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I. DETAILS OF EQ.(1)

According to Ref.[1], an explicit coarse-graining model for dynamics of active particle

system is given by an evolution equation for the probability density p(r⃗) of a single active

particle

∂tp(r⃗, t) = −∇ · j⃗ (S1a)

j⃗ = −D(r⃗)∇p(r⃗) (S1b)

D(r⃗) = Dt +
v2(r⃗)

Dr

(S1c)

where j⃗ is the probability flux and D(r⃗) is position dependence diffusivity. In this formula,

the effect of activity is simply considered as the equivalent passive particle with larger

diffusivity. However, another aspect of active nature is revealed that self-propulsion is more

effective in vaporization than pure thermal contribution. In Ref.[2], the outgoing flux of a

cluster is solved as jout =
κ′Dr

σ
, where κ′ denotes the average number of particles lost per

escape event.

One of the main assumptions of our kinetic model is to combine these two models together,

by introducing a parameter κ to fix double count. This leads to Eq.(1) in the main text.

II. SIMULATION DETAILS

We consider a quasi two-dimensional system with size Lx × Ly and periodic boundary

conditions consisting of N spherical ABPs with diameter σ and friction coefficient γ. The

motion of the i-th ABP located at ri obeys the following overdamped Langevin equations:

ṙi = γ−1[f0ni −
N∑

j=1,j ̸=i

∇riU(rij)] + ξi, (S2)

θ̇i = ζi. (S3)

Herein, Eq. (S2) represents the translational motion of the i-th ABP where f0 and ni =

(cos(θi), sin(θi)) is respectively the amplitude and direction of active force with θi the angle

of ni. The interaction between a pair of ABPs is described by the purely repulsive Weeks-

Chandler-Andersen (WCA) potential: U(rij) = 4ϵ[(σ/rij)
12 − (σ/rij)

6 + 1/4] for rij = |ri −
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rj| < 21/6σ, and U(rij) = 0 otherwise, with ϵ the interaction strength. The last term ξi

denotes the Gaussian white noise vector with time correlations ⟨ξi(t)ξj(t′)⟩ = 2DtIδijδ(t−t′),

where Dt is the translation diffusion coefficient and I is the unit matrix. We set Dt = kBT/γ

so that the system satisfies the fluctuation-dissipation relation when propulsion forces are

absent. Herein, kB denotes the Boltzmann constant and T represents the temperature. Eq.

(S3) is the rotational equation of the i-th ABP with the orientation θi. ζi is also a Gaussian

white noise with correlation ⟨ζi(t)ζj(t′)⟩ = 2Drδijδ(t−t′), whereDr is the rotational diffusion

coefficient which couples with the translational diffusivity Dr = 3Dt/σ
2.

In simulations, we use σ and 20kBT respectively as basic units for length and energy, and

set γ = 1 so that the basic unit for time is the γσ2/(20kBT ). We fix Lx = 800, Ly = 200,

ϵ = 1, if not otherwise stated. In this work, we use two dimensionless parameters: the

Péclet number Pe = f0σ/(Dtγ) [2] to characterize the activity of ABPs and the volume

fraction ϕ = πρ0/(4σ
2) to describe the density of ABPs with ρ0 = N/(Lx×Ly) the averaged

number density of the system. For consistency, all of the following results are obtained from

simulations of total time ttot = 500 with the time step ∆t changing from 10−5 to 10−6 for

different activities. Notice that this volume fraction is only relevant on a parametric level,

and does not correspond to the specific values of the hard sphere system. For active systems

with Pe and ϕ located inside the spinodal curve, we ran simulations from random initial

conditions. Whereas, for systems close to the binodal, as Pe increases(decreases), we used

the final configurations of systems with slightly smaller(larger) Pe as the initial conditions

for the ones with larger(smaller) Pe[2, 3].

III. TYPICAL SNAPSHOTS OF THE PHASE DIAGRAM

The obtained phase diagram in the Pe − ϕ plane resulting from numerical simulations

is illustrated in Fig. S1(a). It is observed that a homogenous fluid phase (the gray region)

and a liquid-gas coexisting phase (the blue and red region) are separated by the binodal

curve (the red line). Here, we provide typical snapshots to help us understand the reentrant

phenomenon of MIPS intuitively. The steady-state configurations of active systems with

ϕ = 0.35 and Pe respectively equal to 40, 400, 1800 and 3500 are shown in Fig. S1(b)-(e).

As illustrated in Fig. S1(b), for small Pe = 40 below the binodal curve, the final configuration

of active system is a single phase of a disordered fluid. As Pe increases to 400 and 1800 inside

the binodal curve, the configurations change to be phase separation between a dense phase
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FIG. S1. Phase diagram in the Pe − ϕ plane. The red and blue lines represent the binodal and

spinodal curves, respectively. The black symbols at ϕ = 0.35 are as examples to show the steady-

state configurations at activity Pe = 40 (b), 400 (c), 1800 (d) and 3500 (d), respectively.

and a dilute phase (Fig. S1(c) and (d)) in alignment with that reported previously[2, 3].

When Pe further increase to 3500 above the upper binodal curve as shown in Fig. S1(e), the

system reentries to a homogenous fluid phase again.

IV. THE NATURE OF MIPS

In order to demonstrate whether the nature of MIPS is the first-order phase transition at

large Pe between the upper spinodal and binodal curves, we provide both the growth process

of the largest cluster and a hysteresis loop for large Pe. Taking ten independent systems at

ϕ = 0.35 staring from random initial conditions as examples, time series of Nmax/N with

Nmax the particle number of the largest cluster is presented in Fig. S2(a)-(d). For small

activity such as Pe = 40 as shown in Fig. S2(a), Nmax/N fluctuates and keeps close to 0

all the time, representing a single phase of a homogenous fluid. As Pe increases to be 500

inside the spinodal, Nmax/N rapidly increases to a large value around 0.85 without any

waiting time (Fig. S2(b)), indicating that the system will undergo spinodal decomposition
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FIG. S2. The nature of MIPS for large activity. Dependence of Nmax/N with Nmax the particle

number of the largest cluster on t for ten independent ensembles at ϕ = 0.35 and Pe = 40 (a),

500 (b), 700 (c) and 900 (d). (e) Dependence of the ensemble-averaged waiting time ⟨tw⟩ for the

nucleation as a function of Pe for systems at ϕ = 0.35. Curves are the exponential fitting for the

simulation data. The inset is the dependence of lg⟨tw⟩ on Pe and the line is the linear fitting. (f)

Hysteresis at ϕ = 0.35 and large Pe. Simulation data are reached from two initial conditions: the

final configurations of systems at slightly smaller Pe (black line and closed symbols) and the one

at slightly larger Pe (red line and open symbols).

with a coarsening regime[2]. When Pe further increases to be 700 just across the upper

spinodal curve, it is observed that Nmax/N of some ensembles maintains close to 0 at the

beginning and then increases quickly after a waiting time tw as illustrated in Fig. S2(c),

meaning a first-order phase transition with a nucleation behavior occurring[2]. As Pe finally

increases to be 900 more deeply across the upper spinodal curve, not only the waiting time

tw increases, but also Nmax/N of a few ensembles keeps near 0 all the time (Fig. S2(d)),

implying that MIPS is more difficult to form due to a higher nucleation barrier. Note that

the waiting time resulting from the nucleation delay can be a good parameter to measure

the nucleation barrier, the obtained ensemble-averaged waiting time ⟨tw⟩ as a function of Pe
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is then presented in Fig. S2(e). It is found that as Pe increases across the upper spinodal

curve, ⟨tw⟩ increases exponentially, demonstrating that systems with larger Pe above the

upper spinodal must get over a higher nucleation barrier to attain MIPS. Besides the growth

process of the largest cluster, hysteresis for systems at ϕ = 0.35 and large Pe between the

upper spinodal and binodal curves is also investigated by additional simulations. As shown

in Fig. S2(f), the black closed symbols are obtained by simulations starting from the steady-

state configurations of systems at slightly smaller Pe, while the red open symbols start from

the ones at slightly larger Pe. Remarkably, a very large hysteresis loop between the black

and red lines can be found, demonstrating again that systems located between the upper

spinodal and binodal curves would show a nucleation behavior of a discontinuous transition

from a single phase to MIPS[3].
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