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1 Supplementary 1

Variogram definition The observed data are measurements of the amount of
rainfall at different points in a specific region. The spatial correlation of the scalar
field Z as a function of distance is known as the variogram or semivariogram.
For clarification, although variogram and semivariogram are commonly used
interchangeably, they can actually provide certain differences, so using the term
variogram urges to perform a complete calculation instead of the partial one
that is represented in the semivariogram.[1].
Consider two points with position vectors x and x+ h, respectively, see Fig.1.

Let Z(x) and Z(x+ h) be the corresponding values of the scalar field Z.
The variance of the differences Z(x+ h)− Z(x) can be written as:

V ar[Z(x+ h) − Z(x)] = E{[Z(x+ h)− Z(x)]2} − {E[Z(x+ h)− Z(x)]}2

= V ar[Z(x)] + V ar[Z(x+ h)]− 2Cov[Z(x), Z(x+ h)], (1)

where, the covariance of the random field Z at the points x and x+h is defined
as:

Cov[Z(x), Z(x+ h)] = E[Z(x)Z(x+ h)]− E[Z(x)]E[Z(x+ h)]. (2)

When h = 0, the covariance reduces to the variance:
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Cov[Z(x), Z(x)] = V ar[Z(x)]. (3)

For a stationary second order random field the expected value and covariance
satisfy a translational invariance principle [2], that is:

E[Z(x)] = E[Z(x+ h))] = µ = cte, (4)
Cov(Z(x), Z(x+ h)) = f(h), (5)

∀ x and h with f(h) a function that depends on h only. In words, in a stationary
second-order random field the mean of the field at any point in space is a constant
(µ) and the covariance is a function only of the separation of the points.
Note that when h = 0 the definition of the covariance (2) and the property (5)
implies that the variance of a stationary second-order random field is a constant:
V ar[Z(x)] = cte = f(0) ≡ f0. This property can also be established from the
definition of the correlation coefficient of the random field Z, which is defined
by:

ρ[Z(x), Z(x+ h)] =
Cov[Z(x), Z(x+ h)]√
V ar[Z(x)]V ar[Z(x+ h)]

, (6)

with −1 ≤ ρ ≤ 1. If the covariance depends only on h, for the correlation
coefficient to satisfy this property as well, from (7) it is observed that the variance
of the random field is constant, that is, that V ar[Z(x)] = V ar[Z(x+h)] = f0 =
cte, for all x. Hence, in a stationary second order random field the correlation
coefficient is simply written as:
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ρ(h) =
f(h)

f0
. (7)

In terms of the functions f0 and f(h), the variance of the differences (1) can be
rewritten as:

V ar[Z(x+ h)− Z(x)] = E{[Z(x+ h)− Z(x)]2}
= 2f0 − 2f(h) = 2[f0 − f(h)]
= 2γ(h), (8)

where:

γ(h) = f0 − f(h), (9)

The variogram γ is precisely the variance of the differences of a stationary ran-
dom field, that is:

γ(h) =
1

2
V ar[Z(x+ h)− Z(x)] = 1

2
E{[Z(x+ h)− Z(x)]2}, (10)

where γ is independent to the location of x and dependent only on the vector h.
In terms of the correlation coefficient (7), the variogram can be written as:

γ(h) = f0[1− ρ(h)] (11)

Also, when the expected value is zero E[Z(x)] = 0, the covariance of the precipi-
tation random field is always positive and thus the correlation coefficient satisfies
the inequality 0 ≤ ρ ≤ 1. In this situation, the variogram (11) decreases linearly
with ρ and its values fall within the interval 0 ≤ γ ≤ f0.
Moreover, if h = 0, ρ = 1, γ(0) = 0 and γ(−h) = γ(h), see Fig. 2.

1.1 Experimental Variogram

The classical estimator or experimental (sample) variogram γ∗ is given by the
following formula [2, 3],

γ∗(H) =
1

2nc

nc∑
i=1

[Z(xi + h)− Z(xi)]
2, (12)

where nc is the number of pairs of points connected by all the vectors h belonging
to a classH of vectors whose magnitude and direction fall within a specific region,
see Fig. 3.
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Fig. 2. The variogram as a function of the correlation coefficient ρ.
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Fig. 3. The vector h that goes from the center of the circle to any point in the shaded
region is a vector whose magnitude is between | H | and | H + a |, with direction
between θ and θ + b. All the vectors within the shaded region (family H family) are
those that determine the average in the empirical variogram formula.
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Fig. 4. A general theoretical model of the empirical variogram with its principal com-
ponents: Range, Sill, Partial Sill and Nugget. The origin of the horizontal scale corre-
sponding to hmin ≡ 0.

1.2 Theoretical variogram models

The theoretical model associated with the empirical variogram depends in gen-
eral on three independent parameters known as the "nugget" effect C0, the
partial "sill" C and the "range" R, see Fig.4.

– Nugget effect. According to the definition (10) of the variogram, when
h = 0 the variogram is also zero, γ(0) = 0. However, in practice the theoret-
ical value h = 0 corresponds to a minimum separation value hmin between
rainfall stations. This empirical "residual" value of the variogram is known
as the "nugget effect" and is represented by γ∗(0) = C0.

– Partial sill. Again, according to the definition (10), in a process without
long-range correlations, when h→∞ one expects that ρ→ 0, and, therefore,
the variogram converges to the constant value f0. In practice, however, it
is observed that from a certain maximum distance hmax the empirical var-
iogram "stabilizes", i.e., the variogram practically does not grow anymore
when h increases. This "asymptotic" value, measured from the "nugget",
where the variogram levels with the horizontal is known as the "partial sill"
and is symbolized by C. The sum C0+C is conceived as the "sill" or threshold
of the variogram.

– Range. The value hmax for which the empirical variogram model begins
to "flatten out" is called range and is denoted by the symbol R ≡ hmax.
Observations of the scalar field at points separated a distance greater than
the range R are considered uncorrelated, i.e., if |xi − xj | > R then

Cov[Z(xi), Z(xj)] = 0, i 6= j
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Four of the most commonly used theoretical models for fitting the experimental
or empirical variogram values are as follows [4, 5], see Fig.5:

Fig. 5. The figure shows 4 of the most commonly used theoretical variogram models, a
spherical model (blue curve), a linear model (green curve), a Gaussian model (purple
curve) and an exponential model (orange curve). For comparison purposes in all cases
the same parameters have been used: C0 = 1, C = 3, and a = 1.5. The figure also
shows the value of the rank for each model: R = a,

√
3a, 3a for the exponential and

linear, Gaussian, and exponential models, respectively.

– Spheric variogram

γ(h) =


C0 + C

[
3|h|
2a −

1
2

(
|h|
a

)3]
, if 0 < |h| ≤ a;

C0 + C, if |h| > a;
0, if |h| = 0.

(13)

The spherical variogram reaches the threshold value C0 + C exactly when
the range is |h| = R = a.

– Exponential variogram

γ(h) =

{
C0 + C

(
1− e−

|h|
a

)
, if |h| > 0;

0, if |h| = 0.
(14)

Although theoretically the value of the variogram for the exponential model
reaches the threshold C0+C when |h| → ∞ , in practice this threshold is said
to have been reached for the value |h| = a∗ such that γ(a∗) − C0 = 0.95C,
that is, for an effective range equal to R ≡ a∗ ≈ 3a.
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– Gaussian variogram

γ(h) =

{
C0 + C

[
1− e−(

|h|
a )

2]
, if |h| > 0;

0, if |h| = 0.
(15)

Just as in the exponential model, in practice the Gaussian variogram is said
to reach the threshold C0 + C when the effective rank R ≡ a∗ is such that
γ(a∗)− C0 = 0.95C, that is, when R ≡ a∗ ≈

√
3a.

– Linear variogram

γ(h) =

C0 + C |h|a , if 0 < |h| ≤ a;
C0 + C, if |h| > a;
0, if |h| = 0.

(16)

1.3 Estimation by Kriging interpolation

The formalization of Kriging given by Matheron relates to a set of spatial predic-
tion methods based on the minimization of the mean square error of prediction
[6]. The word Kriging synonymous with “optimal prediction” [7] is used as a
reference to a family of interpolation algorithms, it is associated with the term
BLUE, which stands for “Best Linear Unbiased Estimator” of a point and the
best weighted linear moving average of a block [8, 9].

– Best: given by the search for the minimum variance variogram model in
error.

– Linear: because it is a weighted linear combination of the data.
– Unbiased: with a mean estimation error equal to zero.

1.4 Ordinary Kriging

The Ordinary Kriging method assumes that the observed data represent a re-
alization of a second-order stationary spatial stochastic process, i.e., that the
mean of the stochastic process is a constant and that its autocovariance func-
tion depends only on the separation distance between the observed points.
In Ordinary Kriging the estimate Ẑ(x0) of the value of the scalar field at the
point x0 is a linear combination of the observed values Z(xi) of the scalar field
at each of the observation points xi, that is:

Ẑ(x0) =

n∑
i=1

λiZ(xi), (17)

where Ẑ(x0) is the estimated value of the random field Z at x0, Z(xi) is the
value of the random field at point xi, and the λi are the coefficients (weights)
to be determined, for i = 1, 2, · · · , n.
Due to E[Z(x)] = µ, ∀ x ∈ <2, so that Ẑ(x0) is an unbiased estimator of Z(x0)
it is required that:
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E[Ẑ(x0)] = E[Z(x0)] or E[Ẑ(x0)− Z(x0)] = 0, (18)

which is equivalent to:

E[Ẑ(x0)− Z(x0)] = E

[
n∑

i=1

λiZ(xi)− Z(x0)

]

=

n∑
i=1

λiE[Z(xi)]− E[Z(x0)]

= µ

(
n∑

i=1

λi − 1

)
= 0, (19)

this means that if µ 6= 0, are the coefficients of λi must satisfy the constraint:

n∑
i=1

λi = 1. (20)

Since E[Ẑ(x0)− Z(x0)] = 0, the variance of the error estimator is:

V ar(Ẑ(x0)− Z(x0)) = E[{Ẑ(x0)− Z(x0)}2] = E

{ n∑
i=1

λiZ(xi)−
n∑

i=1

λiZ(x0)

}2


= E

{ n∑
i=1

λi[Z(xi)− Z(x0)]

}2


= E

( n∑
i=1

λi[Z(xi)− Z(x0)]

) n∑
j=1

λj [Z(xj)− Z(x0)]


= E

 n∑
i=1

n∑
j=1

λiλj{Z(xi)− Z(x0)}{Z(xj)− Z(x0)}


=

n∑
i=1

n∑
j=1

λiλjE[{Z(xi)− Z(x0)}{Z(xj)− Z(x0)}]. (21)

Otherwise, from (10), the variogram γ(h), with h = xj − xi, can be rewritten
as:
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γ(xj − xi) =
1

2
E{[Z(xj)− Z(xi)]

2}

=
1

2
E{[Z(xj)− Z(x0)− [Z(xi)− Z(x0)]]

2}

=
1

2
E{[Z(xj)− Z(x0)]

2}+ 1

2
E{[Z(xi)− Z(x0)]

2}

−E{[Z(xi)− Z(x0)][Z(xj)− Z(x0)]}
= γ(xj − x0) + γ(xi − x0)

−E{[Z(xi)− Z(x0)][Z(xj)− Z(x0)]}. (22)

From (22) follows:

E{[Z(xi)− Z(x0)][Z(xj)− Z(x0)]} = γ(xi − x0) + γ(xj − x0)

−γ(xj − xi). (23)

Replacing (23) in (21) the variance of the error estimator in terms of the vari-
ogram is:

V ar[Ẑ(x0)− Z(x0)] =

n∑
i=1

n∑
j=1

λiλj [γ(xi − x0) + γ(xj − x0)− γ(xj − xi)]

=

 n∑
j=1

λj

 n∑
i=1

λiγ(xi − x0) +

(
n∑

i=1

λi

)
n∑

j=1

λjγ(xj − x0)

−
n∑

i=1

n∑
j=1

λiλjγ(xj − xi)

= 2

n∑
i=1

λiγ(xi − x0)−
n∑

i=1

n∑
j=1

λiλjγ(xj − xi). (24)

Introducing the Lagrange multiplier α, corresponding to the constraint
∑n

i=1 λi =

1, the Lagrangian function is used to minimize the variance V ar[Ẑ(x0)−Z(x0)]
is

L(λ1, λ2, · · · , λn, α) = 2

n∑
i=1

λiγ(xi − x0)−
n∑

i=1

n∑
j=1

λiλjγ(xj − xi)

+2α

(
1−

n∑
i=1

λi

)
. (25)

The system of equations ∂L/∂λi = 0, ∂L/∂α = 0, with i = 1, 2, · · · , n, can be
rewritten as:
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γ(x1 − x0)
γ(x2 − x0)

...
γ(xn − x0)

 =


0 γ(x1 − x2) · · · γ(x1 − xn)

γ(x2 − x1) 0 · · · γ(x2 − xn)
...

γ(xn − x1) γ(xn − x2) · · · 0



λ1
λ2
...
λn

 , (26)

where γ(xi − xj) = γ(xj − xi) for i 6= j. In a compact form, the system (26)
can be rewritten as γ = ΓΛ, where γ is a theoretical model for the variogram,
the symmetric matrix Γ is constructed with the experimental variogram γ∗(H)
given in (12), and Λ = (λ1, λ2, · · · , λn)T is the vector of weights that minimize
the variance V ar(Ẑ(x0)− Z(x0)) which is given by:

Λ = Γ−1γ (27)
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