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Abstract 9 

The investigation of fluid flow in fractured rocks is a key issue in underground 10 

engineering. Reservoir sandstones as a case study, three specimens with different 11 

roughness using the Brazilian splitting were scanned to get the geometric morphology 12 

and aperture distribution, and the fractal dimension was introduced to characterize the 13 

fracture roughness. The flow experiments through the rough fractures subjected to 14 

different normal stresses were conducted to analyze the influence of the fractal 15 

dimension and the contact ratio on the nonlinear flow behavior, proving that the 16 

Forchheimer equation could better describe the flow nonlinearity. A modified Bandis 17 

model based on the experiments was proposed to calculate the max normal 18 

displacement of fracture under different normal stresses. Besides, a new model to 19 

forecast the nonlinear coefficient B   was developed depending on the fractal 20 

dimension and the contact ratio, and a semi-empirical equation was employed to 21 

describe the critical Reynolds number. The influence of contact on the seepage path is 22 

simulated by COMSOL.  23 
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1 Introduction 27 

The research on the seepage characteristics and solute transport processes in 28 

fractured rock masses have always been a hot topic in the field of underground 29 

engineerings, such as the extraction of shale and unconventional natural gas, the 30 

geological storage of CO2, the development of geothermal energy, and the disposal of 31 

nuclear waste (Babadagli et al. 2015; Chen et al. 2014; Ranjith and Darlington 2007; 32 

Rutqvist 2015; Yu et al. 2020; Zou et al. 2017). The permeability of the rock matrix is 33 

extremely low, and the seepage channels in fractured rock masses are mainly composed 34 

of fracture networks, however, due to the complexity of the fracture network, single 35 

fracture seepage as the basic unit of fracture network should be the focus of research. 36 

The Navier-Stokes equation can better describe the characteristics of single-fracture 37 

seepage, however, owing to the complexity of solving the convection term, it takes a 38 

lot of calculation costs. Thus, the Navier-Stokes equation is generally simplified to the 39 

classic cubic law (Brush and Thomson 2003; Wang et al. 2015; Zimmerman and Yeo 40 

2000). In the low-speed smooth parallel-plate model, the cubic law can indeed 41 

characterize the seepage characteristics of fractures well, but natural fractures are 42 

usually rough and undulating, and the actual engineering is at a state of high water 43 

pressure. At this time, the seepage behavior has transformed into nonlinearity, and the 44 

use of the cube law tends to overestimate the flow of the fracture (Brown 1987; Zhang 45 

et al. 2019; Zimmerman et al. 2004). Therefore, (Chen et al. 2015; Chen et al. 2019; 46 

Javadi et al. 2010; Zhang and Nemcik 2013) many researchers introduced the 47 

Forchheimer equation to characterize the nonlinear seepage behavior of rough fractures 48 

under high Reynolds numbers. 49 

Due to the influence of the stress environment in the naturally fractured rock mass, 50 

the rough fractures are generally not in a completely mated state. Under the action of 51 

stress, the rough fracture channels undergo contact closure, shear dilatation, and other 52 

phenomena, resulting in the heterogeneity of the distribution of the fracture channels, 53 

which in turn affect the seepage characteristics of rough fractures. (Crandall et al. 2010; 54 

Javadi et al. 2014; Rong et al. 2016; Song et al. 2019; Zhou et al. 2015) A large number 55 

of experiments and numerical simulations have found that contact in rough fracture has 56 

a great impact on seepage behavior. Li et al. (2008) conducted several parallel-plate 57 

model hydraulic experiments under different contact ratios and found that the larger the 58 

contact ratio, the more experimental values of the hydraulic conductivity deviated from 59 
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the cubic model. Xia et al. (2017) found that the contact of the coarse fracture surface 60 

and the high Reynolds number led to the nonlinear seepage flow through the 61 

experimental method. Chen et al. (2017) launched seepage experiments under different 62 

normal stresses and compared with the Yeo (2001) model, establishing a three-63 

parameter model of fracture permeability, hydraulic aperture, fractal dimension, and 64 

contact ratio. Xiong et al. (2018b) observed through the seepage experiment and 65 

numerical simulation under different normal stresses that contact of the rough fracture 66 

made the seepage path tortuous, and the tortuosity increased with the rise of the contact 67 

ratio, resulting in eddy and backflow, which eventually influenced the nonlinearity of 68 

seepage behavior. Although many studies have been carried out on the effect of fracture 69 

contact on seepage flow, there are few investigations on seepage characteristics of 70 

contact non-uniform distribution under stress in rough fractures. Therefore, it is 71 

necessary to further study it. This paper aims to improve the understanding of the 72 

influence of the contact on seepage under normal stress in single rough fractures. 73 

The normal stress has a significant effect on the seepage characteristics in rock 74 

fractures because it can deform and close the asperities of the fractures, which will 75 

greatly change the geometry of the fracture. When subjected to normal stress, due to 76 

the uneven distribution of rough fracture apertures and the uncertainty of the 77 

constitutive relationship between normal stress and normal displacement, the 78 

determination of the contact under certain stress in rough fracture has always been one 79 

of the difficulties in the field of fractured rock mass seepage. Therefore, (Bandis et al. 80 

1983; Greenwood and Williamson 1966; Pyraknolte and Morris 2000; Zhao et al. 2020; 81 

Zou et al. 2019) many investigations have been conducted on the constitutive 82 

relationship between normal stress and normal displacement of fractures, among which 83 

the hyperbolic model proposed by Bandis et al. (1983) is widely used. However, the 84 

actual rough fracture cannot be completely closed, so it is not accurate to calculate the 85 

contact with the initial average aperture of fracture instead of the maximum 86 

compression displacement (Li et al. 2015; Xiong et al. 2018a), which will ultimately 87 

affect the seepage of the rough fracture. 88 

In the present study, we conducted a large number of high-precision hydraulic 89 

experiments on three different rough fractured sandstone samples at normal stress in 90 

the range of 1-30MPa. The nonlinear flow characteristics of the fluid were analyzed 91 

and the reasons for the nonlinear flow were discussed. The innovations of this work are 92 

as follows: (1) A modified Bandis model considering the roughness of the fracture was 93 
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proposed to calculate the normal closure displacement under normal stress. (2) Based 94 

on the results of hydraulic experiments, a model was established to characterize the 95 

nonlinear coefficient B  in the Forchheimer equation with the contact ratio and fractal 96 

dimension of fracture, and a semi-empirical formula for the critical Reynolds number 97 

was derived. (3) The fluid flow process under different normal stresses was simulated, 98 

and the streamline distribution was used to directly clarify the influence of the contact 99 

of fracture on the seepage path, resulting in the nonlinearity of seepage. 100 

2 Experimental methodology 101 

2.1 Physical and mechanical properties of the selected rocks 102 

The sandstones taken from Jiulongpo in Chongqing were selected for the 103 

experimental study (Fig. 1(a)), and the X-Ray Diffraction (XRD) testing indicated that 104 

quartz and feldspar (Anorthite) were mainly inside the sandstones. According to the 105 

method by the International Society for Rock Mechanics (ISRM), the size of all tested 106 

sandstone specimens shown in Fig. 1(b) is cylindrical with 50mm in diameter and 107 

100mm in length approximately. Furthermore, three specimens were chosen to conduct 108 

mechanical tests and get the uniaxial compressive strength (UCS), Young's modulus, 109 

Poisson's ratio, porosity, and density listed in Table 1. The minor difference of the 110 

mechanical parameters for three specimens illuminates that these sandstone specimens 111 

are uniform to avoid the rock heterogeneity influencing the experimental efficiency and 112 

accuracy, which is crucial for deep research on the flow behavior of the rock fractures 113 

subjected to different normal stresses. 114 

Table 1 Physico-mechanical properties of the sandstones 115 

Specimens 
UCS 

 (MPa) 

Young’s  

modulus  

(GPa) 

Poisson’s 

 ratio 

Porosity 

(%) 

Density  

(kg/m3)  

T1 56.46  10.28  0.22  8.57 2396.97  

T2 56.18  9.94  0.27  8.58 2417.56  

T3 55.25  10.08  0.26  8.62 2401.73  

Mean 55.96  10.10  0.25  8.59 2405.42  

 116 



5 / 28 

 117 

(a) Sampling location: Jiulongpo 118 

 119 
(b) Sandstones specimens 120 

Fig. 1 Specimens of sandstone 121 

2.2 Preparation and measurement of rock rough fractures 122 

To obtain the artificial rough tensile fractures with different morphology, some 123 

prepared sandstone specimens (Fig. 2(a)) were split using the Brazilian splitting test 124 

into two halves (Yang et al. 2015; Zhou et al. 2015). In the process of this splitting test, 125 

the significant difference of fractures morphology are presented when conducting 126 

different loading rate, it can be observed from these split upper and lower fractures that 127 

greater loading rate causes smaller asperity, otherwise, greater roughness will generate, 128 

as shown in Fig. 2(b).  129 

Besides, three representative fractures with different roughness were selected and 130 

marked as S1, S2, and S3, then these fractures were scanned by the laser scanning 131 

system to get the geometric morphology. The advanced 3-Dimensional non-contact 132 

optical scanner called OKIO-B was applied to map the fracture geometry. The device 133 

offers the advantages of high precision, favorable repeatability, and exhibits real-time 134 

photographs to get the point cloud data of the 3-Dimensional rough fractures surface. 135 

The scanning space is 1mm, and the resolution of a sampling point obtained by the 136 

scanning system is ± 20 μm. Furthermore, the points cloud data based on the scanning 137 

system were optimized by noise reduction and patching treatment, and then imported 138 
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to the software MATLAB to reconstruct the 3-Dimensional fracture surface plotted in 139 

Fig. 3. Moreover, the above points cloud data was changed into Cartesian Coordinates 140 

and treated by a self-coded Matlab program to analyze the fracture aperture, the detailed 141 

calculation process was as follows (Liu et al. 2020b; Wanniarachchi et al. 2018). 142 

Also, the initial aperture distribution of fracture S1, S2, and S3 is obtained and 143 

presented in Fig.4. The initial aperture of rough fractures presented a Gaussian 144 

distribution and the fitting correlation coefficient is greater than 0.978. Moreover, the 145 

corresponding mean value ( me ) and standard deviation ( f
 ) of the fractures aperture 146 

can be expressed as 
1 1

1 m n

m ij

i j

e e
m n = =

=
  , 2

1 1

1
( )

1

m m

f ij m

i j

e e
m n


= =

= −
 −  .The detailed 147 

values are listed in Table 2. 148 

      149 

          (a)Brazilian test          (b) Fracture surface after the Brazilian testing 150 

Fig. 2 Sandstone rough fracture preparation 151 

Table 2 Parameters of rough fracture surface S1-S3 152 

Specimens

 
Length 

(mm)

 Width 

(mm)

 
JRC

 Aperture

 
Fractal parameters 

Mean 

( me mm) 

Standard 

deviation ( f
 ) vD

 vK  

S1

 
99.84 49.96 16.33 0.251 0.060 1.442 0.0498 

S2

 
100.52 50.92 15.65 0.401 0.103 1.427 0.0286 

S3

 
100.06 50.21 15.33 0.458 0.101 1.408 0.0337 

2.3 Characterization of rough fractures 153 

 (Ge et al. 2014; Rong et al. 2016; Xiong et al. 2018b) Many studies indicated that 154 

the morphology of natural fracture was self-affine rather than self-similar, Kulatilake et 155 

al. (2007) supposed the fractures as self-affine profiles and proposed a variogram 156 

method to evaluate corresponding fractal dimension. The detailed expression is written 157 

by formula (1), representing the roughness of the fracture surface.  158 
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 
2

1

1
2 ( , ) ( ) ( )

N

i i

i

x l Z x l Z x
N


=

= + −     (1) 159 

where ( , )x l   is the semi-variogram, ( )iZ x l+   and ( )iZ x   are the heights of 160 

the profile from the baseline, l  is the space of the adjacent points from the baseline, 161 

N  is the number of points in the baseline. When considering 0l → , ( , )x l  can be 162 

simplified as a power-law function (Eq. (2)) for the self-affine model.  163 

22 ( , ) H

vx l K l =        (2) 164 

where vK   is a proportionality constant, H   is the Hurst exponent, (Liu et al. 165 

2020a; Wang et al. 2016) demonstrating that greater H  represents smoother fracture 166 

surface, which is related to the fractal dimension vD   ( 2vD H= −  ). However, the 167 

fractal dimension vD  cannot be calculated using Eqs. (1) and (2) directly, thus the 168 

logarithmic expressions should be used to solve vD . 169 

log(2 ( , )) log 2(2 )logv vx l K D l = + −      (3) 170 

And then, 11 sectional profiles parallel to the flow direction at intervals of 5 mm 171 

were extracted to obtain the fractal dimension vD   and constant vK   based on the 172 

proposed variogram method. Firstly, (Tse and Cruden 1979) the joint roughness 173 

coefficient (JRC) of the selected specimens as the significant coefficient to describe 174 

fracture morphology was calculated with the formula (4-5) and listed in Table 2. 175 

Secondly, according to Kulatilake et al. (Ge et al. 2014; Kulatilake et al. 2007) studies, 176 

choosing nine values to calculate ( , )x l  using an increment factor of 1.2 starting from 177 

2. The relationship between the variogram 2 ( , )x l  and space l  shown in Figure. 5 178 

is better fitted by the logarithmic function with the correlation coefficient valued 179 

2 0.943R  . It can be concluded from Table 2 that the fractal dimension vD  varied in 180 

the range of 1.408 and 1.442, and vD  is greater for rougher fractures surface, which 181 

is in good agreement with the change of the JRC. 182 

( )( )
( )

1

2
2

2 12
1

1

1

n

i i

i

Z Z Z
n x

+
=

 
= − 

−   
     (4) 183 

2JRC 32.2 32.47log Z= +        (5) 184 
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 185 

 186 

Fig. 3 3-Dimensional morphology reconstruction of rough fracture of specimens:(a)-(c) 187 

specimens  188 

 189 

 190 

 191 

Fig. 4 Aperture distribution of rough fracture surface : (a)-(c) specimens S1-S3 192 
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 193 
Fig. 5 Fitting curves of the log(2 ( ))l  and log( )l  in rough fracture surface S1-S3 194 

2.4 Testing procedure 195 

All tests were carried out on a rock servo-controlled triaxial equipment called 196 

Rock 600-50HT PLUS manufactured by TOP-INDUSTRIE in France plotted in Fig. 6. 197 

The triaxial cell is capable of performing triaxial compression tests at confining 198 

pressures (P2) up to 60 MPa, with increasing deviatoric stress (P1) up to 500 MPa, with 199 

increasing transducer has a resolution of 0.01MPa. The system can deal with the 200 

constant-head, constant flow-rate, and transient-pulse permeability tests under low or 201 

high confining and water pressures, and a high precision electronic balance is selected 202 

to measure the real-time flow rate (Liu et al. 2020c). The servo-controlled fluid pump 203 

can produce pore pressure up to 60MPa (P3/P4). Furthermore, the upstream and 204 

downstream fluid pressure can be regulated with pore pressure pump P3 and P4, as a 205 

result, the seepage tests can be performed on constant fluid pressure or constant volume 206 

condition according to the experimental target.  207 

As for the flow procedure, the sandstone specimens are firstly saturated, then 208 

vacuumed for 4 hours by the vacuum pump and wet pumped for 4 hours with distilled 209 

water, finally soaked for 16 hours to ensure the specimens full of water. And then, the 210 

specimens are enclosed in a 3-mm-thick Viton rubber jacket and then placed in the 211 

sample assembly. Porous spacers are inserted onto the ends of the samples to ensure 212 

even distribution of pore pressure over the ends of the samples. Considering the 213 

influence of the temperature on deformation and seepage response, all the tests are 214 

performed at room temperature (25±2℃). The seepage tests under different load 215 

combinations can be performed as follows. The samples are firstly applied with the 216 

confining pressure of the desired value, and at this stage the axial stress is proportionally 217 
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g
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increased to the value of the confining pressure, bringing the samples to initial isotropic 218 

stress or zero deviatoric stress to ensure that there is no gap between the specimen and 219 

the rubber jacket to prevent the fluid leakage. Furthermore, the saturated specimens are 220 

conducted at a constant pore pressure indicating the balance of the upstream pressure 221 

(P3) and downstream pressure (P4) to ensure the fluid in a single phase in the process 222 

of seepage testing. Afterward, water is introduced into the fractures through the inlet 223 

and collected at the outlet. A series of flow pressures at the inlet were tested and their 224 

corresponding flowrates were recorded. Therefore, the relationships between flowrate 225 

and pressure gradient or hydraulic gradient for the rough fractures can be obtained 226 

under different confining stresses. 227 

    228 

Fig. 6 Triaxial multi-field coupling test system 229 

3 Experimental results and discussion 230 

3.1 Normal stress-induced fracture closure 231 

The normal compression displacement of the fractured rock sample under 232 

confining pressure can be measured in real-time with a hoop strain gauge，and the 233 

relationship curve between the normal compression displacement and normal stress of 234 

the sandstone specimens S1-S3 is shown in Fig 7. (Bandis et al. 1983; Li et al. 2015) 235 

Many investigations have demonstrated the hyperbola relationship between the normal 236 

closure displacement u  and normal stress 
n  , the so-called classic Bandis model 237 

as follows. 238 

0
1

n n

max

u
= k

- u / u


 
  

     (6) 239 

(a)
(b)
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where 0nk   is the normal stiffness of the fracture, 
maxu   is the maximum 240 

compression displacement. The normal stress and normal displacement are fitted 241 

according to the Bandis model. It can be seen from Fig 7 that the relationship between 242 

normal stress and the normal displacement of the sample S1-S3 has a good correlation 243 

( 2 0.928R  ), and the fitted correlation coefficient is shown in Table 3. The maximum 244 

compression displacement 
maxu   for specimens S1, S2, and S3 is then calculated as 245 

0.242mm, 0.388mm, and 0.447mm using the regression method, which is 96.25%、246 

96.73%、97.55% of the initial mean apertures ( me ). Overall, the results demonstrated 247 

that the surface is rougher, and the ratio of the maximum compression displacement 248 

and the initial mean aperture ( max / mu e  ) is smaller. This is because the greater the 249 

roughness of the fracture surface, the greater the number of contact pairs between the 250 

upper and lower fracture surfaces, causing resistive deformation in the axial direction, 251 

which is manifested in the fact that the normal stiffness decreases as the fractal 252 

dimension decreases. 253 

Many studies have shown that the contact of fracture under stress will have a 254 

greater impact on seepage behavior, so it is necessary to calculate the contact ratio under 255 

stress. From formula (6), the closure displacement under specific stress can be 256 

calculated, as in formula (7): 257 

0

n max

n max n

u
u

k u




 =
+

       (7) 258 

Due to the undulations of the fracture surface geometry, the maximum 259 

compression displacement is difficult to accurately calculate. In previous studies, the 260 

initial average aperture is often used instead, which is not suitable. Based on the 261 

experimental results, this paper proposes a modified formula considering the fractal 262 

dimension of the fracture to characterize the maximum compression displacement of 263 

the fracture as follows:  264 

m
max

v

e
u

D
=        (8) 265 

  is the dimensionless coefficient, which is obtained by the least square method, 266 

and the correlation coefficient is greater than 0.999. Substituting formula (8) into 267 

formula (7) can derive the modified Bandis model: 268 
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0

m n

m n v n

e
u

e k D

 
 

 =
+

    (9) 269 

The initial fracture aperture distribution (
ij

e  ) at each position of the fracture 270 

surface can be obtained from (Liu et al. 2020b). When normal stress is applied, the 271 

fracture will have a compression displacement, and the fracture aperture becomes '

ije , 272 

as shown in formula (10). Once the fracture aperture '

ije   is negative, it can be 273 

concluded that the normal deformation is so large to result in the contact of the upper 274 

surface and the lower surface. However, zero aperture is not common for real fractures, 275 

so a small value called residual aperture re ( 610 mre
−= ) is supposed to all the contact 276 

elements considering good precision of current testing apparatus and solution 277 

singularity of numerical simulations.  278 

'
         if    

                             if  

Tij Bij Tij Bij

ij

r Tij Bij

Z Z u Z u Z
e

e Z u Z

− +  +  =  +  
  (10) 279 

The calculation formula of the contact ratio can be written: 280 

T

c
N

c
N

=      (11) 281 

where c  is the contact ratio, cN  is the number of the contact elements of the 282 

rough fracture, TN  is the total elements of the rough fracture. 283 

 284 

Fig.7 Relationship curve between normal stress and normal displacement 285 
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Table 3 Fitting parameters based on the Bandis model 289 

Specimens

 

kn0 (GPa/m) umax (mm) R2 

S1 3.653 0.242 0.930 

S2

 
1.032 0.388 0.964 

S3

 
0.772 0.447 0.928 

3.2 Nonlinear characteristics of the seepage 290 

The testing data under different normal stresses have been obtained precisely, and 291 

curves of the pressure gradient P  and the flow rate Q  at the outlet for specimens 292 

S1-S3 were plotted in Fig. 8. As observed from Fig.8, the flow behavior through the 293 

rough fractures changed obviously. It can be concluded that fluid flow mainly presents 294 

darcy flow behavior through rough fractures at a smaller pressure gradient. With the 295 

increase of the pressure gradient, the friction effect of the rough fracture surface is 296 

significant, and the fluid inertial force becomes not negligible, showing a gradual 297 

transformation from linear to nonlinear flow regime in the rough fractures. Hence, the 298 

parallel plate model (cubic law) can’t accurately describe the nonlinear behavior. With 299 

the rise of normal stress, the contact areas of the upper fracture surface and lower 300 

fracture surface gradually increase, resulting in a great decline of the flow rate and 301 

obvious tortuosity of the flowing channels. For quantitatively presenting the nonlinear 302 

behavior through the rough fractures caused by the flow inertial forces, the widely used 303 

Forchheimer model was adopted, as follows (Chen et al. 2015; Liu et al. 2016). 304 

2
P AQ BQ− = +      (12) 305 

3

12

h

A
we


=         (13) 306 

2 2
=

h
w

B
e

         (14) 307 

where AQ  is the linear term by viscous forces, 2
BQ  is the nonlinear term by 308 

inertial forces, P  is the pressure gradient, Q  is the flowrate through the fractures, 309 

A   and B   represent the linear coefficients and nonlinear coefficients, respectively, 310 

  is the fluid density, w  is the fracture width,   is the non-Darcy coefficient,   311 

is the dynamic viscosity of the fluid, he  is the equivalent hydraulic aperture.  312 
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The Forchheimer model is introduced to conduct regressive analysis for 313 

corresponding testing data of P   and Q   under different normal stresses, and the 314 

fitting curves are shown in Fig. 8 and the detailed fitting coefficients are listed in Table 315 

4. The regressive expressions with a correlation coefficient greater than 0.993 indicated 316 

that the Forchheimer model can better characterize the nonlinear flow caused by the 317 

inertial forces under a greater pressure gradient. The variation of the linear coefficient 318 

A  and the nonlinear coefficient B  is presented in Fig. 9, respectively. It is noted that 319 

both coefficients show an upward trend with increasing confining pressure, resulting in 320 

larger contacts in the fractures, and an abrupt drop of equivalent hydraulic aperture (Fig. 321 

10). Especially, the contact of the upper fracture surface and lower fracture surface 322 

weakening the effective flow channels can not be ignored when investigating the flow 323 

through the rough fractures, so the influence of contact on the transformation 324 

mechanism of seepage behavior in rough fractures should be thoroughly examined 325 

under different normal stresses. 326 
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 329 

Fig. 8 Curves of P Q −  for specimens S1-S3 at different confining stresses:(a)S1 at 1-330 

8MPa,(b)S1 at 10-30 MPa; (c)S2 at 1-8 MPa,(d)S2 at 10-30 MPa; (e)S1 at 1-8 MPa,(f)S1 at 10-30 331 

MPa. 332 

 333 
Fig. 9 Relationship curve Forchheimer equation coefficients and confining pressure for S1-334 

S3:(a) Coefficient A , Coefficient B  335 

 336 

 337 

Fig. 10 Variation of the hydraulic aperture with confining stress 338 
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Table 4 Fitting parameters of the Forchheimer equation for specimens S1-S3 340 

Specimens

 
Confining 

stress(MPa) 
A(1012·kg·m-5·s-1) B (1019·kg·m-8) 

Hydraulic 

aperture (μm) R2(-) 

S1 

1 6.64 1.52 33.070 0.999 

2 9.94 5.00 28.902 1.000 

4 15.19 16.85 25.092 0.997 

6 24.34 29.55 21.443 0.999 

8 30.94 62.84 19.795 1.000 

10 42.20 100.29 17.850 0.998 

15 83.71 249.34 14.206 0.999 

20 157.77 947.71 11.501 0.999 

25 329.38 2195.11 8.998 0.998 

30 528.99 4951.16 7.684 0.999 

S2 

1 7.81 5.74 31.322 1.000 

2 14.66 18.73 25.391 1.000 

4 31.06 58.99 19.769 0.999 

6 48.51 139.24 17.040 0.999 

8 67.72 332.51 15.247 0.996 

10 98.07 550.64 13.476 0.999 

15 185.68 1489.11 10.893 0.998 

20 277.21 3700.68 9.531 0.993 

25 384.05 5692.88 8.549 0.999 

30 531.48 8302.64 7.672 0.998 

S3 

1 8.11 3.03 30.929 0.999 

2 13.74 12.98 25.944 1.000 

4 19.27 20.28 23.180 0.997 

6 25.97 32.54 20.985 0.999 

8 37.86 77.56 18.507 0.999 

10 46.33 134.71 17.303 0.998 

15 74.62 242.26 14.761 1.000 

20 137.73 526.34 12.034 0.999 

25 211.23 1839.04 10.435 0.999 

30 366.18 4788.01 8.686 0.998 

3.3 The transformation of the flow behavior 341 

It can be seen from the fitted curves of P ~Q  that seepage characteristics in the 342 

rough fractures will transform from linear to nonlinear, so the transformation 343 

mechanism of the flow behavior should be further studied. Reynolds number Re  344 

written by formula (15) is a key parameter to describe the ratio of the inertial forces and 345 

the viscous forces, revealing that Re  increases with the rise of flow velocity causing 346 

greater inertial forces. 347 

=h
ue Q

Re
w

 
 

=      (15) 348 

where   , Q  , w  , he   has been described in Eqs. (12)-(14), u   is the average 349 

velocity of the fracture. 350 

To investigate the influence of nonlinear terms on percolation behavior based on 351 

the Forchheimer equation, (Zeng and Grigg 2006; Zhou et al. 2015) the non-Darcy 352 
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effect factor E  proposed by Zeng et al was introduced to explain the mechanism of 353 

nonlinear seepage in the rough fractures, as follows. 354 

2

2

BQ
E

AQ BQ
=

+
     (16) 355 

where E  represents the strength of the flow nonlinearity. The inertial forces can’t 356 

be ignored when the parameter E  reaches 10% in the geotechnical field, indicating 357 

the nonlinear flow behavior has been triggered. Thus, the critical Reynolds number 358 

cRe  based on formulas (12) and (13) can be derived as follows. 359 

(1 )
c

A E
Re

B w E




=
−

      (17) 360 

The non-Darcy effect factor at different confining pressure can be calculated based 361 

on Forchheimer coefficients A B , , and curves of ~E Q  and E ~ Re  are plotted 362 

in Fig.11. E  increased with rising Reynolds number or flow rate, which can be used 363 

to determine the critical Reynolds number when nonlinear flow occurred. The critical 364 

Reynolds number cRe   of specimens S1, S2, and S3 subjected to normal stress 365 

nσ =1~10MPa  is in the range of 0.08~0.97, showing a good agreement with the results 366 

in Brush et al (Brush and Thomson 2003; Radilla et al. 2013; Zhou et al. 2016). 367 
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 369 

Fig. 11 Variation of non-Darcy effect factor E  with Reynolds number Re  and volume 370 

flow Q : (a)-(c) specimens S1-S3. 371 

The collaborative influence of the contact and roughness of fractures on the critical 372 

Reynolds number cRe  didn’t attract enough attention from many researchers. From 373 

the expression 
2 2

=
h

w
B

e

  (Eqs. (14)), the non-Darcy coefficient   can be determined 374 

by the geometry of the fracture. The nonlinear coefficient B  and contact ratio c  are 375 

fitted by an exponential function with a correlation coefficient greater than 0.986, 376 

shown in Fig. 12. Moreover,  Louis (1969) proposed a logarithmic expression to 377 

describe the non-Darcy coefficient    related to the hydraulic aperture he   and 378 

fracture peak asperity   as follows. 379 

1
= log log

8 2h h

f
e e


 

− 
 

  (18) 380 

where f  is a dimensionless coefficient, determined by relative roughness 
2

h
e

 . 381 

Since the formula (18) didn’t consider the influence of rough fracture contact on 382 

nonlinear seepage. A new formula (19) was derived based on the dimensional analysis 383 

and the power exponential function of the contact ratio and the nonlinear coefficient.  384 

1
(1 ) ln( )n

v

h

mc pD
e

 = +  (19) 385 
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where m  , n  , p   are dimensionless coefficients, obtained by the fitting data. 386 

Substituting formula (19) into formula (14), the nonlinear coefficient B   could be 387 

characterized by the contact ratio c  and fractal dimension vD  of fracture.  388 

2 3

(1 ) ln( )n

v

h

mc pD
B

w e

 +
=    (20) 389 

Hence, corresponding curves about coefficients B , c  and vD  are analyzed and 390 

shown in Fig. 13, presenting a good fitting correlation coefficient valued 2 0.932R = , 391 

and the fitting coefficients m  , n  , p   could be obtained as 1.76m =  , 16.54n =  , and392 

0.72p =  respectively. Comparing the predicted value of the nonlinear coefficient of 393 

formula (20) with the experimental value, as shown in Fig.14, the correlation coefficient 394 

is 0.979, which proves the effectiveness of the established nonlinear coefficient model. 395 

So the critical Reynolds number cRe  can be written by the following Eq. (21) by 396 

substituting Eqs. (13) and (20) into Eq. (17). 397 

12

(1 )(1 ) ln( )
c n

v

E
Re

E mc pD
=

− +
  (21) 398 

The formula (21) provides a new method for predicting the Reynolds number cRe  399 

by calculating the fractal dimension vD  and contact ratio c . As shown in Fig.15, the 400 

predicted critical Reynolds number cRe  is in good agreement with the experimental 401 

value under different contact ratios. Furthermore, the critical Reynolds number cRe  402 

has a decreasing trend with increasing contact ratio, revealing the abrupt decline of 403 

effective flow channels and obvious tortuosity of the flow paths at a greater contact 404 

ratio. 405 

 406 

Fig. 12 Relationship curve between nonlinear coefficient B  and contact ratio c . 407 
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 408 

 409 

Fig. 13 Nonlinear coefficient B  as a function of the contact ratio c  and fractal dimension 
v

D . 410 

 411 

Fig.14 Comparison of the experimental and predicted values of the nonlinear coefficient B  412 

for S1-S3 413 

 414 

Fig. 15 Comparison of experimental data and the predicted value of the critical Reynolds 415 

number 
c

Re .  416 
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4 Numerical simulation 417 

4.1 Governing equation 418 

The seepage characteristics of fractured rock masses are usually characterized by 419 

the Navier-Stokes equation. However, due to the complexity and computational cost of 420 

the solution of the N-S equation, it is simplified into the Reynolds equation (Huang et 421 

al. 2017; Shen et al. 2020)，which can also better characterize the impact of contact on 422 

the seepage path. 423 

' 3 ' 3

0
12 12

ij ijge geh h

x x y y

 
 

      
+ =            

   (22) 424 

where h  is the water head of the fractures, P g h =   is the water pressure, g  is 425 

the gravitational acceleration, '

ije  represents the real-time aperture of different nodes 426 

in the aperture matrix under different normal stresses.  427 

4.2 Verification of numerical simulations based on experiments 428 

The rough fracture seepage is simulated by commercial software COMSOL 429 

Multiphysics, the PDE module is selected to set the Reynolds equation, the inlet and 430 

outlet of the fracture are set as pressure boundaries, and the side boundary is set as the 431 

wall with no flow, as shown in Fig.16. To verify the feasibility of the simulation, the 432 

flow rate through fracture can be analyzed by numerical integration, thus the equivalent 433 

permeability of the fracture is calculated according to the formula (23). 434 

s

K P
Q A

L


=      (23) 435 

Where sA   is the cross-sectional area, K   is the equivalent permeability. The 436 

simulated permeability and corresponding experimental values of the specimens S1, S2, 437 

and S3 subjected to normal stress are listed in Table 5. It can be observed that the 438 

relative error is less than 1% while comparing to the above-mentioned permeability, 439 

indicating that the verification of the simulation. 440 
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 441 
Fig.16 Boundary conditions of seepage 442 

 443 

Table 5 Permeability of numerical and experimental results under different confining pressures 444 

σn 

(MPa) 

Permeability (10-11 m2 ) 
Relative error (%) 

Experimental data Simulation data 

S1 S2 S3 S1 S2 S3 S1 S2 S3 

1 9.114 8.176 10.396 9.134 8.102 10.292 0.226 0.899 0.999 

2 6.961 5.373 5.609 7.018 5.346 5.566 0.812 0.488 0.775 

4 5.247 3.257 4.478 5.275 3.277 4.466 0.529 0.612 0.266 

6 3.832 2.420 3.670 3.864 2.421 3.645 0.838 0.046 0.664 

8 3.265 1.937 2.854 3.245 1.921 2.846 0.623 0.824 0.292 

10 2.655 1.513 2.495 2.673 1.515 2.520 0.656 0.122 1.000 

15 1.682 0.989 1.816 1.673 0.984 1.824 0.538 0.530 0.472 

20 1.102 0.757 1.207 1.104 0.753 1.219 0.147 0.466 0.977 

25 0.675 0.609 0.907 0.669 0.611 0.911 0.855 0.288 0.431 

30 0.492 0.490 0.629 0.490 0.486 0.629 0.470 0.900 0.052 

4.3 Influence of contact ratio on seepage 445 

The local contact of rough fractures subjected to normal stress can change effective 446 

flow channels and corresponding flow paths, resulting in the obvious transformation of 447 

seepage behavior. The experiments in section 3.1 have analyzed the normal closure 448 

displacement and contact ratio under different normal stresses, the detailed curves for 449 

specimens S1, S2, and S3 are plotted in Fig. 17. It is observed that the contact ratio of 450 

fracture enhances with increasing normal stress, otherwise, the permeability gradually 451 

decreases by two orders of magnitude. For better describing the influence of the contact 452 

on flow behavior through rough fractures, corresponding aperture distribution, and 453 

streamline distribution under different normal stresses are deeply investigated as 454 

follows. 455 
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The normal stress is zero in the initial state, and the fracture aperture distribution 456 

of specimens S1 under different normal stresses is shown in Fig. 18, where the white 457 

element represents the contact. The contact ratio could be calculated from the aperture 458 

distribution by formula (11). The contact ratio of specimen S1 under normal stress 459 

nσ =1MPa ,
nσ =10MPa , and

nσ =30MPa  is respectively 13.59%, 21.29%, and 32.80%, 460 

increasing by 2.41 times, and the contact ratio of specimen S2 under normal stress 461 

nσ =1MPa  , 
nσ =10MPa   and 

nσ =30MPa  is respectively 17.90%, 29.63%, and 462 

36.20%, increasing by 2.02 times, and the contact ratio of specimen S3 under confining 463 

pressure 
nσ =1MPa , 

nσ =10MPa  and 
nσ =30MPa  is respectively 19.94%, 30.51%, 464 

and 38.12%, increasing by 1.91 times. It can be concluded from the aperture distribution 465 

and variation of the contact ratio that increasing normal stress expands the number of 466 

the local contact elements and a greater contact ratio. Overall, the rougher fracture, the 467 

greater the increase in contact ratio, and the less easily the fracture is compressed. 468 

 469 
Fig.17 Relationship between permeability and contact ratio with normal stress 470 
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 471 

(a) nσ =0MPa                                (b) nσ =1MPa  472 

 473 

(c) nσ =10MPa                           (d) nσ =30MPa  474 

Fig.18 Distribution of aperture and streamline for S1 under different stresses (White denotes 475 

contact) 476 

5 Conclusions 477 

In this study, the seepage experiments of rough fractures under different confining 478 

pressures were conducted, and the effect of fractal dimension and contact in the fracture 479 

on flow behavior was deeply investigated. Besides, the experimental data were taken 480 

to verify the rationality of the proposed numerical model. The following conclusions 481 

are drawn: 482 

 (1) The flow behavior through rough fractures transforms from linearity to 483 

nonlinearity while increasing the hydraulic gradient. With the rise of normal stress, the 484 

seepage channel is compressed, and the contact between the upper and lower fracture 485 
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surfaces gradually increases, which intensifies the nonlinearity of seepage. Based on 486 

experimental data, it is verified that the Forchheimer equations can better characterize 487 

the nonlinear seepage flow in the rough fracture. Both the linear coefficient A  and 488 

the nonlinear coefficient B  increase with the rise of confining pressure. 489 

 (2) The relationship curve between normal displacement and normal stress is in 490 

good agreement with the Bandis model, and the maximum normal displacement value 491 

is obtained by fitting the curve. The ratios of the maximum normal displacement of 492 

fractures S1-S3 to the initial aperture are 96.25%, 96.73%, and 97.55%, which are 493 

slightly smaller than the initial aperture, and the fracture is rougher, the smaller 494 

max / mu e   is. Besides, a modified Bandis model is proposed to calculate the normal 495 

displacement considering the fractal dimension of the fracture.  496 

(3) The nonlinear coefficient B  has a good power exponential relationship with 497 

the contact ratio c   of the fracture, and a new model to describe the nonlinear 498 

coefficient B  is developed depending on contact ratio c  and fractal dimension vD . 499 

Moreover, an empirical equation is derived to obtain the critical Reynolds number by 500 

combining the linear coefficients A  with the non-Darcy effect factor E . 501 

(4) As the confining pressure increased, the contact ratio of fracture gradually 502 

raises, however, the permeability decreases. Besides, due to the fewer contact elements, 503 

the seepage path of the fracture has only a small tortuosity near the contact elements 504 

under initial conditions. When the normal stress gradually raises, the effective channels 505 

of seepage decrease sharply attributed to the increase of the contact elements of the 506 

fracture, resulting in more tortuous flow paths.  507 
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Figures

Figure 1

Specimens of sandstone. Note: The designations employed and the presentation of the material on this
map do not imply the expression of any opinion whatsoever on the part of Research Square concerning
the legal status of any country, territory, city or area or of its authorities, or concerning the delimitation of
its frontiers or boundaries. This map has been provided by the authors.



Figure 2

Brazilian testing. Sandstone rough fracture preparation

Figure 3

3-Dimensional morphology reconstruction of rough fracture of specimens:(a)-(c) specimens



Figure 4

Aperture distribution of rough fracture surface : (a)-(c) specimens S1-S3



Figure 5

Please see the Manuscript PDF �le for the complete �gure caption.

Figure 6

Triaxial multi-�eld coupling test system



Figure 7

Relationship curve between normal stress and normal displacement



Figure 8

Please see the Manuscript PDF �le for the complete �gure caption.



Figure 9

Relationship curve Forchheimer equation coe�cients and con�ning pressure for S1-S3:(a) Coe�cient A,
Coe�cient B

Figure 10

Variation of the hydraulic aperture with con�ning stress



Figure 11

Variation of non-Darcy effect factor E with Reynolds number Re and volume �ow Q : (a)-(c) specimens
S1-S3.



Figure 12

Relationship curve between nonlinear coe�cient B and contact ratio c .

Figure 13

Nonlinear coe�cient B as a function of the contact ratio c and fractal dimension Dv .

Figure 14

Comparison of the experimental and predicted values of the nonlinear coe�cient B for S1-S3



Figure 15

Comparison of experimental data and the predicted value of the critical Reynolds number Rec .

Figure 16

Boundary conditions of seepage



Figure 17

Relationship between permeability and contact ratio with normal stress

Figure 18

Distribution of aperture and streamline for S1 under different stresses (White denotes contact)


