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Abstract: In this study, diffraction of waves by a planar junction between impedance and
perfect electromagnetic conductor half-planes is investigated. The method of transition
boundary is used for the solution of the problem. The diffracted wave expressions are expressed
in terms of the Fresnel functions by using the uniform theory of diffraction method. Thus, finite
magnitudes are obtained at the transition regions and the results are analyzed numerically for
different set of parameters.
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1. Introduction
In the literature, the diffraction of waves by a single half-plane is widely considered since it is
a canonical problem. Besides, diffraction of waves by a junction which is formed by
combination of two half-planes which have different boundary conditions is also an important
problem. Because they have application in wave propagation over terrain, costal diffraction
problem and analysis of wave interactions with vehicles that includes various material
structures. Diffraction of waves by the junction of two impedance half-planes was first
investigated for the special case of wedge diffraction (Malyuzhinets 1958). The impedance
junction problem for the skew incidence case by using the Wiener-Hopf method was also
investigated (Rojas 1988). The high frequency diffraction of plane waves by the junction of
resistive and impedance half-planes was investigated (Uzgoren et al. 1989). The same problem
was also investigated with the plane wave spectrum approach (Senior 1991). The scattering of
waves by a planar junction of two half-planes with different combinations of surface boundary
conditions can be found widely, but not limited to these studies, in the literature (Büyükaksoy
et al. 2004; Gennarelli and Riccio 2020; Pelosi et al. 1998; Umul 2020; Umul 2017; Yalçın and
Umul 2020).
In this study, we are dealing with the diffraction of plane waves by the planar junction
between impedance and perfect electromagnetic conducting (PEMC) half-planes. As best as
we know, such a kind of scenario has not been investigated yet. The existing studies in the
literature does not include the combination of PEMC structures. The PEMC structure can be
defined by the single admittance parameter M where, the surface acts as a perfect electric
conductor (PEC) when M goes to positive or negative infinity, however the surface acts as a
perfect magnetic conductor (PMC) when M sets to zero. The analytical investigation of the
problem under consideration is based on the recent method invented in a study (Umul 2019).
His method, which is called method of transition boundaries (MTB) is based on the relations
of scattered geometric optics fields and diffracted fields at the transition regions. In this study,
the junction of half-planes with different boundary conditions is considered for the surfaces and
the examination method is quite different than widely used in the literature. Therefore, this
study considers a different case than the previous ones.
First, the problem will be introduced. The related geometrical optics (GO) fields will be
determined, and initial fields will be derived considering the whole impedance plane. Then,

scattered GO fields will be obtained by subtracting the initial fields from total GO fields where
the total GO fields will be determined by using the geometry of the problem under
consideration. Later, the diffracted fields will be derived by using a formulation between the
scattered GO and diffracted fields at the transition boundaries. The ultimate diffracted fields
will be expressed in terms of the Fresnel functions by using the uniform theory of diffraction
(UTD) method. Finally, behavior of fields according to the angle of observation will be
analyzed numerically for different set of parameters.
The time factor of exp(jωt) is suppressed throughout the paper where ω represents the
angular frequency.
2. Junction descriptions
The diffraction geometry is given in Fig.1. The materials which cause the diffraction located at
y = 0 plane, and two different boundary conditions are considered. The cylindrical coordinates
are represented as (ρ, ϕ, z) also angle of observation ϕ is assumed to be measured from the halfplane in the counter-clockwise direction. P is the observation point and ϕ0 is the angle of
incidence.
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Fig. 1. The diffraction geometry

The impedance boundary condition imposed on x < 0 of the plane y = 0 refers to one of the
half-planes. If the surface impedance is Z, the impedance boundary condition is
𝑛⃗ × 𝑛⃗ × 𝐸⃗

= −𝑍𝑛⃗ × 𝐻⃗

(1)

where n is the unit normal vector (Senior and Volakis 1995). The remaining part of the
geometry is described with the boundary conditions of
𝑛⃗ × 𝐻⃗ + 𝑀𝐸⃗
𝑛⃗ ⋅ 𝜀 𝐸⃗ − 𝜇 𝑀𝐻⃗

(2)

= 0,

(3)

=0

where E and H terms define the total electric and magnetic field intensities. Also, ε0, μ0 are
the free space permittivity and permeability of the free space, respectively. Here, M denotes the
admittance of the half-plane (Basdemir 2019). The electric and magnetic field component of
the incident plane-wave can be expressed as
𝐸⃗ = 𝑒⃗ 𝐸 𝑒

(

)

(4)

and
𝐻⃗ =

(

−𝑒⃗ sin 𝜙 + 𝑒⃗ cos 𝜙 𝑒

)

(5)

where E0 is the complex amplitude.
3. Determination of the GO fields
In this part, the related GO fields with the reflection coefficients will be determined by
considering the boundary conditions given above. The reflected electric and magnetic field
intensities from PEMC and impedance surfaces are defined by
𝐸⃗

= −𝑍 𝐻

𝐻⃗

=

𝐸⃗

= 𝑒⃗ Γ𝐸 𝑒

𝐻⃗

=

𝑒⃗ 𝑠𝑖𝑛 𝜙 + 𝑒⃗ 𝑐𝑜𝑠 𝜙

𝑒⃗ 𝑠𝑖𝑛 𝜙 + 𝑒⃗ 𝑐𝑜𝑠 𝜙

+ 𝑒⃗ 𝐸

+ 𝑒⃗ 𝐻

𝑒

𝑒

(

(

)
)

,

, (6)
(7)

and
(

)

,

𝑒⃗ 𝑠𝑖𝑛 𝜙 + 𝑒⃗ 𝑐𝑜𝑠 𝜙 𝑒

(8)
(

)

(9)

where Z0 is the intrinsic impedance of the free space and Γ is the reflection coefficient of
impedance surface (Basdemir 2021; Senior and Volakis 1995). The unknown components of
reflected field intensities can be derived from the boundary conditions given in Eqs. (1), (2)
and (3). Thus, the unknown components are given as
𝐸

=𝑅 𝐸 ,

(10)
(11)

𝑅 =
and
𝐻

=𝑅 𝐸 ,

(12)

𝑅

=−

(13)

also
(14)

Γ=

where sinθ represents the ratio of the impedances of free space and impedance half-plane,
i.e. Z0/Z. Then, it is possible to write the reflected GO fields considering the derived reflection
coefficients. Thus, the total GO field expression for the electric field can be written by aid of
the geometry of the problem as
𝐸⃗
= 𝐸⃗ + 𝐸⃗ 𝑈(−𝜉 ) + 𝐸⃗ 𝑈(𝜉 )
(15)
where Er1 and Er2 are the reflected electric field intensities from the surface of the PEMC
half-plane and the impedance half-plane surface. U(x) is the unit step function which represents
the location of the fields in the related region in space. The argument of the unit step function
is called as detour parameter and it is the ray path difference between GO and diffracted fields
as
±

𝜉± = − 2𝑘𝜌 cos
.
(16)
The initial GO field can be written when the scattering object does not exist in the space. Thus,
the initial GO field expression is obtained as
𝐸⃗ = 𝐸⃗ + 𝐸⃗

(17)

when the junction which causes the diffraction vanishes and assuming the whole plane is
consists of impedance surface. The scattered GO field can be found by subtraction of Eq. (17)
from Eq. (15) as
𝐸⃗
= 𝐸⃗ − 𝐸⃗ 𝑈(−𝜉 )
by aid of the relation U (-x) = U (x)-1. The total magnetic field can be written as

(18)

𝐻⃗
= 𝐻⃗ + 𝐻⃗ 𝑈(−𝜉 ) + 𝐻⃗ 𝑈(𝜉 )
also, initial magnetic field intensity can be written as

(19)

𝐻⃗ = 𝐻⃗ + 𝐻⃗
(20)
from the definition given above. Thus, scattered magnetic field intensity can be written as
𝐻⃗
= 𝐻⃗ − 𝐻⃗ 𝑈(−𝜉 )
(21)
by the subtraction of Eq. (20) from Eq. (19). In addition, keep in mind that the scattered GO
fields have x, y and z subcomponents. Since the cross-polar components can be derived from
the z-components of electric and magnetic field intensities, it is more suitable considering the
z-components of scattered fields. Hence, z-components of scattered GO fields can be given as
𝐸

(

= (𝑅 − Γ)𝐸 𝑒

)

(22)

𝑈(−𝜉 )

and
)
𝐻
=𝑅 𝐸 𝑒 (
𝑈(−𝜉 )
(23)
from Eqs. (18) and (21). There is not any contribution of the impedance surface to the zcomponent of scattered GO field can be observed since the reflected magnetic fields from the
impedance half-plane do not include the z-components.

4. Determination of the diffracted fields
In this section, we will derive diffracted fields by using the relation between scattered GO
fields and diffracted fields at the transition regions. The general expression of the high
frequency asymptotic expression of the diffracted field is given as
𝐸 =𝐸

( ,

)

(24)

√

according to the geometrical theory of diffraction (GTD) and q is the unknown function
which can be defined by the relation of
𝑞(𝜋 − 𝜙 , 𝜙 ) = − 𝑠𝑖𝑛 𝜙 𝐴[𝐸 ]|
(25)
where A [x] means that only consider the magnitude of x by eliminating phase. Since the
half-planes do not transmits the fields, there is only one transition boundary exists at π-ϕ0 (Umul
2019). After the determination of unknown q function, the diffracted field will be obtained. The
unknown function q is determined for z-polarized components of Eq. (22) as
𝑞(𝜋 − 𝜙 , 𝜙 ) = −2

(

(26)

)

where the expression can be rearranged as
𝑞(𝜋 − 𝜙 , 𝜙 ) = −(𝑅 − 1)

(

, )

(

, )

(

, )

(

, )

(27)

by multiplication and division of Eq. (26) with sinϕ0, sinθ and sinγ and the relation of
𝐾 (𝜏, 𝜐)𝐾 (𝜋 − 𝜏, 𝜐) =
(28)
where K+ is the split function which comes from the factorization process of Wiener-Hopf
(Osipov and Tretyakov 2017). Also, the term sinγ is equal to -sinθ/M2Z02. The split function
can be defined as

𝐾 (𝜏, 𝜐) =
√

(29)

√

√

where the function ψπ, which is called as Maliuzhinetz function, can be defined by
𝜓 (𝑥) = 𝑒𝑥𝑝 −

√

∫

𝑑𝑡 .

(30)

The function q can be found by considering the principle of reciprocity as
𝑞(𝜙, 𝜙 ) = −(𝑅 − 1)

(

, )

(

, )

(

, )

(

, )

(31)

since the impedance half-plane located at the left side, the arguments of the split functions
include π-ϕ and π-ϕ0 terms to satisfy the boundary conditions given above. After the
determination of unknown q function, the z-component of diffracted electric field can be written
as
𝐸

= −(𝑅 − 1)

(

, )

(

, )

(

, )

(

, )

𝐸

√

.

(32)

Since the high frequency asymptotic expressions of diffracted fields reach infinite magnitude
values at the transition boundaries, diffracted fields must be expressed in terms of the Fresnel
functions. Thus, finite magnitude values can be reads at the transition boundaries. The uniform
field expressions are defined by the relation of
𝑠𝑖𝑔𝑛(𝑥)𝐹[|𝑥|] ≅

(33)

√

where sign(x) is the signum function and equal to 1 when x >0 and -1 when x <0. Also, F[|x|]
is the Fresnel function which can be defined by the integral of
∞

𝑑𝑡.
(34)
∫ 𝑒
The last terms of Eq. (32) are equal to the high frequency diffraction coefficient of soft halfplane (Basdemir 2018). Thus, it is possible to replace uniform version of last terms in Eq. (32),
gives the uniform expression of
𝐹[𝑥] =

𝐸

√

= −(𝑅 − 1)

(

, )

(

, )

(

, )

(

, )

𝐸 𝐷

(35)

where
(
)
(
)
𝐷 =𝑒
𝑠𝑖𝑔𝑛(𝜉 )𝐹[|𝜉 |] − 𝑒
𝑠𝑖𝑔𝑛(𝜉 )𝐹[|𝜉 |].
(36)
From now on, the diffracted magnetic field will be derived. It is clearly seen from Eq. (23) that
the contribution to the scattered magnetic field only comes from the PEMC surface, since
reflected magnetic field’s intensity from the impedance half-plane does not includes the zcomponent of the magnetic field. However, such a kind of interpretation can only be acceptable
in the situation when there is not any interaction of diffracted fields from the PEMC surface
with the impedance half-plane or the interaction of currents flowing on the surfaces. It is known
that each of the impedance and PEMC surfaces support both electric and magnetic currents.
Therefore, it is reasonable to expect any interaction. If the effect of the impedance surface is
neglected, the left side of the problem is accepted as an aperture. Such a kind of situation may
cause incorrect diffracted fields to be derived for all junction problems. Under this
circumstance, an alternative interpretation should be considered for determination of the
diffracted magnetic field. The contribution of the impedance surface to the diffracted magnetic
field can be revealed by considering the equivalent diffraction geometry which is given in Fig.
2. Here, the junction problem can be reduced to the impedance half-plane problem, by
considering the incident magnetic field as z-component of reflected magnetic field from the
PEMC surface, i.e. the z-component of Eq. (7) is considered as an incident magnetic field. Thus,

the diffracted magnetic field in accordance with the Eq. (25) with the high frequency asymptotic
expression of the diffracted field of an impedance half-plane (Umul 2019) can be obtained as
𝐻

=𝑅

𝐾 (𝛽, 𝜃)𝐾 (𝛼, 𝜃)𝐸

1−

√

. (37)

and the uniform version of Eq. (37) can be obtained by multiplication and division of Eq. (37)
with the 2sin(ϕ/2)sin(ϕ0/2). Thus, the same last terms of Eq. (32) are obtained. In this way, it is
possible to reach uniform diffracted magnetic field by replacing the last terms of Eq. (37) with
Eq. (36) as
𝐻

=𝑅

( , )

1−

( , )

(38)

𝐸𝐷

where the angle values α, β are equal to π-ϕ0 and ϕ-π respectively according to the Fig. 2. The
scattered electric and magnetic fields are given by
𝐸 =𝐸

(39)

+𝐸

and
(40)

𝐻 =𝐻
+𝐻
by considering Eqs. (22), (23), (35) and (38).
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Fig. 2. The equivalent diffraction geometry

5. Numerical results
In this part, the magnitude variations of scattered, scattered GO and diffracted field values
according to the angle of observation will be analyzed. The angle of incidence ϕ0 is taken as
60˚ so the upper surface of both the half-planes is illuminated by the incident wave. The angle
of observation varies between 0˚ and 180˚, which are indicating the upper surfaces of the planar

half-planes respectively. Note that all the related parameters are normalized with respect to
wavelength, λ. The wavenumber k is taken as 2π/λ where λ is the wavelength and chosen as 0.1
for this problem. Also, the observation distance ρ is taken as 6λ. The free space intrinsic
impedance Z0 is equal to 377Ω and the impedance of the half-plane Z is taken as 10Ω. The
admittance M is taken as 3, unless otherwise stated.
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Fig. 3. The magnitude variations of Ez-components of scattered, scattered GO and diffracted
fields with respect to the angle of observation ϕ.

The z-component of the field variations are given in Fig. 3. It is seen that GO field has one
discontinuity at the reflection (120˚) boundary. It is acceptable since both half-planes do not
transmits the fields. The diffracted field compensates this deficiency and reaches maximum
magnitude values at the transition region. Thus, scattered field, which is consist of the
interference of GO and diffracted field, is continuous at all observation angles.
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Fig. 4. The magnitude variations of Hz-components of scattered, scattered GO and diffracted
fields with respect to the angle of observation ϕ.

Figures 4 depicts the magnitude variations of Hz-components versus observation angle. The
behavior of magnetic fields is similar with the electric fields. As expected, GO field is
discontinuous at the reflection boundary and compensated by the diffracted field, thus obtaining
a continuous scattered field on the considered path Although the units of electric and magnetic
fields are different and do not allow comparison, the remarkable difference between their
magnitudes from a mathematical point of view is due to the reflection coefficients.
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Fig. 5. Magnitude variations of the Ez-component of scattered field for different Z values.

Figure 5 exhibits the magnitude variation of Ez-component of scattered field for different
values of Z versus the observation angle. The effect of Z on the scattered field can be observed
commonly all angle of observations. The term Z is directly related with the reflection coefficient
of the impedance half-plane given in Eq. (14). Thus, depending on the reflection coefficient,
the reflected field from the half-plane is increasing when Z increases. This means that when the
Z increases the term sinθ decreases, so the impedance surface goes to the perfectly conducting
surface.
6. Conclusions
In this study, MTB method is used for investigating the plane-wave diffraction by a planar
junction of two half-planes. The GO fields which have the discontinuity at the transition region
were obtained by using the geometry of the problem. This deficiency was eliminated by the
diffracted fields which were derived by using the relation between scattered GO and diffracted
fields at the transition region. Thus, the total field was continuous in all directions of
observation. Although the derived fields read infinite magnitude values at the reflection
boundary, the infinities were eliminated by using the uniform theory of diffraction (UTD)
method. To the best of our knowledge this study has not been tackled before. Finally, the related
fields were examined numerically for different surface parameters.
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