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ABSTRACT

Ultra-stable laser cavities are the core components of today’s most precise measurement instruments. To design and realize

an ultra-stable laser cavity, one must suppress all kinds of noise below the desired frequency stability. The thermal noise of

the cavity spacer sets a fundamental limit for the possible stability, especially for cavities operating at room temperature. We

present a comprehensive numerical study of thermal cavity spacer noise, accounting for all relevant geometrical parameters.

Accelerated by a vast amount of simulation data, a neural network is trained to predict spacer noise precisely for a wide range

of all relevant cavity parameters. Based on this neural network, we identified design rules to reduce spacer noise by more than

50% by only changing the cavity geometry. Optimizing the cavity geometry and the material combination can achieve a noise

reduction of more than two orders of magnitude without the infrastructural effort of a cryogenic environment.

Introduction

The use of ultra-stable lasers provides access to a wide range of phenomena in physics and applications in industry. For example,

in optical atomic clocks, ultra-stable lasers are indispensable to address the narrow-linewidth electronic transitions1, 2. Also,

interferometric gravitational wave detection is based on ultra-stable lasers3, 4. In industry, ultra-stable lasers are utilized for

novel radar applications5 and deep space navigation6.

In general, all these ultra-stable lasers are stabilized using optical cavities, whereas different noise types limit the accessible

frequency stability of these optical cavities. Thus, it is the general goal to reduce all limiting noise types resulting in a better

stability, which would directly lead to better measurement sensitivity and the possibility of addressing new questions in physics.

The currently most stable laser systems are based on cryogenic mono-crystalline silicon spacers6, 7, reaching a frequency

stability of 4×10−17 in terms of modified Allan deviation8. This stability is mainly limited by Brownian noise of the mirror

Figure 1. Laser cavity consisting of a spacer and two mirrors with highlighted geometrical parameters: The spacer length L,

the spacer diameter 2R, the bore diameter 2r, as well as the mirror height h and the mirror diameter D. The spacer noise is

illustrated as fluctuating atoms and the deep neural network for noise prediction beside.



coatings6. It is an enormous effort to implement and operate these systems in terms of infrastructure, time, and costs.

There are also ultra-stable lasers based on room-temperature optical cavities with only marginally worse frequency stability

but associated with a significantly lower experimental effort. Specifically, these cavities reach frequency stabilities of 8×10−179.

For these room-temperature cavities, the frequency stability is mainly limited by Brownian noise of the cavity spacer9. Thus,

there is a strong need for strategies to optimize cavity spacers to reach better stabilities even at room temperature.

In general, thermal noise can be computed utilizing the fluctuation-dissipation theorem10, which connects the thermal noise

S and the elastic energy E under the force F :

S =

4kBT

π f

Eφ

F2
, (1)

where kB is the Boltzmann constant, T the cavity temperature, f the measurement frequency and φ the mechanical loss,

respectively. The most important consequence of the fluctuation-dissipation theorem for the design of optical cavities is that

noise depends on both the geometry and the materials. In this work, we analyze for the first time, holistically, the influence of

all geometrical parameters as well as all combinations of common materials for optical cavities on the frequency stability of

the system. All geometrical parameters of the cavity are depicted in Fig. 1. The influences of the various parameters were

investigated in large-scale simulation campaigns with over 18000 different parameter combinations. To handle the multitude

and complex interplay of influences on the performance of the cavity, we implemented a deep neural network, which enables

the optimization of the most important parameters for the lowest possible noise with great precision and speed.

Results

Evaluation of dominant cavity parameters

It is to be expected that not all parameters influence the noise equally. We computed a correlation matrix based on the vast

number of simulations to clarify this. For that, we utilized the pandas Python package with Pearson correlation coefficients11.

The correlation matrix, shown in Fig. 2, visualizes the correlation of the geometrical cavity parameters as well as the Gaussian

beam waist w and the elastic energy E, which is directly proportional to the spacer noise (compare Eq. (1)). Each combination

of parameters is described by a correlation coefficient, where −1 and 1 correspond to perfect (anti-)correlation, and 0 exposes

the lack of correlation of two parameters. Thus, by analyzing the correlation matrix, it becomes clear that further studies can

disregard the influence of the bore radius r and the Gaussian beam waist w. The first essential and surprising result of this work

is, that the mirror height h is by far the most critical parameter for spacer noise. The second most important parameter is the
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Figure 2. Correlation Matrix of all geometrical cavity parameters and the elastic energy, being proportional to the spacer

noise. Most coefficients have been masked to improve readability.
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mirror diameter. Therefore, the mirror dimensions are generally more important for spacer noise than the spacer dimensions

themselves. Since the present work is the first analysis of the impact of the mirror dimensions on spacer noise, this strong result

is a game-changer for the design of ultra-stable cavities.

Network optimization of critical cavity parameters

For the further procedure, we reduced the parameter space to be able to calculate more values of the dominant parameters,

namely the mirror height h, the mirror diameter D, the spacer length L, and the outer spacer radius R. We trained a neural

network to predict the elastic energy E for given geometrical parameters with a data set of 5248 different spacer geometries.

The network was used to optimize the spacer geometry for minimized thermal noise by providing a vast number of data on the

spot without the necessity of computationally expensive simulations. For the final design of the whole cavity setup, including

vacuum chamber, temperature stabilization and vibration isolation9, the outer spacer radius R is the most critical one. Thus, this

parameter was optimized first. For this purpose, the elastic energy was analyzed depending on the spacer radius. In Fig. 3 (a),

the dependence of elastic energy and thus spacer noise is shown versus spacer radius for different spacer lengths L. The mirror

height and diameter was set to 1 inch. The elastic energy decreases rapidly for increasing spacer radius. This result matches

older studies on spacer noise12, 13. Apart from the thermal noise, also the vibration isolation benefits from a larger spacer

radius14, 15. For both, vibration sensitivity and thermal noise, the benefit of increasing the spacer radius beyond a specific value

is no longer worthwhile when manufacturing costs are taken into account. In Fig. 3 (a), the optimized spacer radius can be

figured out for different spacer lengths. We defined an acceptable noise threshold to minimize the spacer radius and thus costs

and infrastructural issues. This threshold was set to 10% of the ultimate noise limit at a maximum spacer radius of R = 250

mm. We obtained an optimized spacer radius for each spacer length and mirror size. The results of this analysis are depicted in

Fig. 3 (b), depending on the spacer length and mirror size. We used mirrors with the same height as diameter in standard sizes.

The mirror sizes range from 0.5 to 4 inches. For small mirrors up to 2 inches, the optimized spacer radius is proportional to the

cavity length. For larger mirror substrates the dependency becomes nonlinear. In general, a larger mirror is also connected to a

larger spacer radius for optimized thermal noise. In order to evaluate the benefit of the presented optimization compared to

currently implemented spacer geometries, we will compare our results with an existing system in the following. To the best of

our knowledge, the world’s most stable laser cavity at room temperature is based on a 48 cm spacer consisting of ultra-low

expansion glass (ULE)9. The frequency stability and thus the noise of this cavity is mainly limited by spacer noise9. This cavity

consists of a spacer with a radius of 45mm, a mirror diameter of 0.5inches and a mirror height of about 6mm9, resulting in a

spacer noise of S = 1.55×10−34 m2/Hz at a frequency of 1Hz. This noise equals a frequency stability limit of σ = 2.5×10−17

in terms of modified Allan deviation8. The best achievable frequency stability is depicted in Fig. 4 for different mirror sizes

and is compared to the reference cavity. The stability is improved in the case of larger mirrors. The advantage is particularly

noteworthy in the range of relatively small mirrors where current systems are operating. Compared to currently applied mirrors

(dashed line in Fig. 4), the use of larger mirrors, for example, with a diameter of 2”, would improve the stability by more than

50%.

Figure 3. (a) Optimization of the spacer radius R: Elastic energy E versus spacer radius R for four exemplary different spacer

lengths L. The energy approaches a minimum value at a certain spacer radius. The dashed line indicates the noise energy

threshold set to 10 % of the minimum value. (b) Results of the cavity radius optimization: The optimized spacer radius is

shown versus cavity length for different mirrors between 0.5 inch and 4 inches.
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Figure 4. Best achievable frequency stability in terms of modified Allan Deviation limited by spacer noise for different mirror

dimensions. The dashed line indicates the spacer noise of the currently most stable cavity operating at room temperature9.

Material Study

In addition to the spacer and mirror geometry, also the material combination influences spacer noise. For this reason, we have

carried out a further analysis including all common material combinations for the spacer and mirror substrates. The materials

are listed in Tab. 1, including all relevant material properties for the spacer noise. We performed a computation of spacer noise

for the 48cm cavity9 paired with 2” mirrors. We used the optimized values from the section above for the spacer radius. In this

study, all possible material combinations for spacer and mirrors are analyzed. The common materials for spacers and mirror

substrates are silicon7, fused silica16, ultra-low expansion glass (ULE)6, sapphire17 and diamond18. The material parameters

necessary for noise calculation are listed in Tab. 1. The resulting spacer noise for all possible material combinations is shown in

Fig. 5 in terms of best reachable modified Allan deviation limited by spacer noise. The currently used combination of ULE

spacer and fused silica mirrors turns out to be one of the worst in terms of spacer noise. However, we see the discussed noise

reduction of more than 50% due to optimized spacer and mirror geometry. It is possible to further decrease the spacer noise by

one order of magnitude by using silicon as spacer material. Not surprisingly, the mirror material barely influences spacer noise.

The use of silicon spacers reduces the spacer noise to achievable frequency stabilities of 2×10−19, bringing room-temperature
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Figure 5. Material study on spacer noise: Modified Allan

Deviation limit by spacer noise for different combinations of

spacer and mirror material. All values are given for a 48

cm-long cavity with optimized spacer radius and 2” mirrors.

Material Y σ ρ φ

(GPa) (1) (kg/m3) 1

Silicon 16519 0.2219 233019 1×10−820

Fused Silica 7321 0.1621 220119 1×10−722

ULE 67.623 0.1723 221023 1×10−723

Sapphire 46324 0.30924 398025 2.2×10−726

Diamond 105027 0.127 351528 6.7×10−629

Table 1. Properties of the most common materials for cavity

spacer and mirrors at room temperature.
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laser cavities to cryogenic performance.

Discussion

We have performed the first, to the best of our knowledge, universal analysis of thermal noise in spacers of optical cavities

and presented it here. This answers many open questions in the current literature, especially the discrepancies of theoretical

models12, 13. We identified the most critical parameters for spacer noise: Surprisingly, the mirror geometry is more important

than the geometry of the spacer. In particular, the thickness of the mirror turned out to be the most crucial parameter. The next

important parameter is the spacer radius. Since this parameter mainly affects the infrastructural requirement of the cavity, it was

also minimized for minimal spacer noise. This analysis was performed for different mirror geometries. We implemented a deep

neural network that predicts spacer noise precisely and fast, including all critical geometrical parameters. We compared the

optimization results to the currently most stable laser cavity at room temperature. A noise reduction of more than 50% could

be achieved by just changing the mirror size and increasing the spacer radius. There are several common materials used to

fabricate spacers and mirrors. We conducted a material study to rank the benefits of the different materials. It turned out that

the mirror material has almost no influence on the spacer noise. In contrast, using silicon instead of ultra-low expansion glass

would reduce the spacer noise by more than one order of magnitude. This would make room temperature cavities competitive

with cryogenic ones while significantly reducing infrastructural effort.

Methods

Finite-Element Computation of Spacer Noise

The computation of spacer noise was carried out employing finite-element method using COMSOL Multiphysics30. For the

computation of thermal noise, we utilized the fluctuation-dissipation theorem (compare Eq. 1). In COMSOL, we evaluated the

normalized elastic strain energy E/F2. All other quantities are either environmental parameters, universal or material constants.

We implemented a two-dimensional COMSOL model in cylindrical coordinates to assess the normalized energy. For this

purpose, the structural mechanics module was used with a stationary study. In the area of radiation pressure on the mirror, the

mesh was manually refined. We utilized the parametric sweep feature of COMSOL to automatically compute spacer noise for

more than 20000 cavities.

Neural Network for Spacer Noise

A parameter sweep that covers four parameters with appropriately small step sizes takes much time, considering the com-

putational scope of one simulation carried out by finite-element method. As a much more efficient alternative, we utilized

a data-driven deep neural network that is based on a relatively small amount of simulated samples. That way, we are able

to decrease the time for obtaining the elastic energy for one parameter combination by a factor of 36 from 2s to only 55ms.

The 5248 samples were separated into a training, validation and test set of 72 %, 18 % and 10 %, respectively. The network

architecture consists of six fully connected layers where the number of neurons is halved with each subsequent layer, starting

at 1024. Each layer uses the Leaky ReLU activation function (α = 0.3) with a sigmoid activation in the regression layer. As

an optimizer, we chose Adam31 with a learning rate of 0.001 and a decay value of 0.005. After 500 epochs, the network

reached a MSE error of 2.15×10−6 and a R2-score of 0.99991 on the test set. Not only was the network able to understand the

underlying information from the dataset to predict the elastic energy for every parameter combination within the borders of the

simulated data. We observe an excellent agreement (deviation of less than 5%) with parameter combinations outside of the

dataset, i.e., extrapolation tasks. This unexpected behaviour could be an indicator that the network found a way to approximate

an analytical, yet unknown, formula.

Data availability

The datasets generated during and/or analysed during the current study are available from the corresponding author on

reasonable request.
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