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1 Trophic Levels and Trophic Differences

The concept of trophic levels was introduced in [1] as a way to determine the hierarchy
of species in a food chain. Primary producers, for example plants, have trophic level
1 and the trophic level of every other species is 1 plus the average trophic level of the
species it eats. Interconnected food chains form what is called a food web. In a perfectly
layered food web, all species have integer trophic levels and the difference between the
trophic levels of the prey and the predator is 1. This rarely in practice happens and the
notion of the trophic incoherence parameter was introduced as a way to measure how
far a food web is from being perfectly layered.

1.1 Trophic levels

We represent a food web by a positively weighted, directed, simple graph. Typically,
the direction of arrows indicate the flow of energy. We define the positive in-degree
by d̃i = di if di > 0 or d̃i = 1 if di = 0. We also define the positive in-degree vector
d̃ = (d̃1, . . . , d̃n) and the positive in-degree Laplacian by L̃ = D̃−A, where D̃ = diag(d̃).
Finaly, we define M̃ = L̃T. Trophic levels are defined by the following linear equations:

si = 1 +
1

di

∑
j ajisj , if di 6= 0,

si = 1 if di = 0.
(1)

Using our notation we can write this system of equations in a compact form: M̃s = d̃.
This leads to the following definition.

Definition 1.1. LetG be a simply forward influenced, positively weighted, simple graph.
Then the vector of trophic levels on G is s = M̃−1d̃.

The matrix M̃ is invertible if and only if the graph is simply forward influenced. An
example of such graph can be seen in Figure 1.

1.2 Trophic differences

Trophic difference, i.e. the difference of trophic levels between two vertices connected by
an edge, can be used to get a measure of how close a graph is to being perfectly layered.
We define the trophic differences of a simply forward influenced graph G to be the set
TD(G) = {sj − si | aij > 0}.

Lemma 1.2. Let G be a simply forward influenced, positively weighted, simple graph,
then Mean(TD(G)) = 1, where the mean is taken with respect to edge weights.

We give the proof of this lemma in Section 2. Since the mean is always 1, the standard
deviation of TD(G) can be a measure of the distance to a perfectly layered graph and is
called the trophic incoherence parameter or just trophic incoherence of the graph. It is
defined by

q(G) =

√∑
ij(si − sj)2 aij∑

ij aij
− 1.
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Figure 1: Two graphs representing two different food webs. Trophic levels are printed in
black and trophic differences in red. (a) A totally coherent graph with integer
trophic levels and trophic incoherence 0. (b) A less coherent graph with non-
integer trophic levels and trophic incoherence 0.322.

1.3 Hierarchical levels of simply forward influenced graphs

In order to make the connection between trophic levels and forward hierarchical levels
clear, we will discuss the case of simply forward influenced graphs more extensively. Let
us consider linear system (1) and rewrite the first equation multiplied by di and using g
instead of s as the unknown.

digi −
∑
j

ajigj = di. (2)

Notice that if di = 0, the equation is trivially satisfied as it becomes 0 = 0. Using our
notation we rewrite equations (2) as

Mg = d. (3)

Because M is a singular matrix, the above linear system does not have a unique solution.
For a simply forward influenced graph the dimension of the kernel of M equals the
number of source vertices. This means that we can get a unique solution by choosing
arbitrary values of the trophic levels of the source vertices, see Lemma 2.1. We recover
the original definition of trophic levels by setting the trophic levels of all source vertices
to 1. However, using this viewpoint, we see that the choice of 1 is somewhat arbitrary
and any other choice is equally valid. Instead of prescribing the trophic levels of source
vertices we use Definition 3.1. In this case, because the linear system Mx = d can be
solved, we have T = {x ∈ Rn|Mx = d}. We find
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Figure 2: Hierarchical levels and differences on the same graphs as in Figure 1. Forward
hierarchical levels are printed in black and forward hierarchical differences in
red. (a) The source vertices do not have the same forward hierarchical level
and the hierarchical incoherence is 0.107. (b) A less coherent graph with a
hierarchical incoherence of 0.423.

g = arg min
x∈T

‖x‖.

We will not discuss backward hierarchical levels here, as there is no corresponding notion
in food webs.

We see in Figure 2 that the hierarchical levels of source vertices, which are typically
called basal vertices in food webs, are typically not equal. This may seem strange for a
food web, however it is worth noticing that the source vertex with the lowest hierarchical
level is the root vertex for more food chains than the other source vertex. In general the
length of the food chains also plays a role. This shows that the hierarchical levels have
the added benefit of not treating all source vertices equally and from this we can deduce
which basal species are more important in a food web.

2 Proofs

In this section we provide the proofs of the lemmas in Section 3.2. The proofs are not
written in the order that the lemmas appear in Section 3.2, but in the order they are
used in other proofs, i.e. a lemma is used in a proof only if its proof was written before.

Lemma 2.1. Let G be a simply forward influenced graph with l source vertices and let
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us order the vertices of G starting with the source ones. Let d be its weighted in-degree
vector and L its weighted in-degree Laplacian. Then for any real numbers c1, . . . , cl
there exist real numbers xl+1, . . . , xn such that the vector

x = (c1, . . . , cl, xl+1, . . . , xn)

satisfies
LTx = d. (4)

Moreover, let D be the set of differences of x defined by

D = {xj − xi | aij > 0, i, j ∈ G}.

Then the weighted, by edge weights, mean of D is 1.

Proof. Since G is simply forward influenced with l source vertices, we know from [2] that
the dimension of ker(L) is l. We write the linear system (4) as

dixi −
∑
j

ajixj = di.

The first l equations correspond to source vertices and become 0 = 0, so we can choose
any value for xi, i ∈ {1, . . . , l}. Moreover, since the dimension of ker(L) is l, the rest of
the equations can be solved. So we conclude that such x exists.

We have

Mean(D) =

∑
i

∑
j aji(xi − xj)∑
i

∑
j aji

=

∑
i(
∑

j ajixi −
∑

j ajixj)∑
i di

=

∑
i(dixi −

∑
j ajixj)∑

i di

=

∑
i di∑
i di

= 1.

Lemma 1.2 is a straightforward corollary.

Lemma 2.2. Let G be a hierarchically decomposable graph, let Γ1, . . . , Γl be its min-
imal source (resp. sink) subgraphs and let H be the simply forward (resp. backward)
influenced subgraph of G. Let m be the sum of weights of all edges in H and li the sum
of weights of all edges in Γi. Then

η(G) =

∑
i η(Γi)li

m+
∑

i li
,

where η denotes the forward (resp. backward) democracy coefficient.

5



Proof of Lemma 2.2. Let χG be the weighted sum of hierarchical differences of graph G,
weighted by the edge weights. It is trivially true that

χG = χH +
∑
i

χΓi .

From Lemma 2.1 we know that no matter what are the values of the source vertices of
H, the weighted mean of differences will be 1. This means that χH = m. Since the
weighted mean of forward differences of Γi is 1 − ηf (Γi), we have χΓi = (1 − ηf (Γi))li.
From this we get

χG = χh +
∑
i

χΓi = m+
∑
i

(1− ηf (Γi))li.

Then we have

ηf (G) = 1− χG
m+

∑
i li

=
m+

∑
i li − χG

m+
∑

i li

=
m+

∑
i li −m−

∑
i(1− ηf (Γi))li

m+
∑

i li

=

∑
i ηf (Γi)li

m+
∑

i li
.

This proves the lemma for the forward democracy coeffient. By doing the same for GT

we prove the lemma for the backward democracy coeffient.

Based on Lemma 2.2, we conjecture that the democracy coefficient of a graph cannot
be arbitrarily small.

Conjecture 2.3. Let G be a directed (unweighted) graph with m edges. Then

ηf (G), ηb(G) 6∈ (0, 2
m) ∪ ( 2

m ,
3
m).

Moreover, if m > 3, then ηf (G) = 2/m if and only if G is weakly connected and its
minimal source subgraphs are all source vertices except one which is a source pair, i.e.
a strongly connected subgraph with 2 vertices.

Lemma 2.4. A minimal source (or sink) subgraph is strongly connected.

Proof. Let G be a source subgraph that is not strongly connected. This means that
there exist vertices i and j such that there is no directed path from i to j. We define J
to be the set of all vertices from which there is a directed path to j. We define Jc to be
the set of all vertices from which there is no directed path to j. By definition i ∈ Jc. By
construction there are no directed edges from Jc to J , which implies that Jc is a source
subgraph of G, which is a contradiction.

Since a minimal sink subgraph of G is a minimal source subgraph of Gc, we get that
minimal sink subgraphs are also strongly connected.
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Lemma 2.5. A weakly connected graph is hierarchically decomposable if and only if it
is not strongly connected.

Proof. If the graph is strongly connected, then the only source and sink subgraph is the
graph itself, so by definition it is not hierarchically decomposable.

For the other direction, we assume that the graph is not strongly connected and we
repeat the construction of J and Jc from the proof of Lemma 2.4. From Jc we can
construct Γ1, a minimal source subgraph of G and since we know that Γ1 is not the
whole G, we get that G is hierarchically decomposable.

Corollary 2.6. Let G be a weakly connected graph. G is hierarchically decomposable,
if and only if GT is hierarchically decomposable.

Proof. This is a direct corollary of Lemma 2.5, since G is strongly connected if and only
if GT is strongly connected.

Lemma 2.7. Let G be a strongly connected graph. Then ker(L) is spanned by a positive
integer vector.

Proof. As G is strongly connected, the kernel of L is 1-dimensional, see [2]. Moreover,
Proposition 4.1 in [3] shows that there exists a positive integer vector that belongs to
ker(L). These two facts prove the lemma.

Lemma 2.8. Let G be a hierarchically decomposable directed graph and let Γ1, . . . , Γl
be its minimal source subgraphs. Let d be its in-degree vector, L be its in-degree
Laplacian and Li be the in-degree Laplacian of Γi. Then

1. ker(Li) is spanned by a positive vector κi.

2. ker(L) is spanned by the non-negative vectors ki = (0, . . . , 0, κi, 0, . . . , 0), where
i ∈ {i, . . . , l} and the position of κi in ki corresponds to the position of Li in L.

3. kid = 0 if Γi is just a single vertex and kid > 0 otherwise.

Proof.

1. Since Γi is a minimal source subgraph, by Lemma 2.4 it is strongly connected and
by Lemma 2.7 ker(Li) is spanned by a positive vector κi.

2. Since there are l minimal source subgraphs the dimension of ker(L) is l, see [2].
By renaming the vertices, the Laplacian L can be brought to the form

L =


L1 0 . . . 0 C1

0 L2 . . . 0 C2
...

...
. . .

...
...

0 0 . . . Ll Cl
0 0 . . . 0 Cl+1

 .
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It is straightforward to check that the vector ki = (0, . . . , 0, κi, 0, . . . , 0) is in ker(L).
Since we can construct l such vectors and by construction they are orthogonal, they
form a basis of ker(L).

3. Without loss of generality we we will prove this only for Γ1. If Γ1 is a single
vertex then L1 is just the 1 × 1 zero matrix. This means that k1 = (1, 0, . . . , 0)
and d = (0, d2, . . . , dn), thus k1d = 0. If Γ1 is a strongly connected graph with m
vertices, then κ1 is a positive m-vector and the in-degree vector has the form d =
(d1, . . . , dm, . . . , dn). This means that d1, . . . , dm > 0, so we get that k1d > 0.

Lemma 2.9. Let G be a weakly connected graph, L be its in-degree Laplacian and d
be its in-degree vector. Then a vector x that satisfies LTx = d exists if and only if G is
simply forward influenced.

Proof. Lemma 2.1 states that if a graph is simply forward influenced, then the system
LTx = d can be solved.

For the converse we recall from linear algebra that such x exists if and only if the
orthogonal projection of d onto ker(L) is the 0 vector. Let us assume that there exists
a vector x that satsfies LTx = d. Let Γ1, . . . , Γl be the minimal source subgraphs of G.
Let ki, where i ∈ {1, . . . , l}, be the vectors that span ker(L). Since the vector x exists,
this means that dki = 0 for all i ∈ {1, . . . , l}. Then by virtue of Lemma 2.8, Γi is a single
vertex , thus G is simply forward influenced.

Lemma 2.10. Let G be a simple directed graph, let d be its in-degree vector and let L
be its in-degree Laplacian. Let b be the orthogonal projection of d onto ker(L). Then b
is a non-negative vector and

ηf (G) =

∑
i bi∑
i di

.

Proof. Let g be the vector of forward hierarchical levels of G. From the definition of
Section 3.2 we have

ηf (G) = 1−
∑

i

∑
j aji(gi − gj)∑
i

∑
j aji

.

We define

bi := di −

digi −∑
j

ajigj


and the vector b := (b1, . . . , bn). This means that

b = d−Mg = d−MM+d = (I −MM+)d.

The matrix I −MM+ is the orthogonal projector onto the kernel of MT = L, see [4].
So b is indeed the orthogonal projection of d onto ker(L). Lemma 2.8 shows that the
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kernel of L is spanned by non-negative vectors. Since d is also a non-negative vector,
the projection of d onto ker(L) is a non-negative vector, so

∑
i bi ≥ 0.

We have

ηf (G) =

∑
i

∑
j aji −

∑
i

∑
j aji(gi − gj)∑

i

∑
j aji

=

∑
i(di − digi +

∑
j ajigj)∑

i di

=

∑
i bi∑
i di

.

Proof of Lemma 3.4. Since ηf (G) = ηb(G
T ), we will prove the forward version of the

lemma only. The backward version of the lemma is proved by repeating the process for
GT .

We know from Lemma 2.10 that ηf (G) =
∑

i bi/
∑

i di and
∑

i bi > 0. This proves the
first assertion of the lemma.

The second assertion will be proved in two steps. Let g be the vector of HLs of G. First
assume that G is simply forward influenced. This means that the forward hierarchical
levels vector g satisfies the equation Mg = d, i.e. digi −

∑
j ajigj = di for all i. This

gives

ηf (G) = 1−
∑

i

∑
j aji(gi − gj)∑
i

∑
j aji

= 1−
∑

i(digi −
∑

j ajigj)∑
i di

= 1−
∑

i di∑
i di

= 0.

Now we assume that G is a weakly connected graph with ηf (G) = 0, thus
∑

i bi = 0.
Since b is a non-negative vector, we must have b = 0. This implies that the projection
of d onto the kernel of MT is 0 and that d is in the range of M . From this we deduce
that the linear system Mg = d can be solved and we use Lemma 2.9 to deduce that G
is simply forward influenced.

Proof of Lemma 3.5. First we prove that a weakly connected, balanced graph is strongly
connected. Let us assume that the graph is not strongly connected and let us separate
G into a source subgraph Γ and its complement G \Γ. We know that there cannot be a
directed edge from G \ Γ to Γ, but there has to be at least one directed edge from Γ to
G \ Γ. However, since the sum of in-degrees in Γ equals the sum of out-degrees, this is
impossible, so G is strongly connected.

Let L be the in-degree Laplacian of G. Because G is balanced, every row and every
column of L sums to 0. From this we deduce that the vector 1 = (1, . . . , 1) is in the
kernel of both L and LT. Since G is strongly connected, the kernel of L is 1-dimensional,
see [2]. So 1 spans both ker(L) and ker(LT).
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The projection of d onto ker(L) is

b =
d · 1
1 · 1

1 =

∑
i di
n

1.

This means that
∑

i bi =
∑

i di. Then by Lemma 2.10 we get ηf (g) = 1. Since GT is
also balanced, we have ηb(G) = ηf (GT ) = 1.

Proof of Lemma 3.8. For the forward version of the lemma, we know that if di = 0 then
the vertex i is a source subgraph and by definition ηf (G, i) = 1.

Assume that di > 0. We use the vector b of Lemma 2.10. We have

ηf (G, i) = 1−
∑

j aji(gi − gj)∑
j aji

= 1−
∑

j ajigi −
∑

j ajigj

di

= 1−
digi −

∑
j ajigj

di

= 1− di − bi
di

=
bi
di
.

Recall that b is the orthogonal projection of d on ker(L). We use Lemma 2.8 and we see
that for any i with di > 0, bi = 0 if and only if i ∈ G \ ∪iΓi. The same argument for GT

proves the backward version of the lemma.
For the last part of the lemma, we know from Lemma 2.7 that if the graph is strongly

connected, then the ker(L) is spanned by a positive vector, so for every i, bi > 0.
For the converse, we assume that there exist i ∈ G such that ηf (G, i) > 0 and

ηb(G, i) > 0. Since ηf (G, i) > 0, then there exists a minimal source subgraph Γ such
that i ∈ Γ. Similarly, since ηb(G, i) > 0, then there exists a minimal sink subgraph ∆
such that i ∈ ∆. From Lemma 2.4 we know that both Γ and ∆ are strongly connected.
Moreover, since they have a common vertex, they are actually the same subgraph. This
means that since Γ is both a minimal source and minimal sink subgraph, there are no di-
rected edges between Γ and the rest of G. This means that since G is weakly connected,
Γ = G. This concludes the proof.

Proof of Lemma 3.9. LetD beG’s weighted in-degree diagonal matrix and ∆ the weighted
out-degree diagonal matrix. Since G is strongly connected, the vectors d and δ have no 0
entries, which implies that the matrices D and ∆ are invertible. In the proof of Lemma
3.8, we saw that ηf (G, i) = bi/di, where b is projection of d onto ker(MT ). This relation
can be written as e = D−1b, where e is the vector of forward influence centrality of G.

The same argument for GT gives us ε = ∆−1β, where ε is the vector of backward
influence centrality and β is the projection of the weighted out-degree vector δ onto
ker(ΛT ). Let us assume that a random walker on G follows an edge with probability
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proportional to that edge’s weight. Let be P the transition probability matrix of G,
then A = ∆P , where A is the adjacency matrix of G.

We define Q = I −P T and from the fundamental theorem of Markov chains it follows
that the kernel of Q is one-dimensional and that Qπ = 0. We have that Q∆ = (I −
P T )∆ = ∆− P T∆ = ∆−AT = ΛT .

Since β ∈ ker(ΛT ) and ∆ε = β, then ∆ε ∈ ker(ΛT ). This implies that ΛT∆ε = 0 and
since Q∆ = ΛT , we get Q∆2ε = 0. Because the kernel of Q is one-dimensional, π and
∆2ε are parallel vectors. This concludes the proof.

3 Graph Generation

3.1 Preferential Preying Model

The Preferential Preying Model (PPM) was introduced in [5] as a way to generate graphs
that are similar to food webs. In order to generate a graph with PPM we choose N the
number of vertices, B the number of source vertices, E the number of edges and T the
“temperature”. The PPM algorithm is:

1. We introduce B source vertices and no edges.

2. We choose uniformly at random one of the existing vertices i and we add a new
vertex j and the edge i→ j.

3. We repeat step 2 until we have N vertices in total.

4. We assign each vertex i its trophic level si according to the graph we have up to
this point.

5. From all possible edges i→ j such that j is not a source vertex, we choose L−N+B
edges, each with probability proportional to

P(aij = 1) ∝ exp

(
−(sj − si − 1)2

2T 2

)
.

All PPM graphs are simply influenced graphs, so the democracy coefficient is 0. In
Figure 3 we see that the trophic incoherence coefficient almost equals the forward hi-
erarchical incoherence coefficient if they are not small. This is due to the fact that a
perfectly layered graph will have 0 trophic incoherence because its source vertices have
all the same level. In contrast, the forward hierarchical levels of the source vertices vary
depending on the connectivity of the graph. This means that the forward hierarchical
incoherence is rarely 0. This can be seen by comparing the graphs in Figures 1a and
2a.
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(a) (b) (c)

Figure 3: The correlation between temperature, trophic incoherence and hierarchical
incoherence in PPM graphs. (a) Scatter plot of trophic incoherence over temperature.
(b) Scatter plot of forward hierarchical incoherence over temperature. (c) Scatter plot
of forward hierarchical incoherence over trophic incoherence. Notice that there is some
divergence between them only for small values of trophic incoherence.

3.2 Non-Source preferential preying model

The non-source preferential preying model (NSPPM) algorithm is a modification of the
PPM algorithm. In practice we generate a PPM graph and then we make sure that there
are no source vertices. We choose N the number of vertices, B the number of source-like
vertices, E the number of edges and T the “temperature”. The NSPPM algorithm is:

1. We introduce B source vertices and no edges.

2. We choose uniformly at random one of the existing vertices i and we add a new
vertex j and the edge i→ j.

3. We repeat step 2 until we have N vertices in total.

4. We assign each vertex i its trophic level si according to the graph we have up to
this point.

5. From all possible edges i→ j such that j is not a source vertex, we choose L−N+B
edges, each with probability proportional to

P(aij = 1) ∝ exp

(
−(sj − si − 1)2

2T 2

)
.

6. We pick a source vertex i with in-degree 0, we pick another vertex j with probability
proportional to exp(−sj) and we add the edge j → i.

7. We repeat step 6 until all source vertices have in-degree 1.

We find that NSPPM graphs can be separated into two types. The ones with very small
democracy coefficient (smaller than 20/2500) and the one with a democracy coefficient
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(a) (b)

Figure 4: The scatter plots of hierarchical incoherence over democracy coefficient for
NSPPM graphs. Two different regions are visible, one with democracy coefficient be-
tween 0 and 20/2500 and hierarchical incoherence that go up to 25 and another band with
hierarchical incoherence greater than 20/2500 and hierarchical incoherence between 0.6
and 5. (a)A scatter plot with hierarchical incoherence between 0 and 60. (b) A zoomed
in scatter plot with hierarchical incoherence between 0 and 6.

bigger than 20/2500. We can see in Figures 4 and 5 the two different types produce
very different distributions of hierarchical incoherence. The value 20/2500 was chosen
empirically based on the results. If Conjecture 3.6 is true, then it would mean that
for the graphs in the first category the sum of edges in their source subgraphs is 20
or lower, which we always found to be the case. We found that roughly 2% of the
generated graphs fell into this category. This percentage varied a bit with T , with lower
T having higher probability of generating this type of graph. We see that graphs of
the first type have a very wide range of hierarchical incoherence. This depends on the
connectivity of the source subgraph and the topology of the simply forward influenced
subgraph. When the imply forward influenced subgraph has no clear/strong hierarchy,
i.e. resembles a Erdös-Rényi graph, the hierarchical incoherence of the graph tends to be
high. Moreover the hierarchical incoherence tends to be high when the out-neighbours
of its source subgraphs are not clustered together.

4 Contagion Dynamics

For contagion dynamics we used a simple Susceptible-Infected-Susceptible epidemic
model [6]. Even though the model is not very realistic, its simplicity makes it rela-
tively popular. Our aim was to show that the hierarchical structure of a graph can give
us dynamical insight, so this model was deemed sufficient. We assume that each vertex
has two states, susceptible and infected. Following [7], the probability that vertex i is

13



(a) (b) (c)

Figure 5: Scatter plots of hierarchical incoherence and democracy coefficient over tem-
perature for NSPPM graphs. (a) Democracy coefficient over temperature. The graphs
with democracy coefficient less or equal than 20/2500 form a very tight band on the
bottom of the figure. The graphs with democracy coefficient greater than 20/2500 form
a much wider band and there is a clear gap between them. (b) Hierarchical incoher-
ence over temperature of graphs with democracy coefficient greater than 20/2500. A
well defined and relatively narrow band can be seen. (c) Hierarchical incoherence over
temperature of all graphs. For clarity, graphs with democracy coefficient less or equal
to 20/2500 are represented by red points.

infected at time t+ 1 is

P(i is infected at time t+ 1) = fi(t)
α,

where fi(t) is the fraction of i’s in-neighbours which are infected at time t and α is
a positive parameter that controls the infection rate. Notice that the probability does
not depend on the state of i at all. The parameter α is used to tune how infectious the
“disease” is. In our simulation we use α in the range [0.5, 1.7] with step 0.05. A small
α means it easy for a vertex to get infected and a large α means it hard for a vertex
to get infected. For example when α = 0.5, a vertex has probability at least 50% to be
infected if at least a quarter of its in-neighbours are infected. On the other hand, when
α = 1.7, a vertex has probability at least 50% to be infected if at least two thirds of its
in-neighbours are infected.

We generated graphs using NSPPM with N = 500, B = 25 and E = 2500 for tem-
peratures in the range [0.2, 3] with step 0.025. We created 1000 graphs for each set of
parameters and computed the democracy coefficient and the hierarchical incoherence of
each. Then for each values of α we infected the 25 vertices with the lowest hierarchical
level and noted the incidence 1000 times. The simulation continued until the incidence
became 1 or no vertex was infected or it reached time step 1000.

We found that on graphs with small democracy coefficient, of the first type, the
simulation tended to either end quickly with incidence 1 or time out. This is due to
the fact that when a graph has a small forward influencing subgraph, all the vertices
in the subgraph tend to have low hierarchical levels. This means that the subgraph
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Figure 6: Scatter plot of average incidence values from Monte Carlo simulations of the
infection spreading with varying temperature T and infection parameter α.
The average is taken over 1000 runs. (a) Incidence against α for different
values of T . (b) Incidence against T for different values of α.

starts infected, it stays infected for ever. For small α the infection spreads very quickly
everywhere so the simulation exits with incidence 1, but for large α the infection never
disappears so the simulation times out. Because of this we have excluded these graphs
from the results.

On graphs of the second type the infection behaved differently depending on the hier-
archical incoherence. On graphs with high incoherence, the infection spread seemingly
randomly. On graphs with low incoherence the infection looked like a wave that travelled
through the graph. However since NSPPM graphs are PPM graphs where the source
vertices gained an in-neighbour, there can be vertices with low hierarchical level that
have only one in-neighbour with relatively high hierarchical level. This means that as
the infection wave travels through graph, the in-neighbour becomes infected and since
it is the only in-neighbour the vertex become infected. This creates another wave that
travels through the graph. So in graphs with democracy coefficient higher than 20/2500
and low hierarchical incoherence, close to 1, we usually found that the infection spread
through the graph in periodically generated waves.

Figure 6 contains scatter plots of incidence against temperature and infection param-
eter. Graphs of the first type were discarded as well as ones in which the simulations
timed out. The average was taken out of 1000 non timed out simulations. We see that
when α is 1 or smaller the incidence is practically 1. Once α becomes larger than 1,
then T starts playing a role. We see that higher temperature means lower incidence.
Scatter plots of incidence against incoherence and infection parameter can be seen in
Figure 3. Incoherence varied between the interval (0.8, 3.8). Since the incoherence of a
graph cannot be chosen, each average was taken over graphs with incoherence in a small
interval. Because there were fewer graphs towards the edges of the interval, the error is
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Figure 7: Heat map of average incidence values from Monte Carlo simulations of the
infection spreading. (a) Incidence against α and T . (b) Incidence against α
and ρf (G).

larger there. This is visible on the graph. As expected higher incoherence leads to lower
incidence. Heat maps of incidence can be seen in Figure 7. The first figure is the heat
map of incidence against infection parameter and temperature and the second figure is
the heat map of incidence against infection parameter and hierarchical incoherence.
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