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Supplementary Discussion 1: The symmetry test of the atomic tensor expansion 

According to the tensor prediction framework proposed in this work, any atomic 

tensor can be decomposed as the linear combination of the local spatial components 

projected on the edge directions of multiple-sized clusters. By construction, this 

decomposition should take into account the symmetry of the atomic local structures, 

ensuring that the predicted tensor exactly satisfies the symmetry of the crystal. In order 

to confirm the validity of our method and implementation, we have checked whether 

the predicted atomic forces with the atomic tensor expansion satisfy the local atomic 

symmetry. We used the ideal structures of graphene, BN, and diamond to test the 

symmetry of the forces predicted by ETGNN. The test structures are shown in Fig. S1.  

Each atom in graphene and BN is coordinated with three nearest neighbor atoms, 

which satisfy the C3v point group symmetry. Each carbon atom in the diamond is 

coordinated with four nearest neighbor atoms to form a regular tetrahedron, which has 

the symmetry of the Td group. In the ideal symmetric structures of these three crystals, 

the sum of the forces acting on the central atom is always zero under the constraints of 

the local symmetry of each atom. 

 

Fig. S1: The crystal structures that are used to test the symmetry of atomic tensor expansions: 

(a) graphene, (b) BN, and (c) diamond. 

Since our proposed atomic tensor expansion satisfies the atomic local symmetry, the 

force predicted for each atom in these three structures should always be zero under 

arbitrary network weights. An ETGNN model was initialized with random weights and 

then was used to predict the forces on each atom in these three structures. The predicted 

force vector on each atom is shown in Table S1. Although the ETGNN model has never 

been trained on these three crystals, all the predicted atomic forces are exactly zero 

within the numeric precision. This illustrates that the predicted force vectors 
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represented by our proposed tensor expansion satisfy the symmetry of the atomic 

structure. This result is determined by the local symmetry of each atom and does not 

depend on the network weights. 

 

Table S1: The predicted forces on each atom in the ideal structures of graphene, BN, 
and diamond. 

Crystals Atoms Forces (eV/Å) 

Graphene 
C1 0.0, -5.96×10-8, 0.0 

C2 0.0, -3.58×10-7, 0.0 

BN 
B1 2.98×10-8, 1.49×10-8, 0.0 

N1 7.45×10-9, 7.45×10-9, 0.0 

Diamond 

C1 0.0, 0.0, 0.0 

C2 0.0, 0.0, 0.0 

C3 0.0, 0.0, 0.0 

C4 0.0, 0.0, 0.0 

C5 0.0, 0.0, 0.0 

C6 0.0, 0.0, 0.0 

C7 0.0, 0.0, 0.0 

C8 0.0, 0.0, 0.0 

 

 

 

 

 

Fig. S2: Tests on JARVIS-DFT1 dataset. Comparison of ETGNN predicted (a) BECs, 

(b) maximum BECs, and (c) DL tensors with the DFT calculated values on the test 

JARVIS-DFT dataset. 
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Table S2: Hyperparameters for all the reported experiments. 

System 
Batch 

size 

Cutoff 

radius (Å) 

Learning 

rate (lr) 
lr decay

Activation 

function 
Optimiser

Bulk Cu 20 6 0.0005 0.5 ELU2 AdamW3 

Bulk Ge 10 6 0.0001 0.5 ELU AdamW 

Bulk Si 10 6 0.0001 0.5 ELU AdamW 

Bulk Al2O3 10 6 0.0005 0.5 ELU AdamW 

Bulk C5H5N 10 6 0.0001 0.5 ELU AdamW 

Bulk TiO2 10 6 0.0001 0.5 ELU AdamW 

MoS2+Pt 20 6 0.0001 0.5 ELU AdamW 

Al2O3 40 6 0.0005 0.5 ELU AdamW 

SiO2 40 6 0.0005 0.5 ELU AdamW 

HfO2 40 6 0.0005 0.5 ELU AdamW 

AlN 60 6 0.0005 0.5 ELU AdamW 

CdS 60 6 0.0005 0.5 ELU AdamW 

ZnO 60 6 0.0005 0.5 ELU AdamW 

 

 

Supplementary Discussion 2: The search for the optimal hyperparameters 

The hyperparameters include the parameters that define the network architecture and 

the training parameters used in the training process. Unlike the weights in the network 

that can be automatically optimized by backpropagation, the optimal hyperparameters 

are chosen based on the test accuracy obtained from a series of models with different 

hyperparameters. We tested the effect of different hyperparameters on the accuracy of 

ETGNN with the dataset of Born effective charges of 3992 SiO2 perturbed structures. 

The 60%, 20%, and 20% of the calculated BECs were used as the training, validation, 

and test set, respectively. 

Fig. S3 shows the effect of different training parameters on the accuracy of ETGNN 

on the test dataset. Batch size is the number of samples selected for each training step 

and can affect the accuracy and the training speed of networks. A too small batch size 

is not conducive to improving the utilization of GPU, while a too large batch size will 

reduce the optimization rate for network weights. Therefore, it is important to choose a 

suitable batch size. Fig. S3(a) shows that the loss value corresponding to batch size 20 

is the lowest and that the loss value increases with the growth of the batch size. Since 



S5 
 

the loss value corresponding to the batch size 40 is very close to that of the batch size 

20, setting the batch size to around 40 can achieve the best compromise between the 

training speed and accuracy. In the training process, the initial learning rate can also 

affect the accuracy of the network. We compared the loss values on the test set with 

initial learning rates of 1.0×10-5, 5.0×10-5, 1.0×10-4, 5.0×10-4, 1.0×10-3, as shown in Fig. 

S3(b). The loss values corresponding to the initial learning rates of 5.0×10-4 and 1.0×10-3 

are almost the same and lower than those of other initial learning rates.  

We compared the accuracy of different ETGNN models under the network 

hyperparameters listed in Table S3. The Euclidean loss values of the ETGNN models 

under various hyperparameter combinations on the test set are shown in Fig. S4. The 

optimal combination of the network hyperparameters shown by the green line in Fig. 

S4 has the lowest loss value. The corresponding optimal hyperparameters are displaced 

in bold in supplementary Table S3. 

 

 

Fig. S3: The effect of different (a) batch sizes and (b) initial learning rates on the loss 

value. 

  



S6 
 

 

Table S3: The list of the network hyperparameters that are optimized in this work. Each 

optimal hyperparameter is displayed in bold. 

Hyperparameters values 

Number of hidden channels 64, 96, 128, 160, 192 

Number of update blocks 2, 4, 6 

Activation function Swish4, ELU2, SiLU5 

Cutoff function Polynomial envelope6, Cosine7 

Radial basis function Gaussian, Bessel 

 

 

 

Fig. S4: The parallel coordinates plot of the network hyperparameters. The line 

representing the optimal combination of the network hyperparameters that has the 

lowest loss value is plotted in green. 

 

Supplementary Discussion 3: Proof of the invariance of the loss function of the 

tensors 

The Euclidean distance between the predicted tensor and the target tensor is used as 

the loss function in the present work. Here we take the most common first-order and 

second-order tensors as examples to demonstrate the invariance of the loss functions of 

tensors with respect to the rotation of the coordinate system. The loss functions of the 

forces (�⃗�) and the second-order tensors (T) are defined as follows: 
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where Nb is the number of forces or tensors contained in each mini-batch. The proof of 

the invariance of the loss function of the force is as follows: 
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Note that R is the rotation matrix. Similarly, we can prove the invariance of the 

Euclidean loss function of second-order tensors. For convenience, we express the loss 

function of the second-order tensor defined in equation (S2) in the form of linear 

algebra as follows: 
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Under the rotation described by the rotation matrix R, the loss function of the second-

order tensor T can be written as: 
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Equation (S5) shows that the Euclidean loss function of second-order tensors is 

rotationally invariant. The following linear algebra formulas are used in the above proof 

process: 

 T T TAB B A                           (S6) 

 TA tr AA                           (S7) 

     tr ABC tr CAB tr BCA                      (S8) 
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