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Abstract

Polarizable force fields are central to computational chemistry and biochemistry;

however, they are largely empirical or semi-empirical. Here we propose and demon-

strate a ∆-Machine Learning approach to correct such force fields to the gold standard

coupled cluster level of theory. This is done explicitly for the TTM2.1-F water poten-

tial. Specifically we correct this potential up to 4-b interactions. The new potential

achieves unprecedented accuracy for eight low-lying isomers of the water hexamer and

20-mer clusters. Rigorous diffusion Monte Carlo (DMC) calculations of the dissociation

energies of the water dimer and trimer using the ∆-corrected potential are in excellent

agreement with experiment. In addition, the new potential is robust for unconstrained

DMC calculations for the hexamer, as well as VSCF/VCI calculations of the IR spec-

trum of the book and ring isomers, which agree well with experiment. We show for 256

monomers that the ∆-corrected potential is negligibly more computationally intensive

than TTM2.1. Thus, the many-body ∆-Machine Learning approach provides a new

scheme to significantly elevate the accuracy of conventional force field in a computa-

tionally efficient manner.



Introduction

Force fields (FFs) describing large molecules, many-atom or many-molecule non-reactive in-

teractions are pervasive in computational chemistry, biology, and materials research. Among

these are many-body polarizable force fields with efficient parameterizations which have been

reviewed recently.1–3 There have also been recent advances using a variety of machine learning

(ML) approaches to develop DFT-based (and even high-level) force fields which are inher-

ently many-body.4 Of course there is no free lunch, and the latter force fields are generally

much more expensive to use than the former ones.

Polarizable FFs for water are perhaps the most intensively developed of all such FFs.

These have been critically reviewed recently.5 Here we comment on just those points of

relevance to this paper. Analytical expressions for the the long-range many-body induction

have been know for years and these have been used in some of the first polarizable FFs. Of

course these expressions fail (both physically and mathematically) in the short range and

thus are typically damped to zero there. Replacing these interactions, and even the 2-body

dipole-dipole interaction, in the short range is of course non-trivial. This is challenging

starting even at the 2-b level. Perhaps the first attempt to do this was for the TTM3-F

many-body FF.6 In this FF the 2-b interaction was simplified to an O-O interaction which

was fit to MP2 calculations using the “exp-6” functional form. This was followed by the CC-

pol potential which, in version one, was a full six-dimensional fit to CCSD(T) 2-body energies

for rigid monomers and correct long-range electrostatic interactions for higher body terms.7

HBB1 was the first full-dimensional fit to CCSD(T) energies, and MP2 dipole moments for

the flexible water dimer8 using permutationally invariant polynomials (PIPs).9 Progress to

extend that approach to fit the ab initio flexible 3-b interaction came quickly after that and

the FFs including that interaction are known by the acronyms WHBB10,11 and MB-pol.12,13

(Prior to those full-dimensional 3-b potentials a rigid-monomer ab initio 3-b interaction

potential was reported.14) Many papers have appeared now using these potentials, especially

MB-pol which runs faster than the WHBB one. Very recently we reported a new water
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potential, q-AQUA,15 which includes for the first time a PIP fit to CCSD(T) 4-b energies.

Strictly, don’t consider this to be FF, as it is restricted to 1, 2, 3, and 4-b interactions.

However, this truncation of the many-body interactions appears to be sufficient for many

challenging applications from clusters to the condensed phase, as described in the paper and

references therein.

In this paper, we investigate applying ∆-Machine Learning (ML)16–22 as a general way to

correct a many-body force field and apply the approach to develop a new water FF. ∆-ML,

and in objective, Transfer Learning,23,24 aims to bring a ML model based on a lower level of

electronic structure theory, typically DFT, to a higher level of theory, ideally the CCSD(T)

level. For a recent Perspective on both methods see ref. 25. In our approach for FFs the

expression for this extension is simple, namely

V∆-ML+MB-FF = VMB-FF +
N
∑

i>j

∆V2-b(i, j) +
N
∑

i>j>k

∆V3-b(i, j, k) +
N
∑

i>j>k>l

∆V4-b(i, j, k, l) + · · · ,

(1)

where VMB-FF is the force field and ∆Vn−b are the many-body corrections to the MB-FF

many-body terms. These are given by the difference between CCSD(T) and MB-FF n-body

(n-b) interaction energies. In general the n-b interaction energy is obtained from a cluster

of n monomers. For example, the 2-b interaction is obtained by calculating the total energy

of the dimer (two monomers) and subtracting all the 1-b interactions from the total energy.

Note for simplicity, we assume that an accurate 1-b term, e.g., the single monomer is given

in the MB-FF. Note if the MB-FF is given by an MB expansion, the corrections ∆Vn−b are

obvious term-by-term.

We demonstrate this approach to the TTM2.1-F polarizable water FF26 up to 4-b interac-

tions. In this case, VMB-FF is VTTM2.1 and the 1-b term is the accurate isolated H2O potential

of Partridge and Schwenke.27 We corrected the 2-b, 3-b and 4-b interactions targeting the

CCSD(T) level of accuracy. The datasets of CCSD(T) energies for 2, 3 and 4-b interactions

were recently reported by us in developing a new water potential, q-AQUA,15 that is exactly
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truncated at the 4-b level, which we showed is very accurate from clusters to the condensed

phase. It is certainly of interest to extend to higher-body interactions, and that is achieved

using the current approach, but relying on TTM2.1 for 5- and higher-body interactions. The

role of 4-b interactions has been well-established in the literature and the interested reader

is referred to recent refs. 28,29 and references cited therein. Based on this work we recently

created a 4-b CCSD(T) energy dataset29 that was fit using PIPs.9,30–32 That fit, together

with PIP fits to extensive new ones for 2 and 3-b CCSD(T) energies, constitute the q-AQUA

potential, as noted already.

In principle these datasets and PIP fitting approach can be used to create the ∆Vn−b

needed here. In brief, this was done; however, the fitting error of the dominant ∆V2−b

interaction was larger than desired. The RMS fitting error was roughy 30 cm−1 owing

to the large range of the 2-b dataset and perhaps more importantly the major failure of

the TTM2.1 2-b interaction at short range. And so fitting the difference turned out to a

challenge. Reducing that error is straightforward by increasing the maximum polynomial

order of the PIP basis. But this comes at a substantial increase in the computation time.

So instead we represent ∆V2−b as the direct difference between q-AQUA and TTM2.1 V2−b

interactions. For the 3 and 4-b interactions, PIP fits to ∆V3−b and ∆V4−b were done and

these resulted in small RMSE fitting errors. These are described in the Methods section.

Finally, we note that fast analytical gradients are obtained with the new PES. And we

also note in passing that the MB-pol12,13 and WHBB10,33,34 potentials are based on the same

general approach, however, implemented in different ways. MB-pol relies on the TTM4

potential26 and WHBB relies on the TTM3 potential6 for 4- and higher body interactions.
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Results and Discussion

Sample potential cuts for 2-b, 3-b, and 4-b interactions

The first results focus on the large 2-b interaction, which is the interaction of highest mag-

nitude. Fig. 1 shows two cuts of the 2-b potential as a function of the OO distance, where

comparisons are made between the CCSD(T)/CBS points, the TTM2.1-F interaction po-

tential, and the ∆-ML corrected TTM2.1-F potential. As seen, TTM2.1 becomes rapidly

inaccurate as the OO decreases for both geometries shown. Also it is clear that the corrected

2-b is in excellent agreement with direct CCSD(T)/CBS energies. Note that for clusters and

bulk there are relatively few 2-b interactions and so the direct calculation of TTM2.1 and

q-AQUA 2-b interactions does not take a significant fraction of the total computational time.

Figure 1: (A) Comparison of the ∆-ML corrected TTM2.1-F 2-b potential and direct
CCSD(T)/CBS energies for an attractive cut. (B) Comparison of the ∆-ML corrected
TTM2.1-F 2-b potential and direct CCSD(T)/CBS energies for a repulsive cut.

As noted already the 3-b and 4-b corrections are done using fits to ∆V3−b and ∆V4−b.

Details are given in Methods. Figure 2 panel A shows a scatter plot of the ∆V3−b data (not

a fit) vs the maximum OO distance in a trimer. As seen, many of these are less than 1

kcal/mol; however, a large number are several kcal/mol and as large as 10 kcal/mol. These
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Figure 2: (A) Distribution of ∆V3−b correction energies (V CCSD(T)
3−b − V TTM2.1-F

3−b ) and OO
distance. (B) Correlation between fitted ∆V3−b correction energies and reference data. (C)
Comparison of the ∆-ML corrected TTM2.1-F 3-b potential, the TTM2.1-F 3-b potential,
and the direct CCSD(T) energies for an attractive cut. (D) Comparison of the ∆-ML cor-
rected TTM2.1-F 3-b potential, the TTM2.1-F 3-b potential, and the direct CCSD(T) en-
ergies for a repulsive cut. All the CCSD(T) energies are calculated at CCSD(T)-F12/aVTZ
level of theory
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Figure 3: (A) Distribution of ∆V4-b correction energies (V CCSD(T)
4-b −V TTM2.1-F

4-b ) as a function
of the maximum OO distance in a tetramer. (B) Correlation between fitted ∆V4-b energies
and reference data. (C) Comparison of the ∆-ML corrected TTM2.1-F 4-b potential, the
TTM2.1-F 4-b potential, and the direct CCSD(T)-F12 energies for a monomer-trimer cut.
(D) Comparison of the ∆-ML corrected TTM2.1-F 4-b potential, the TTM2.1-F 4-b poten-
tial, and the direct CCSD(T) energies for a dimer-dimer cut.
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are clearly significant errors in the TTM2.1 3-b interaction. Panel B shows the correlation

plot of the precise ∆V3-b PIP fit (described in detail below). Panels C and D show two 1-d

cuts when one of the monomer is moved away from the dimer. As one can see, the ∆V3−b

energy can be very large at short range, indicating the inaccuracy of the TTM2.1-F force field

in this range; this is also clearly shown in the two potential cuts. The fitting brings the 3-b

interaction into much better agreement with CCSD(T) energies. An analogous cut showing

the dissociation to three monomers is given in the Supplementary Information. Similarly,

Figure 3 panel A shows a scatter plot of the ∆V4−b data (not a fit) vs the maximum OO

distance in a tetramer and again significant errors in the TTM2.1-F 4-b is seen. Panel B

shows the correlation plot of the ∆V4-b PIP fit. Panels C and D show two 1-d cuts when one

of the monomer and a dimer are moved away from the remaining water molecules; again the

∆V4-b correction brings the TTM2.1-F into better agreement with CCSD(T)-F12 energies,

especially at the short range.

Energy analysis of the water hexamer isomers

The isomers of the water hexamer play a major role in both experimental and theoretical

studies of water clusters. The lowest energy isomers are non-cyclic.35,36 The energies of eight

isomers have become a standard test of the fidelity of a water FF.37 A detailed analysis of the

electronic energies of the eight isomers is given Table 1. The electronic dissociation energies,

De, for the corrected FF is much better agreement the benchmark CCSD(T) result than the

TTM2.1 ones. In particular the Prism is incorrectly predicted to be number 4 in dissociation.

The corrected FF has unprecedented agreement with the CCSD(T) results compared to MB-

pol38 and even slightly better than q-AQUA.15 The detailed n-body analysis presented in

Table 1shows the accuracy of the ∆-corrected FF for each n and, impressively, for n > 4

TTM2.1 provides the additional small term that results excellent accuracy of the ∆-ML

corrected FF. This analysis is presented graphically in Fig. 4. The results shown there in

the Table 1 are even more accurate those from our q-AQUA potential, which is truncated at
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the 4-b level15 and also more accurate than the MB-pol potential.38

Table 1: 2-b, 3-b, 4-b and total dissociation energies (kcal/mol) for various water hexamer
isomers.

De 2-b energy
Isomer CCSD(T)a ∆-ML TTM2.1-F CCSD(T)b ∆-ML TTM2.1-F

+ TTM2.1-F + TTM2.1-F
Prism 45.92 45.90 43.95 -38.94 -39.07 -38.80
Cage 45.67 45.59 44.63 -38.47 -38.49 -39.15
Book 1 45.20 45.04 44.28 -36.02 -35.97 -37.51
Book 2 44.90 44.78 44.10 -36.13 -36.04 -37.69
Bag 44.30 44.30 43.38 -35.28 -35.38 -37.09
Ring 44.12 44.01 43.38 -32.71 -32.59 -35.04
Boat 1 43.13 43.18 42.82 -32.30 -32.27 -34.82
Boat 2 43.07 43.12 43.05 -32.24 -32.21 -34.89
MAE / 0.07 0.84 / 0.07 1.64

3-b energy 4-b energy
Isomer CCSD(T)a ∆-ML TTM2.1-F CCSD(T)b ∆-ML TTM2.1-F

+ TTM2.1-F + TTM2.1-F
Prism -8.70 -8.73 -6.96 -0.66 -0.58 -0.69
Cage -8.97 -9.04 -7.29 -0.53 -0.47 -0.62
Book 1 -10.38 -10.36 -8.01 -1.08 -1.07 -1.05
Book 2 -10.11 -10.15 -7.85 -1.00 -1.00 -0.98
Bag -10.35 -10.36 -7.80 -1.16 -1.09 -1.03
Ring -11.78 -11.81 -8.91 -1.78 -1.70 -1.52
Boat 1 -11.34 -11.44 -8.69 -1.63 -1.57 -1.42
Boat 2 -11.34 -11.41 -8.79 -1.61 -1.57 -1.43
MAE / 0.05 2.33 / 0.05 0.12

higher-body (> 4-b) energy
Isomer CCSD(T)a ∆-ML TTM2.1-F

+ TTM2.1-F
Prism 0.06 0.06 0.06
Cage 0.01 0.03 0.03
Book 1 -0.04 -0.06 -0.06
Book 2 -0.02 -0.04 -0.04
Bag -0.01 -0.06 -0.06
Ring -0.20 -0.23 -0.23
Boat 1 -0.17 -0.21 -0.21
Boat 2 -0.17 -0.21 -0.21
MAE / 0.03 0.03

a CCSD(T)/CBS data from Ref. 39
b CCSD(T)/CBS data from Ref. 38
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Figure 4: Binding energies (A), 2-body energies (B), 3-body energies (C) and 4-body energies
(D) for water hexamer isomers from TTM2.1-F, ∆-ML corrected TTM2.1-F and benchmark
CCSD(T) calculations (taken from refs. 39 and 38).
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Energies of isomers of the 20-mer

Recently, Heindel et al. reported benchmark electronic dissociation energies of several 20-

mers.40 This is a stringent test of a FF and this was done for TTM2.1-F and also for the

MB-pol FF. For the latter, the energies are roughly 5 kcal/mol lower than the benchmark

values. This is just 2.5 percent of the De of roughly 200 kcal/mol. A comparison of these

benchmark energies with those from TTM2.1-F and the ∆-ML corrected FF are given in

Table 2. Using TTM2.1-F optimized geometries, the dissociation energies are very close

to the MP2 benchmark ones. However, it is noted that upon using the same MP2/aVDZ

optimized geometries, the TTM2.1-F energies are ∼9 kcal/mol higher than the MP2/aV5Z

data. This indicates that the geometry optimization using TTM2.1-F force field results

in significant change on the geometries of these isomers. As to ∆-ML corrected TTM2.1-

F potential, the structures of the three isomers do not undergo significant change during

optimization and the dissociation energies using optimized geometries are close to the MP2

and also CCSD(T) benchmark results.

Table 2: Electronic dissociation energies (in kcal/mol) of three (H2O)20 isomers.

Isomer MP2/aV5Z MP2/CBS TTM2.1-F ∆-ML
+TTM2.1-F

A3 -202.1 199.2± 0.5a (−200.8± 2.1b) -202.2c (-193.4)d -196.2c (-194.7)d

A2d -202.1 n.a. -202.0c (-193.4)d -198.1c (-196.7)d

9 -201.5 n.a. -202.2c (-193.6)d -197.0c (-195.6)d

a Ref. 40
b CCSD(T)/CBS dissociation energy from Ref. 40
c Energies using PES optimized geometries
d Energies using MP2/aVDZ optimized geometries

Diffusion Monte Carlo calculations of D0 for the dimer and trimer

Unconstrained diffusion Monte Carlo (DMC) calculations were preformed for the zero-point

eneriges of the water dimer and trimer using the ∆-CCSD(T) corrected TTM2.1-F FF. De-

tails of those calculations are given in Methods. Recall that these are rigorous “exact" quan-
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tum calculations and when combined with the electronic dissociation energy (De) and exact

ZPE of the water monomer give the exact dissociation energy, D0. Table 3 shows the elec-

tronic dissociation energy (De), ZPEs of the reactants and products, and ZPE-corrected dis-

sociation energy (D0) for the following dissociations: (H2O)2→2H2O, (H2O)3→2H2O+H2O,

and (H2O)3→3H2O. As seen, agreement with experiment is excellent. Agreement is also

excellent with DMC calculations of D0 for the dimer using the HBB211 and MB-pol41 po-

tentials, both of which potentials predict 1101 cm−1. These values are also in excellent

agreement with D0 reported for the dimer42 using the recent flexible CCpol-8sf potential.43

For the water trimer the present results are in excellent agreement with previous DMC cal-

culations using WHBB,44 2724 cm−1, and MB-pol,41 2693 cm−1. Also there is very good

agreement for dissociation to three monomers, namely 3854 cm−1 for WHBB and 3794 cm−1

for MB-pol.

Table 3: Electronic dissociation energy (De), ZPEs of the reactants and products, and ZPE-
corrected dissociation energy (D0) for water dimer and trimer. Energies are in cm−1

.
Dissociation De ZPE (react.) ZPE (prod.) D0 D0 (expt.)

(H2O)2→2H2O 1739 9912±1 9272±1 1099±2 1105± 10 a

(H2O)3→2H2O+H2O 3769 15613±4 14548±2 2704±6 2650±150 b

(H2O)3→3H2O 5508 15613±4 13908±2 3803±6 NA

a From Ref. 45
b From Ref. 46

Finally, note that we performed exploratory DMC calculations using 20 000 walkers and

25 000 steps for the hexamer using the new PES and did not find “holes”, i.e., regions of

spuriously large negative energies. The ZPE of the cage isomer is roughly 70 cm−1 lower

than that of the prism isomer (both ZPEs are referenced to the electronic energy of the

prism isomer), in semi-quantitative agreement with the results using q-AQUA,15 though the

uncertainties in this work is much larger due to the smaller number of walkers and steps.
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IR spectra of hexamer book and ring isomers

The identification of the various isomers of the hexamer via IR spectroscopy has played a

major role in the fruitful interaction between theory and experiment.35,47 In particular, the

IR spectra of the higher-energy ring48,49 and book isomers50,51 have attracted the attention of

theorists. Previously we applied the WHBB potential and DMS in VSCF/VCI calculations

of the IR spectra of numerous isomers in the region on the intramolecular bend and stretch,

where experiments have been reported.52 Those earlier results showed very good agreement

with experiment and settled a controversy about the origin of a strong H-bond OH-stretch

band in the Ring isomer. Here these spectra provide another important demonstration of

the success of the current approach. Results are given in Fig. 5 for the Ring isomer and

in Fig. 6 for the Book isomer. First consider Fig. 5, where the experimental spectrum is

divided into two regions due to overlapping experimental spectra of both the ring and book,

as determined by our previous calculations52 and the present ones using the ∆-ML corrected

PES. Note that the peak at roughly 3180 cm−1 is due to the overtone of the monomer bend

and did settle the controversy about the origin of the experimental peak seen at around 3220

cm−1. More details and discussion can be found in reference 52. For the present purpose,

we note the poor agreement with experiment using the TTM2.1 potential, with the WHBB

DMS, in identical VSCF/VCI calculations. The improvement of that spectrum just using the

2-b correction (not shown) is significant but not in quantitative agreement with the ∆-ML

corrected spectrum.

The corresponding comparisons with experiment for the book isomer are given in Fig.

6. As seen, theory with the ∆-corrected reproduces the complex experimental spectrum

well, whereas the spectrum obtained using TTM2.1 does not. For completeness we note that

dipole moment surface is a 1- and 2-body one that has been described and tested previously.54

Calculated spectra for the prism and cage isomers are given in Supplementary Information

and those using the ∆-corrected are, we believe, realistic predictions that may guide future

experiments to obtain these spectra.
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Figure 5: Theoretical VSCF/VCI spectra of the water ring hexamer using TTM2.1-F and
∆-ML corrected TTM2.1-F potential, compared to the experimental spectrum from Ref.
49,53. The purple line portion of the experimental spectrum is due to other water clusters
smaller than the hexamer.
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Figure 6: Theoretical VSCF/VCI spectra of the water book hexamer using TTM2.1-F and
∆-ML corrected TTM2.1-F potential, comparing with experimental spectrum from Ref. 51.
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Timing

Finally, we examine the additional computational cost in making the ∆-ML correction to the

TTM2.1-F force field. This is an important aspect of ML FFs, as noted in the Introduction.

Table 4 shows the computational cost of the ∆-ML corrected TTM2.1-F model for both

energy and gradient calculations for a 256-water system, using one single core or multiple

cores of 2.4 GHz Intel Xeon processor, where the cost for each correction term ∆Vn−b is

also listed. The 256-water structure is chosen from MD simulation of liquid water using our

recently developed water potential, q-AQUA.15 Note, the number of terms given is less than

the factorial result owing to the use of the finite range switching function. For example, the

total number of 3b interaction terms in this 256mer water system is







256

3






= 2, 763, 520,

however, only 3b interactions with maximum O-O distance smaller than 7.0 Å are considered

for correction, which resulting in only 20,790 ∆V3−b terms. It is also straightforward to do

multi-core processing (using OpenMP) of the ∆Vn−b terms and that is clearly effective as

shown in Table 4. Using 8 cores, the additional time to evaluate the ∆ correction is almost

negligible for both energy and gradient calculations. It is less straightforward (for us) to

parallelize TTM2.1 using OpenMP.

Table 4: The computation cost of the ∆-ML corrected TTM2.1-F potential for energy and
gradient calculations of a 256 water system

Time for energy (s) Time for energy+gradient (s)
Component Number 1 core 8 core 1 core 8 core
TTM2.1-F / 2.17 2.17a 2.17 2.17a

∆V2-b 3816 0.25 0.03 0.59 0.07
∆V3-b 20790 0.58 0.08 2.47 0.35
∆V4-b 28786 0.31 0.04 1.07 0.15

Total 3.31 2.32 6.30 2.74
a Current TTM2.1-F force filed code is not parallelized

The corresponding timing for an energy plus gradient on 8 cores for the q-AQUA potential

is 0.97 sec on the same cluster (reported in Table S5 of ref. 15). This is only 2.8 times faster
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than the present ∆-corrected FF and most of this factor is accounted for by the timing of

TTM2.1. This is further motivation to speed up this FF.

Summary and Conclusions

By application to the polarizable TTM2.1 force field for water, we have shown than ∆-

Machine Learning can be successfully applied to force fields that are explicitly of implicitly

many-body. The ∆-Machine Learning method used was at the gold standard CCSD(T)

level where we made use of our recent extensive 2-b, 3-b, and 4-b datasets. Explicitly high-

dimensional ∆Vn−b correction terms were determined. For the 2-b correction ∆V2−b is given

explicitly by the 2-b term in our recent q-AQUA potential minus the 2-b interaction in

TTM2.1 For 3- and 4-b corrections ∆Vn−b are permutationally invariant polynomial fits to

3- and 4-b energy differences between corresponding CCSD(T)and TTM2.1 energies. These

fits are fit to high-dimensional data sets, i.e., for the 4-b correction, ∆V4−b is 12-atom full-

dimensional that is a function of all (66) Morse transformed internuclear distances. The fits

are invariant with respect to all permutations of monomers and with respect to the two H

atoms of each monomer.

The new ∆-ML TTM2.1 force field was shown to be of unprecedented accuracy for the

electronic energies of the the water hexamer isomers and isomers of the 20-mer. This new

force field is also robust for unconstrained diffusion Monte Carlo calculations. These were

performed to obtain rigorous dissociation energies of the water dimer and trimer and were

shown to be in excellent agreement with previous calculations and experiment. Finally,

VSCF/VCI calculations of the IR spectra of hexamer ring and book were shown to be in

very good agreement with experiment.

Future work will focus on applications of the CCSD(T)-corrected TTM2.1 force field for

the condensed phase and for DMC calculations of large water clusters. These will benefit

from needed optimization and parallelization of the TTM2.1 software, which is our next
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specific goal.

Finally, the success of the proposed approach to correct the TTM2.1 force field leads

us to conclude that the approach should be widely applicable to force fields. Indeed great

progress in computational efficiency has been reported for general polarizable FFs, see for

example ref. 55, and it would interesting to apply the current approach to such FFs.

Methods

Details of the fits for ∆V3−b and ∆V4−b, and essential details of the DMC and VSCF/VCI

calculations are given below.

Electronic Energies and Fits

The ∆-ML 3-b correction potential, ∆V3−b, was fitted from a database of 42710 reference en-

ergies of water trimer structures. These trimer structures were selected from the 3-b database

in Ref. 15 with maximum OO distance in the range of [2.0,7.5] Å. For each trimer struc-

ture, the ∆V3−b correction energy was computed as the difference between BSSE-corrected

CCSD(T)-F12a/aVTZ and TTM2.1-F 3-b energies. The data set was fit using 4th-order

222111-symmetry permutational invariant polynomials which are functions of Morse vari-

ables, exp(−rij/a), where rij is the internuclear distance and a = 2.5 bohr. The fitting

RMS error for the whole data set is 9 cm−1. For the consideration of both computationally

efficiency and accuracy, we applied a smooth switching function when the maximum OO

distance is within [6.0, 7.0] Å for the ∆V3−b correction potential to make it decay to 0

smoothly in the long range region.

The ∆-ML 4-b correction potential, ∆V4−b, is a fit to a dataset of 3692 tetramer structures

and corresponding reference energies computed at CCSD(T)-F12/haTZ (aug-cc-pVTZ basis

for O atoms and cc-pVTZ for H atoms) level of theory. This is the same data set we used

to develop the 4-b component of the q-AQUA potential,15 except that in this work we fit
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to the difference between CCSD(T) and TTM2.1-F 4-b energies rather than to direct 4-b

energies. The fitting basis is the same as described in q-AQUA 4-b and the ∆-ML 4-b to

MB-pol;56 briefly, it consists of 200 “super PIPs” of Morse variables. The fitting RMS error

for the whole data set is 6.3 cm−1. Similar to the ∆V3−b, a smooth switching function is

applied to make ∆V4−b decay to 0 smoothly when the maximum OO distance in a tetramer

is within [6.0, 6.5] Å.

Diffusion Monte Carlo Calculations

The diffusion Monte Carlo (DMC) method is based on the similarity between the diffusion

equation and the imaginary-time Schrödinger equation with an energy shift Eref

∂ψ(x, τ)

∂τ
=

N
∑

i=1

h̄2

2mi

∇2

iψ(x, τ)− [V (x)− Eref]ψ(x, τ) (2)

The reference energy Eref in the above equation is used to stabilize the diffusion system

in its ground state and thus is the estimator of the zero-point energy.57 We employed the

unbiased, unconstrained implementation of DMC,58 in which the DMC calculation starts

from an initial guess of the ground-state wave function, represented by a population of

N(0) equally weighted Gaussian random walkers. These walkers then diffuse randomly in

imaginary time according to a Gaussian distribution. The population is controlled by a

birth-death processes, described elsewhere.58 To maintain the number of random walkers at

about the initial value N(0), Eref is adjusted at the end of each time step according to

Eref(τ) = ⟨V (τ)⟩ − α
N(τ)−N(0)

N(0)
(3)

where N(τ) is the number of walkers at the time step τ , α is a feedback parameter, typically

around 0.1, and ⟨V (τ)⟩ represents the average potential energy of all of the walkers at that

step. Finally the average of the Eref provides an estimate of the ZPE.

In this study, the DMC calculations were carried out for water monomer, dimer, trimer,
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and three isomers of the water hexamer (prism, book, and cage). The ZPEs of the dimer and

trimer are subsequently used to compute the dissociation energies of the dimer and trimer,

while the calculations for the hexamer are mainly exploratory. In these DMC calculations,

the imaginary time step ∆τ = 5 a.u. and α = 0.1. For monomer, dimer and trimer, five

DMC calculations were performed for each system. In each DMC calculation, the number of

walkers is 40,000, and these walkers are equilibrated for 5,000 time steps followed by 30,000

propagation steps. The statistical uncertainty is estimated as the standard deviation of the

5 DMC runs for the same system.

VSCF/VCI Calculations

Vibrational self-consistent field/virtual state configuration interaction (VSCF/VCI) calcula-

tions were performed for vibrational spectra of various water hexamer isomers using MUL-

TIMODE.59,60 As previously,52 the local monomer approach34 was employed to fully couple

three local modes (bend and two OH stretches) for each of the six monomers in the water

hexamer. A 3-mode representation (3MR) of the potential was used with excitation space

consisting of singles, doubles, triples excitations. To calculate the IR intensity for vibrational

transitions, we applied previous water dipole moment surface61 and 3-mode representation

of the dipole moment was used.

Supplementary information

VSCF/VCI spectra of the hexamer prism and cage isomers and a cut showing energies for

the trimer to three monomers are given there.

Data Availability

The data generated and used in this study are available at upon request to the authors.
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Code Availability

The source code for ∆-ML corrected TTM2.1-F potential is available upon request to the

authors.

References

(1) McDaniel, J. G.; Schmidt, J. Next-Generation Force Fields from Symmetry-Adapted

Perturbation Theory. Ann. Rev. Phys. Chem. 2016, 67, 467–488.

(2) Jing, Z.; Liu, C.; Cheng, S. Y.; Qi, R.; Walker, B. D.; Piquemal, J.-P.; Ren, P. Polar-

izable Force Fields for Biomolecular Simulations: Recent Advances and Applications.

Ann. Rev. Biophys. 2019, 48, 371–394.

(3) Inakollu, V. S.; Geerke, D. P.; Rowley, C. N.; Yu, H. Polarisable force fields: what do

they add in biomolecular simulations? Curr. Opin. Struct. Biol. 2020, 61, 182–190.

(4) Unke, O. T.; Chmiela, S.; Sauceda, H. E.; Gastegger, M.; Poltavsky, I.; Schütt, K. T.;

Tkatchenko, A.; Müller, K.-R. Machine Learning Force Fields. Chem. Rev. 2021, 121,

10142–10186.

(5) Cisneros, G. A.; Wikfeldt, K. T.; Ojamäe, L.; Lu, J.; Xu, Y.; Torabifard, H.;

Bartók, A. P.; Csányi, G.; Molinero, V.; Paesani, F. Modeling Molecular Interactions in

Water: From Pairwise to Many-Body Potential Energy Functions. Chem. Rev. 2016,

116, 7501–7528.

(6) Fanourgakis, G. S.; Xantheas, S. S. Development of Transferable Interaction Poten-

tials for Water. V. Extension of the Flexible, Polarizable, Thole-Type Model Potential

(TTM3-F, v. 3.0) to Describe the Vibrational Spectra of Water Clusters and Liquid

Water. J. Chem. Phys. 2008, 128, 074506.

22



(7) Bukowski, R.; Szalewicz, K.; Groenenboom, G. C.; van der Avoird, A. Predictions of

the Properties of Water from First Principles. Science 2007, 315, 1249.

(8) Huang, X. C.; Braams, B. J.; Bowman, J. M. Ab Initio Potential Energy and Dipole

Moment Surfaces of (H2O)2. J. Phys. Chem. A 2006, 110, 445.

(9) Braams, B. J.; Bowman, J. M. Permutationally Invariant Potential Energy Surfaces in

High Dimensionality. Int. Rev. Phys. Chem. 2009, 28, 577.

(10) Wang, Y. M.; Shepler, B. C.; Braams, B. J.; Bowman, J. M. Full-Dimensional, Ab

Initio Potential Energy and Dipole Moment Surfaces for Water. J. Chem. Phys. 2009,

131, 054511.

(11) Shank, A.; Wang, Y.; Kaledin, A.; Braams, B. J.; Bowman, J. M. Accurate ab initio and

“hybrid” potential energy surfaces, intramolecular vibrational energies, and classical ir

spectrum of the water dimer. J. Chem. Phys. 2009, 130, 144314.

(12) Babin, V.; Leforestier, C.; Paesani, F. Development of a “First Principles” Water Po-

tential with Flexible Monomers: Dimer Potential Energy Surface, VRT Spectrum, and

Second Virial Coefficient. J. Chem. Theory Comput. 2013, 9, 5395.

(13) Babin, V.; Medders, G. R.; Paesani, F. Development of a “First Principles” Water

Potential with Flexible Monomers. II: Trimer Potential Energy Surface, Third Virial

Coefficient, and Small Clusters. J. Chem. Theory Comput. 2014, 10, 1599.

(14) Mas, E. M.; Bukowski, R.; Szalewicz, K. Ab Initio Three-Body Interactions for Water.

I. Potential and Structure of Water Trimer. J. Chem. Phys. 2003, 118, 4386.

(15) Yu, Q.; Qu, C.; Houston, P. L.; Conte, R.; Nandi, A.; Bowman, J. M. q-AQUA: a

Many-body CCSD(T) Water Potential, Including 4-body Interactions, Demonstrates

the Quantum Nature of Water from Clusters to the Liquid Phase. J. Phys. Chem.

Letts. 2022, 13, 5068–5074.

23



(16) Ramakrishnan, R.; Dral, P. O.; Rupp, M.; von Lilienfeld, O. A. Big Data Meets Quan-

tum Chemistry Approximations: The ∆-Machine Learning Approach. J. Chem. Theory

Comput. 2015, 11, 2087–2096.

(17) Zaspel, P.; Huang, B.; Harbrecht, H.; von Lilienfeld, O. A. Boosting Quantum Machine

Learning Models with a Multilevel Combination Technique: Pople Diagrams Revisited.

J. Chem. Theory and Comput. 2019, 15, 1546–1559.

(18) Dral, P. O.; Owens, A.; Dral, A.; Csányi, G. Hierarchical machine learning of potential

energy surfaces. J. Chem. Phys. 2020, 152, 204110.

(19) Zhu, J.; Vuong, V. Q.; Sumpter, B. G.; Irle, S. Artificial neural network correction

for density-functional tight-binding molecular dynamics simulations. MRS Communi-

cations 2019, 9, 867–873.

(20) Nandi, A.; Qu, C.; Houston, P. L.; Conte, R.; Bowman, J. M. ∆-machine learning for

potential energy surfaces: A PIP approach to bring a DFT-based PES to CCSD(T)

level of theory. J. Chem. Phys. 2021, 154, 051102.

(21) Qu, C.; Houston, P. L.; Conte, R.; Nandi, A.; Bowman, J. M. Breaking the Coupled

Cluster Barrier for Machine-Learned Potentials of Large Molecules: The Case of 15-

Atom Acetylacetone. J. Phys. Chem. Letts. 2021, 12, 4902–4909.

(22) Liu, Y.; Li, J. Permutation-Invariant-Polynomial Neural-Network-Based ∆-Machine

Learning Approach: A Case for the HO2 Self-Reaction and Its Dynamics Study. J.

Phys. Chem. Letts. 2022, 13, 4729–4738.

(23) Smith, J. S.; Nebgen, B. T.; Zubatyuk, R.; Lubbers, N.; Devereux, C.; Barros, K.;

Tretiak, S.; Isayev, O.; Roitberg, A. E. Approaching coupled cluster accuracy with

a general-purpose neural network potential through transfer learning. Nat. Commun.

2019, 10, 2903–2906.

24



(24) Unke, O. T.; Koner, D.; Patra, S.; Käser, S.; Meuwly, M. High-dimensional potential

energy surfaces for molecular simulations: from empiricism to machine learning. Mach.

Learn.: Sci. Technol. 2020, 1, 013001.

(25) Westermayr, J.; Gastegger, M.; Schütt, K. T.; Maurer, R. J. Perspective on integrating

machine learning into computational chemistry and materials science. J. Chem. Phys.

2021, 154, 230903.

(26) Burnham, C. J.; Anick, D. J.; Mankoo, P. K.; Reiter, G. F. The vibrational proton

potential in bulk liquid water and ice. J. Chem. Phys. 2008, 128, 154519.

(27) Partridge, H.; Schwenke, D. W. The Determination of an Accurate Isotope Depen-

dent Potential Energy Surface for Water from Extensive Ab Initio Calculations and

Experimental Data. J. Chem. Phys. 1997, 106, 4618.

(28) Heindel, J. P.; Xantheas, S. S. The Many-Body Expansion for Aqueous Systems Revis-

ited: I. Water–Water Interactions. J. Chem. Theory Comput. 2020, 16, 6843–6855.

(29) Nandi, A.; Qu, C.; Houston, P. L.; Conte, R.; Yu, Q.; Bowman, J. M. A CCSD(T)-Based

4-Body Potential for Water. J. Phys. Chem. Lett. 2021, 12, 10318–10324.

(30) MSA Software with Gradients. https://github.com/szquchen/MSA-2.0, 2021; Ac-

cessed: 2021-10-21.

(31) Conte, R.; Qu, C.; Bowman, J. M. Permutationally Invariant Fitting of Many-body,

Non-covalent Interactions with Application to Three-body Methane-water-water. J.

Chem. Theory Comput. 2015, 11, 1631–1638.

(32) Houston, P. L.; Qu, C.; Nandi, A.; Conte, R.; Yu, Q.; Bowman, J. M. Permutationally

invariant polynomial regression for energies and gradients, using reverse differentiation,

achieves orders of magnitude speed-up with high precision compared to other machine

learning methods. J. Chem. Phys. 2022, 156, 044120.

25



(33) Wang, Y. M.; Huang, X. C.; Shepler, B. C.; Braams, B. J.; Bowman, J. M. Flexible,

Ab Initio Potential, and Dipole Moment Surfaces for Water. I. Tests and Applications

for Clusters up to the 22-mer. J. Chem. Phys. 2011, 134, 094509.

(34) Wang, Y. M.; Bowman, J. M. Ab Initio Potential and Dipole Moment Surfaces for

Water. II. Local-Monomer Calculations of the Infrared Spectra of Water Clusters. J.

Chem. Phys. 2011, 134, 154510.

(35) Liu, K.; Brown, M.; Carter, C.; Saykally, R.; Gregory, J.; Clary, D. Characterization of

a cage form of the water hexamer. Nature 1996, 381, 501–503.

(36) Wang, Y. M.; Babin, V.; Bowman, J. M.; Paesani, F. The Water Hexamer: Cage,

Prism, or Both. Full Dimensional Quantum Simulations Say Both. J. Am. Chem. Soc.

2012, 134, 11116.

(37) Lambros, E.; Paesani, F. How good are polarizable and flexible models for water: In-

sights from a many-body perspective. J. Chem. Phys. 2020, 153, 060901.

(38) Reddy, S. K.; Straight, S. C.; Bajaj, P.; Huy Pham, C.; Riera, M.; Moberg, D. R.;

Morales, M. A.; Knight, C.; Götz, A. W.; Paesani, F. On the accuracy of the MB-

pol many-body potential for water: Interaction energies, vibrational frequencies, and

classical thermodynamic and dynamical properties from clusters to liquid water and

ice. J. Chem. Phys. 2016, 145, 194504.

(39) Bates, D. M.; Tschumper, G. S. CCSD(T) Complete Basis Set Limit Relative Energies

for Low-Lying Water Hexamer Structures. J. Phys. Chem. A 2009, 113, 3555–3559.

(40) Heindel, J. P.; Herman, K. M.; Aprà, E.; Xantheas, S. S. Guest–Host Interactions in

Clathrate Hydrates: Benchmark MP2 and CCSD(T)/CBS Binding Energies of CH4,

CO2, and H2S in (H2O)20 Cages. J. Phys. Chem. Lett. 2021, 12, 7574–7582.

26



(41) Mallory, J. D.; Mandelshtam, V. A. Diffusion Monte Carlo studies of MB-pol (H2O)2-6

and (D2O)2-6 clusters: Structures and binding energies. J. Chem. Phys. 2016, 145,

064308.

(42) Wang, X.-G.; Carrington, T. Using monomer vibrational wavefunctions to compute

numerically exact (12D) rovibrational levels of water dimer. J. Chem. Phys. 2018, 148,

074108.

(43) Leforestier, C.; Szalewicz, K.; van der Avoird, A. Spectra of Water Dimer from a New

Ab Initio Potential with Flexible Monomers. J. Chem. Phys. 2012, 137, 014305.

(44) Wang, Y.; Bowman, J. M. Communication: Rigorous calculation of dissociation energies

(D0) of the water trimer (H2O)3 and (D2O)3. J. Chem. Phys 2011, 135, 131101.

(45) Rocher-Casterline, B. E.; Ch’ng, L. C.; Mollner, A. K.; Reisler, H. Communication:

Determination of the bond dissociation energy (D0) of the water dimer, (H2O)2, by

velocity map imaging. J. Chem. Phys. 2011, 134, 211101.

(46) Ch’ng, L. C.; Samanta, A. K.; Wang, Y.; Bowman, J. M.; Reisler, H. Experimental and

Theoretical Investigations of the Dissociation Energy (D0) and Dynamics of the Water

Trimer, (H2O)3. J. Phys. Chem. A 2013, 117, 7207–7216.

(47) Pérez, C.; Muckle, M. T.; Zaleski, D. P.; Seifert, N. A.; Temelso, B.; Shields, G. C.;

Kisiel, Z.; Pate, B. H. Structures of Cage, Prism, and Book Isomers of Water Hexamer

from Broadband Rotational Spectroscopy. Science 2012, 336, 897–901.

(48) Nauta, K.; Miller, R. Formation of Cyclic Water Hexamer in Liquid Helium: The

Smallest Piece of Ice. Science 2000, 287, 293–295.

(49) Burnham, C. J.; Xantheas, S. S.; Miller, M. A.; Applegate, B. E.; Miller, R. E. The for-

mation of cyclic water complexes by sequential ring insertion: Experiment and theory.

J. Chem. Phys. 2002, 117, 1109–1122.

27



(50) Steinbach, C.; Andersson, P.; Melzer, M.; Kazimirski, J. K.; Buck, U.; Buch, V. De-

tection of the book isomer from the OH-stretch spectroscopy of size selected water

hexamers. Phys. Chem. Chem. Phys. 2004, 6, 3320–3324.

(51) Diken, E. G.; Robertson, W. H.; Johnson, M. A. The Vibrational Spectrum of the

Neutral (H2O)6 Precursor to the “Magic” (H2O)6
− Cluster Anion by Argon-Mediated,

Population-Modulated Electron Attachment Spectroscopy. J. Phys. Chem. A 2004,

108, 64–68.

(52) Wang, Y. M.; Bowman, J. M. IR Spectra of the Water Hexamer: Theory, with Inclusion

of the Monomer Bend Overtone, and Experiment Are in Agreement. J. Phys. Chem.

Lett. 2013, 4, 1104.

(53) Douberly, G. Private Communication, 2013.

(54) Liu, H. C.; Wang, Y. M.; Bowman, J. M. Local-Monomer Calculations of the In-

tramolecular IR Spectra of the Cage and Prism Isomers of HOD(D2O)5 and HOD and

D2O Ice lh. J. Phys. Chem. B 2014, 118, 14124.

(55) Adjoua, O.; Lagardère, L.; Jolly, L.-H.; Durocher, A.; Very, T.; Dupays, I.; Wang, Z.;

Inizan, T. J.; Célerse, F.; Ren, P.; Ponder, J. W.; Piquemal, J.-P. Tinker-HP: Accel-

erating Molecular Dynamics Simulations of Large Complex Systems with Advanced

Point Dipole Polarizable Force Fields Using GPUs and Multi-GPU Systems. J. Chem.

Theory Comput. 2021, 17, 2034–2053.

(56) Qu, C.; Yu, Q.; Conte, R.; Houston, P. L.; Nandi, A.; Bowman, J. M. Preprint: A

∆-Machine Learning Approach for Force Fields, Illustrated by a CCSD(T) 4-body

Correction to the MB-pol Water Potential. 2022, https://arxiv.org/abs/2206.04254.

(57) Anderson, J. B. A random-walk simulation of the Schrödinger equation: H +
3 . J. Chem.

Phys. 1975, 63, 1499–1503.

28



(58) Kosztin, I.; Faber, B.; Schulten, K. Introduction to the diffusion Monte Carlo method.

Am. J. Phys. 1996, 64, 633–644.

(59) Carter, S.; Bowman, J. M.; Handy, N. C. Extensions and Tests of “Multimode”: A Code

to Obtain Accurate Vibration/Rotation Energies of Many-Mode Molecules. Theor.

Chem. Acc. 1998, 100, 191–198.

(60) Bowman, J. M.; Carter, S.; Huang, X. MULTIMODE: A Code to Calculate Rovibra-

tional Energies of Polyatomic Molecules. Int. Rev. Phys. Chem. 2003, 22, 533.

(61) Liu, H. C.; Wang, Y. M.; Bowman, J. M. Quantum Calculations of the IR Spectrum of

Liquid Water Using Ab Initio and Model Potential and Dipole Moment Surfaces and

Comparison with Experiment. J. Chem. Phys. 2015, 142, 194502.

Acknowledgment

JMB thanks the ARO, DURIP grant (W911NF-14-1-0471), for funding a computer cluster

where most of the calculations were performed and current financial support from NASA

(80NSSC20K0360). We also thank Kristina Herman and Sotiris Xantheas for sending the

TTM2.1 software and discussions.

Author Contributions

QY and JMB initialized the project. CQ and QY analyzed the data. JMB supervised the

research. CQ and QY contributed equally to this work. All the authors contributed to write

the manuscript

Competing financial interests

The authors declare no competing financial interests.

29



Supplementary Files

This is a list of supplementary �les associated with this preprint. Click to download.

SI.pdf

https://assets.researchsquare.com/files/rs-1847384/v1/26f48718fbda78fa85d0f5fc.pdf

