recovery rate of symptomatic individuals γ1

Recovery rate of asymptomatic individuals γ2

3 Mathematical Analysis of the Proposed Model

3.1 Normalized Model

Model (1) can be rewritten using the following set of normalized variables:

Ñ =
N

N
, S̃ =

S

N
, Ẽ =

E

N
, Ã =

A

N
,

Ĩ =
I

N
, R̃ =

R

N
, B̃ =

B

B
,
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where N = Λ/µ and B = (α1Λ)/(µeµ). We then obtain the following normalized model:

S ′(t) = µ− β1I(t)
S(t)

N(t)
− β2A(t)

S(t)

N(t)
−

βeB(t)S(t)

K +B(t)
− µS(t)

E ′(t) = β1I(t)
S(t)

N(t)
+ β2A(t)

S(t)

N(t)
+

βeB(t)S(t)

K +B(t)
− (λ+ µ)E(t)

A′(t) = ǫλE(t)− (µ+ γ2)A(t) (2)

I ′(t) = (1− ǫ)λE(t)− (µ+ γ1 + δ)I(t)

R′(t) = γ1I(t) + γ2A(t)− µR(t)

B′(t) = µeI(t) + αµeA(t)− µeB(t)

where all over tildes have been neglected for ease of notation. Here α = (α2/α1) and K =

k

(α1Λ)/(µeµ)
represent the relative shedding rate of asymptomatic humans and the relative

minimum concentration of virus at environment capable of ensuring 50% chance of contracting

the disease, respectively. The values of the parameters used in model (2) are listed in Table 2.

Table 2: Values of the parameters used in model (2)

Parameter Value [ref.]

µ 0.3589 × 10−4 [22]

δ 0.034 [22]

1/µe 5 [14]

βe 0.5 assumed

α 0.5 assumed

K 0.7 assumed

β1 0.84 [7] 1.8457 [22]

β2 = cβ1 c = 0.5 [7] c = 0.45 [22]

λ 1/5.2 [7] 1/7 [22]

ǫ 0.5 [7] 0.13166 [22]

γ1 0.1724 [7] 0.46 [22]

γ2 0.1724 [7] 0.2561 [22]
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3.2 The Basic Reproduction Number

We first start by calculating the basic reproduction number using the next generation matrix

method [8]. For this purpose, we need to find the disease free equilibrium (DFE) of the model,

the matrix of transmission terms (the production of new infections) and the matrix of transition

terms (the change of state terms). The DFE of the model is E0 = (1, 0, 0, 0, 0, 0), the matrix

of transmission terms is

F =




β1I
S

N
+ β2A

S

N
+

βeBS

K +B
0

0

0




and the matrix of transition terms is

V =




(µ+ λ)E

−ǫλE + ηA

−(1− ǫ)λE − ξI

−µeI − αµeA+ µeB


 ,

where ξ = (µ+ γ1 + δ) and η = (µ+ γ2). Calculating the Jacobian of these two matrices at the

DFE, we get

F= Jacobian of F at E0 =




0 β2 β1

βe

K
0 0 0 0

0 0 0 0

0 0 0 0




and

V= Jacobian of V at E0 =




µ+ λ 0 0 0

−ǫλ η 0 0

−(1− ǫ)λ 0 ξ 0

0 −αµe −µe µe


 .

Hence, the next generation matrix is

FV −1 =




β2ǫλ

η(λ+ µ)
+

β1λ(1− ǫ)

(λ+ µ)ξ
+

βeλ(αǫξ + (1− ǫ)η)

K(λ+ µ)ηξ

β2

η
+

βeα

Kη

β1

ξ
+

βe

Kξ

βe

µeK

0 0 0 0

0 0 0 0

0 0 0 0



.
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Thus, we have the following expression for the basic reproduction number:

R0 = Rhh +Rhe

where

Rhh =
β2ǫλ

(λ+ µ)η
+

β1λ(1− ǫ)

(λ+ µ)ξ
,

and

Rhe =
βeαǫλ

K(λ+ µ)η
+

βeλ(1− ǫ)

K(λ+ µ)ξ
.

The expressions Rhh and Rhe denote the parts of R0 corresponding to human to human

and environment to human transmissions, respectively. Based on the parameter values listed

in Table 2, we have the following estimated values for Rhh and Rhe:

Table 3: Estimated Values of Rhh and Rhe

Reference Chen et. al [7] Nadim et.al [22]

Rhh 3.25 3.67

Rhe 2.77 1.44

Note that each value of Rhh is very close to the one obtained in the corresponding reference

of the used parameter values. The difference is due to the value of the disease related death

rate δ which was taken to be zero in both references. Moreover, µ was taken to 0.0018 in [7]. If

the values of these two parameters are taken to be the same as the ones in these two references,

then the value of Rhh will be matching with the corresponding reference, namely, Rhh = 3.58

[7] and Rhh = 3.9098 [22]. The main point we want do address here is the difference between

the two values of Rhe. The value of Rhe using parameter values from [7] is almost double

the one obtained using parameter values from [22]. We think that the main reason is due to

the time frame of the dataset used in each reference. In [7], the dataset was from December

7, 2019 to January 1, 2020 and it was from January 22 to February 21, 2020 in [22] and

since the Huanan Seafood Wholesale Market was closed on January 1, 2020, one would expect

that the environmental transmission would be less after the closure of the market. Moreover,

comparing the values of Rhh and Rhe, we note that in general the contribution of environmental

transmission is less compared to human to human transmission.

Remark 3.1. Note that if we consider the term α1I(t) + α2A(t) to be a new infection term

(i.e. to be part of the vector F), see for example [4, 25, 11, 21], then the basic reproduction
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number will be given by

R̃0 =
1

2

(
Rhh +

√
R2

hh + 4Rhe

)
.

Note that this basic reproduction number has a term with a square root, which indicates that

the transmission from human to human via environment takes place in two steps [27]. For this

reason, we believe that this expression gives a better representation for the basic reproduction

number. Moreover, we should note here that the two forms of the basic reproduction number

have the same threshold, i.e., R0 = R̃0 = 1 whenever Rhh + Rhe = 1 and hence R0, R̃0 ≶ 1

whenever Rhh +Rhe ≶ 1.

Using the parameter values in Table 2, the estimated values of R0 and R̃0 are given in the

following table:

Table 4: Estimated Values of R0 and R̃0

Reference Chen et. al [7] Nadim et.al [22]

R0 6.02 5.11

R̃0 3.95 4.03

The contribution of the environmental transmission in R0 is clear, since it increases its value

by Rhe. However, the values of R̃0 are just slightly higher than the corresponding ones without

environmental transmission listed in Table 3, indicating that the major contribution is coming

from human to human transmission. In general, the obtained values of R0 and R̃0 are still

within the range of the previously obtained values of the basic reproduction number, see for

example [19, 28, 29]. In the following section, we will perform sensitivity analysis to identify

the most influential parameters that have significant impact on the basic reproduction number

and should be targeted by control measures and intervention strategies.

3.3 Sensitivity analysis

Here we adopt the normalized forward sensitivity index, which is also known as elasticity

analysis, to study the sensitivity of the basic reproduction number to various model parameters

and hence identify the parameters that have high impact on the transmission of the disease.

The elasticity index, ΥR0

φ , is defined as the relative change of R0 to the relative change in the

parameter φ [12], i.e,

ΥR0

φ =
∂R0

∂φ

φ

R0

.
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Using the obtained explicit expressions of the basic reproduction number, one can easily obtain

analytic expression of elasticity index with respect to each model parameter. The estimated

values of the elasticity indices are obtained using the parameter values taken from [22] as listed

in Table 2. The obtained results are listed in Table 5.

Table 5: Sensitivity analysis of model (2)

Parameter (φ) ΥRhh

φ ΥRhe

φ ΥR0

φ ΥR̃0

φ

β1 0.8837 – 0.6348 0.7397

β2 0.1163 – 0.0835 0.0973

λ 0.00025 0.00025 0.00025 0.00023

µ -0.00033 -0.00033 -0.00033 -0.00030

δ -0.0608 -0.0600 -0.0606 -0.0558

ǫ -0.0177 -0.0047 -0.0140 -0.0152

γ1 -0.8228 -0.8123 -0.8199 -0.7549

γ2 -0.1163 -0.1276 -0.1195 -0.1077

K – -1.0000 -0.2816 -0.0815

α – 0.1276 0.0359 0.0104

βe – 1.0000 0.2816 0.0815

Note that the sign of the elasticity index determines whether the basic reproduction number

increases (positive sign) or decreases (negative sign) with the corresponding parameter and the

magnitude measures the relative significant of the parameter. The obtained results show that

the transmission rate of COVID-19 from symptomatic humans has the maximum positive index

and the recovery rate of symptomatic humans has the maximum negative index with both R0

and R̃0. Hence, they are the most influential parameters in the disease transmission dynamics.

The transmission rate can be reduced by adopting social distancing, maintaining personal

hygiene and practicing healthy habits in general. On the other hand, the recovery rate can be

increased by following healthy dietary habits, getting enough sleep, reducing stress and carrying

out other activities which enhance the immune system. Moreover, the obtained results suggest

that the parameters related to environmental transmission, K,α, βe, may play less of a role in

the diseases transmission.

3.4 Local and global stability of DFE

This section is dedicated to the stability analysis of the DFE. The result on local stability of

the DFE of model (2) is given in the following theorem:
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Theorem 3.1. The DFE of model (2) is locally asymptotically stable if R0 < 1 (R̃0 < 1),

otherwise it is unstable.

Proof. First, let us denote the following:

Rhh1 =
β2ǫλ

(λ+ µ)η
, Rhh2 =

β1λ(1− ǫ)

(λ+ µ)ξ
,

Rhe1 =
βeαǫλ

K(λ+ µ)η
, Rhe2 =

βeλ(1− ǫ)

K(λ+ µ)ξ
.

The local stability of the DFE can be determined by first computing the Jacobian matrix of

system (2) at E0 as follows:

JDFE =




−µ 0 −β2 −β1 0 −
βe

K

0 −(λ+ µ) β2 β1 0
βe

K
0 ǫλ −η 0 0 0

0 (1− ǫ)λ 0 −ξ 0 0

0 0 γ2 γ1 −µ 0

0 0 αµe µe 0 −µe




(3)

Clearly, the above matrix has two negative eigenvalues, say λ1,2 = −µ, and the remaining

eigenvalues can be calculated from the characteristic equation which is given by

X4 + a1X
3 + a2X

2 + a3X + a4 = 0,

where

a1 = µe + ξ + η + µ+ λ,

a2 = (µ+ λ)η(1−Rhh1) + ξ(µ+ λ) (1−Rhh2) + µe(µ+ λ+ η) + ξ(η + µe),

a3 = (µ+ λ)ηµe(1−Rhh1 −Rhe1) + ξη(µ+ λ) (1−Rhh) + ξµeη

+(µ+ λ)ξµe(1−Rhh2 −Rhe2),

a4 = −ξηµe(λ+ µ)(Rhh +Rhe − 1).

Here, we will use the Routh-Hurtwiz criteria to show that the roots of the above characteristic

equation are negative or have negative real parts. Namely, we need to show that the following

conditions are satisfied:

• a1 > 0, a3 > 0, a4 > 0. Indeed all coefficients of the characteristic equation are positive

whenever Rhh + Rhe < 1 which implies R0 < 1 (R̃0 < 1) and hence this condition is

satisfied.

10



• a1a2a3 > a23 + a21a4. First, we start by simplifying the term a1a2 − a3 as follow:

a1a2 − a3 = (µe + ξ + η + λ+ µ)

[
(µ+ λ)η(1−Rhh1) + ξ(µ+ λ) (1−Rhh2)

+µe(µ+ λ+ η) + ξ(η + µe)

]
−

[
(µ+ λ)ηµe(1−Rhh1 −Rhe1) + ξη(µ+ λ) (1−Rhh)

+(µ+ λ)ξµe(1−Rhh2 −Rhe2) + ξµeη

]

=

[
(µ+ λ)

(
(η + λ+ µ)η(1−Rhh1) + (ξ + η + λ+ µ)ξ(1−Rhh2)

)

+µe(µ+ λ+ η)(µe + ξ + η + λ+ µ) + ξ(η + µe)(ξ + η + λ+ µ) + ξµ2
e

]

+

(
(µ+ λ)ηµe(1−Rhh1)− (µ+ λ)ηµe(1−Rhh1 −Rhe1)

)
+

(
(µ+ λ)ηξ(1−Rhh1)

−(µ+ λ)ηξ(1−Rhh)

)
+

(
(µ+ λ)ξµe(1−Rhh2)− (µ+ λ)ξµe(1−Rhh2 −Rhe2)

)

+ξµeη − ξµeη

= (µ+ λ)

(
(η + λ+ µ)η(1−Rhh1) + (ξ + η + λ+ µ)ξ(1−Rhh2)

)

+µe(µ+ λ+ η)(µe + ξ + η + λ+ µ) + ξ(η + µe)(ξ + η + λ+ µ) + ξµ2
e

+(µ+ λ)

(
ηµeRhe1 + ηξRhh2 + ξµeRhe2

)
.

Note a1a2−a3 > 0 if Rhh1 < 1 and Rhh2 < 1, which holds true whenever R0 < 1 (R̃0 < 1).

Some versions of the Routh-Hurtwiz criteria require a1a2 > a3 as a separate condition for
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characteristic equations with degree 4. Then, we have

a1a2a3 − a23 − a21a4 = (a1a2 − a3)a3 − a21a4

=

(
(µ+ λ)

(
(η + λ+ µ)η(1−Rhh1) + (ξ + η + λ+ µ)ξ(1−Rhh2)

)

+µe(µ+ λ+ η)(µe + ξ + η + λ+ µ) + ξ(η + µe)(ξ + η + λ+ µ)

+ξµ2
e + (µ+ λ)(ηµeRhe1 + ηξRhh2 + ξµeRhe2)

)
×

(
(µ+ λ)ηµe(1−Rhh1 −Rhe1) + ξη(µ+ λ) (1−Rhh)

+(µ+ λ)ξµe(1−Rhh2 −Rhe2) + ξµeη

)

−(µe + ξ + η + λ+ µ)2(λ+ µ)ξηµe(1−Rhh −Rhe)

= (µ2
e + ξ2 + η2 + λ2 + µ2 + 2µeξ + 2µeη + 2µeλ+ 2µeµ

+2ξη + 2ξλ+ 2ξµ+ 2ηλ+ 2ηµ+ 2λµ)ξηµe(λ+ µ)

−(µe + ξ + η + λ+ µ)2(λ+ µ)ξηµe(1−Rhh −Rhe)

+ positive terms

= (µe + ξ + η + λ+ µ)2(λ+ µ)ξηµe(Rhh +Rhe) + positive terms

Therefore, the condition a1a2a3 > a23+a21a4 is satisfied and we conclude that the DFE is locally

asymptotically stable if R0 < 1 (R̃0 < 1).

Now, we state and prove the global stability result of the DFE of model (2). The result is

stated in the following theorem:

Theorem 3.2. The DFE of model (2) is globally asymptotically stable provided that R0 < 1.

Proof. The proof is based on the theorem of Castillo-Chavez and Feng as described in [6]. We

first write the model as
dX

dt
= F (X, Y )

and
dY

dt
= G(X, Y ), G(X, 0) = 0,

where X = (S,R) and Y = (E,A, I, B), represent uninfected and infected classes, respectively.

F (X, Y ) and G(X, Y ) are the corresponding right hand side of model (2). The DFE of the

system can be written as E0 = (X0, 0), where X0 = (1, 0). To prove global asymptotic stability

of DFE, the following conditions must be satisfied:
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(H1)
dX

dt
= F (X, 0), X0 is global asymptotically stable.

(H2) G(X, Y ) = AY − Ĝ(X, Y ), Ĝ(X, Y ) ≥ 0 for (X, Y ) ∈ Ω,

where, A = DYG(X0, 0) is an M- matrix and

Ω =
{
(S,E,A, I, R,B) ∈ R

6
+ | S + E + A+ I +R = N ≤ 1, B ≤ 1

}

is the region where the model makes biological sense. We begin by proving condition (H1), in

which we have
[

S ′

R′

]
=

[
µ− µS

−µR

]
.

Solving the above differential equations, we obtain:

S(t) = C1e
−µt + 1, and R(t) = C2e

−µt,

where C1 and C2 are constants. Clearly, X → X0 as t → ∞. Hence, X0 is global asymptotically

stable and condition (H1) is satisfied. For condition (H2), we first find the matrix A:

A =




−(λ+ µ) β2 β1

βe

K
ǫλ −η 0 0

(1− ǫ)λ 0 −ξ 0

0 αµe µe −µe



,

and then, we have

Ĝ(X, Y ) = AY −G(X, Y ) =




β2A

N
(N − S) +

β1I

N
(N − S) +

βeB

K(K +B)
(K (1− S) + B)

0

0

0



.

Clearly Ĝ(X, Y ) ≥ 0 for all (X, Y ) ∈ Ω. Therefore, the DFE is globally asymptotically stable.

3.5 Existence and local stability of EE

In this section, we discuss the existence and local stability of endemic equilibrium (EE). First,

let the EE of model (2) be given by

E1 = (S∗, E∗, A∗, I∗, R∗, B∗) .
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Then, denote the following:

Φ =
β1I

∗

N∗
+

β2A
∗

N∗
+

βeB
∗

K +B∗
, (4)

where,

N∗ =
1

µ
(µ− δI∗) .

Now, the components of the EE, can be written as

S∗ =
µ

Φ + µ
, E∗ =

ΦS∗

λ+ µ

A∗ =
ǫλ

η
E∗, I∗ =

(1− ǫ)λ

ξ
E∗,

R∗ =
γ1I

∗ + γ2A
∗

µ
, B∗ = CE∗.

where, C =
(1− ǫ)λ

ξ
+

αǫλ

η
. Substituting the above expressions in (4) and simplifying, we

obtain the following equation of Φ:

a1Φ
2 + a2Φ + a3 = 0, (5)

where,

a1 = (K(λ+ µ) + Cµ)((λ+ µ)ξ − δ(1− ǫ)λ),

a2 = Kµξ(λ+ µ)2(1−Rhh −Rhe) + Cξµ2(λ+ µ)(1−Rhh) + δ(1− ǫ)λβeCµ

+Kµ(λ+ µ)((λ+ µ)ξ − δ(1− ǫ)λ),

a3 = Kµ2ξ(λ+ µ)2(1−Rhh −Rhe),

One can easily verify that (λ + µ)ξ − δ(1 − ǫ)λ > 0, which implies that a1 is always positive.

The existence of EE follows from existence of a positive solution to equation (5), which can be

determined as follows:

• If Rhh +Rhe ≤ 1, then all coefficients of equation (5) are non-negative and hence there is

no positive solution.

• If Rhh +Rhe > 1, then a3 < 0 and hence equation (5) has a unique positive solution.

14



Therefore, we conclude that a unique EE of model (2) exists if R0 > 1 (R̃0 > 1).

Next, the local stability result of the EE of model (2) is given in the following theorem:

Theorem 3.3. The EE of model (2) is locally asymptotically stable if R0 > 1 (R̃0 > 1).

Proof. The method of proof is based on Theorem 4.1 in Chaves and Song [5], taking βe to be

a bifurcation parameter. The corresponding bifurcation value at R0 = 1 (R̃0 = 1) is given by

β∗

e =
K ((λ+ µ)ξη − ǫλξβ2 − (1− ǫ)ληβ1)

λ (ǫξα + (1− ǫ)η)

Now at R0 = 1, the Jacobian of system (2) given by (3) clearly has a zero eigenvalue since

the constant term a4 of the reduced characteristic is zero. A corresponding left eigenvector,

v = [v1 v2 · · · v6], associated with the zero eigenvalue is given by

v1 = v5 = 0

v2 =
Kµe

β∗

e

v6

v3 =
(λ+ µ)v2 − (1− ǫ)λv4

ǫλ

v4 =
β1v2 + µev6

ξ

v6 = v6 6= 0

and a corresponding right eigenvector, w = [w1 w2 · · · w6]
T , associated with the zero eigenvalue

is given by

w1 = −
λ+ µ

µ
w2

w2 = w2 6= 0

w3 =
ǫλ

η
w2

w4 =
(1− ǫ)λ

ξ
w2

w5 =
γ2w3 + γ1w4

µ

w6 = αw3 + w4

15



Now, taking the free parameters v6 and w2 to be positive and calculating the values of a and b

as defined in Theorem 4.1 [5], we get

a = −
λ+ µ

µ

[
β1w4 + β2w3 + β∗

ew6

(
1

K
+

µC

(λ+ µ)K2

)]
w2v2 < 0

b =
w6v2
K

> 0

Hence, using the above mentioned theorem, the direction of the bifurcation is forward, i.e.

the unstable endemic equilibrium became locally asymptotically stable when R0 crosses unity,

i.e. R0 > 1 (R̃0 > 1), which concludes the proof. This result is confirmed by sketching the

bifurcation diagram, taking βe to be a bifurcation parameter, as illustrated in Figure 1.
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Figure 1: Bifurcation diagram with a bifurcation parameter βe.

4 Numerical Simulation

In this section, we present some numerical simulations to demonstrate the effect of the model

parameters related to the environmental transmission in the disease transmission dynamics.

The parameter values are taken from [22] as listed in Table 2. Figure 2a illustrates the effect of

the contact rate with contaminated environment, βe. It shows that with fixed human to human

transmission rates, reducing βe has the effect of not only reducing the maximum infected

humans, but also delaying the time it takes to reach this maximum. However, this effect

16



will be upto a certain limit since the disease transmission is dominated by human to human

transmission as it can be seen for the case when βe = 0. The effect of human to human

transmission represented by the parameter β1 and β2 is illustrated in Figure 2b. It can be clearly

seen that the effect of environmental transmission is very low in the absence of human to human

transmission. As the human to human transmission rates increase, the maximum infection

increase and the time to reach this maximum is reduced. The effect of the relative shedding

rate of asymptomatic, α, is illustrated in Figure 3. For low portion of asymptomatic humans,

ǫ = 0.13166, there is almost no effect as expected. However, if the portion of asymptomatic

is increased, ǫ = 0.5, a small effect of decreasing α is observed, which is mainly to slightly

reduce the maximum infected humans as illustrated in Figure 3b. The effect of the relative

minimum concentration of virus at environment capable of ensuring 50% chance of contracting

the disease , K, is illustrated in Figure 4, which clearly show that the less concentration

required for contracting the disease, the more infections we have and the less time it takes to

reach the maximum infected human. Finally, Figure 5 shows that the initial concentration of

virus at contaminated environment is enhancing the effect of the environmental transmission

by increasing the maximum number of infected humans and reducing the time it takes to reach

this maximum. This effect is illustrated with and without human to human transmission in

Figures 5a and 5b, respectively.
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(a) Effect of the contact rate with environment βe
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(b) Effect of human to human transmission rates with β2 = 0.45β1

Figure 2: Effect of environmental and human to human transmissions
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(a) Effect of relative shedding rate with ǫ = 0.13166
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(b) Effect of relative shedding rate with ǫ = 0.5

Figure 3: Effect of relative shedding rate of asymptomatic

19



0 20 40 60 80 100 120
0

0.02

0.04

0.06

0.08

0.1

0.12

time (days)

Sy
mp

tom
ati

c I
nfe

cte
d H

um
an

 P
op

ula
tio

n

 

 
K = 0.1
K = 0.4
K = 0.7
K = 1

Figure 4: Effect of the virus relative concentration K.
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(a) Effect of initial virus concentration with β1 = 1.8457
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(b) Effect of initial virus concentration with β1 = 0

Figure 5: Effect of initial virus concentration in the contaminated environment

5 Conclusion

In this paper, we have investigated the role of environmental transmission in COVID-19 trans-

mission dynamics. We have proposed a mathematical model in which the environmental trans-

mission term is represented by the expression
βeBS

k +B
, where βe is the contact rate with the

contaminated environment and
B

k +B
is the probability of catching the disease. The basic
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reproduction number R0 was calculated using the next generation model. Its expression in-

cludes two terms Rhh and Rhe corresponding to human to human and environment to human

transmissions, respectively. The values of these two terms were calculated using estimated pa-

rameters from two datasets. The first dataset was from December 7, 2019 to January 1, 2020

and the second one was from January 22 to February 21, 2020. The corresponding values of

Rhh were found to be 3.25 and 3.67, respectively, which are not far from each other. However,

there is a notable difference between the corresponding values of Rhe, which were estimated to

2.77 and 1.44, respectively. This difference was attributed to the closure of the Huanan Seafood

Market, which took place on January 1, 2020 and hence it is expected that the environmental

transmission to be less after the closure of the market. Another form for the basic reproduction

number was also derived, which has a term with a square root indicating that human to human

transmission via environment takes place in two steps. Using this form, the estimated values of

the basic reproduction number was found to be 3.95 and 4.03 corresponding to the above men-

tioned datasets, respectively. Comparing these values with the corresponding values of Rhh, one

would conclude that the major contribution towards the basic reproduction number is coming

from human to human transmission. Sensitivity analysis of the reproduction number to the cor-

responding model parameters has been carried out and the results showed that the transmission

rate of COVID-19 from symptomatic humans and the recovery rate of symptomatic humans

are the most influential parameters in the disease transmission dynamics that the parameters

related to environmental transmission may play less of a role in the diseases transmission. Ex-

istence and stability analysis of equilibrium points were presented, confirming that the disease

free equilibrium is stable whenever R0 < 1 and the endemic equilibrium is stable whenever

R0 > 1, which is true for the two proposed forms of R0. Finally, some numerical simulations to

demonstrate the effect of the parameters related to the environmental transmission have been

presented. It was confirmed that COVID-19 transmission dynamics is dominated by human

to human transmission with some role played by environmental transmission. In particular,

reducing environmental transmission has the effect of reducing the maximum infection and de-

laying the time to reach this maximum upto a certain limit. This can be achieved by strictly

adhering to environmental and hand hygiene.
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Figures

Figure 1

Bifurcation diagram with a bifurcation parameter β e.



Figure 2

Effect of environmental and human to human transmissions



Figure 3

Effect of relative shedding rate of asymptomatic



Figure 4

Effect of the virus relative concentration K.



Figure 5

Effect of initial virus concentration in the contaminated environment
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