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Abstract

Graphene supports surface plasmons in the therahertz range, and compared with noble-
metal plasmons, they show an extreme level of field confinement and relatively long
propagation distances, with the advantage of being highly tunable via electrostatic field.
Nevertheless, its interaction with light is normally rather weak. To obtain a more powerful
capability of excite plasmons, a combination of graphene and artificial structures
(metamaterials) present a powerful tunability for enhancing light-matter interaction.
These features make graphene metamaterials a promising candidate for plasmonics and
surface plasmon resonance for biological sensors. In this work, we study the plasmon
spectra in a finite number of graphene layers on a metallic-dielectric substrate surrounded
by materials with different dielectric constants. It is shown that using standard
electromagnetic boundary conditions and solving the recurrence relation (a suitable
alternative to transfer matrix method) for the coefficients of the electric potential
between graphene layers, an explicit effective dielectric function of the metamaterial can
be obtained giving the plasmon dispersion relations. It is found that the metal-dielectric-
layered graphene structure supports both, high-energy optical plasmons oscillations and
out-of-phase low energy acoustic charge density excitations. Experimentally, the
Kretschmann configuration can be used to excite the surface plasmon resonances. It is
based on the observation of a sharp minimum in the reflection coefficient versus angle (or

wavelength) curve.
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l. Introduction

Surface waves propagating along the boundary between a metal and dielectric medium
are called surface plasmons. Since surface plasmon induce fluctuations of charge at the
surface, they are accompanied by electromagnetic oscillations and exhibit confinement of
the electric field in the direction normal to a conductor-dielectric interface. Furthermore,
the resonant interaction between surface plasmons and the electromagnetic radiation at
dielectric-metal interface results in a remarkable enhanced optical field making plasmons
extremely sensitive to dielectric permittivity of the surrounding medium. The ability of
controlling strong light-matter interaction through surface plasmons in metals has driven
the field of plasmonics. Plasmonics is a rapidly growing discipline in fundamental research
and promising applications in a variety of surface-plasmon-based-devices for optics in
integrated photonic systems, solar cells, plasmonics in biology and medicine, sensors,
thermo plasmonics and nonlinear phenomena [1-5]. Additionally, increasing research has
been carried out to investigate how excite and manipulate surface plasmon efficiently.
One possible solution for this problem consists in involving metamaterials, or artificial
materials composed of suitably arranged metal-dielectric stacks, which can provide
control of surface plasmons for new sensing functionalities [6]. However, the field
confinement of these reported metamaterials are relatively weak and exhibit high intrinsic
dissipative losses with strong damping of surface plasmons and slow damage by chemical
action [7]. To overcome these shortcomings, improvement research of new physical
mechanisms and better electronic and optical properties has been achieve for new
plasmonic materials, among them, graphene has emerged as an alternative, unique two-
dimensional material able to extend the field of plasmonics for terahertz to mid-infrared
applications [8-11]. Graphene, a two-dimensional material made of carbon atoms
arranged in hexagonal lattice has attracted tremendous attention due to its physical
properties including high electrical and thermal conductivity, optical transparency and
controllable plasmon properties. Either chemical doping or electrostatic gating can

modulate the carrier density in graphene and, thus the Fermi energy. Therefore, these
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excellent properties make graphene a favorable candidate for novel plasmonics devices
and potential applications in photonics, optoelectronics and in sensor technologies [13]. In
monolayer graphene layer, its interaction with light needs to be further enhanced to
achieve adequate efficiency for practical device applications. Toward this goal, artificial
engineering structures, or metamaterials, have been employed as a platform for boosting
light-matter interaction in the last years [14, 25]. Therefore, the hybridization of
graphene-metal metamaterials plays an important role in the area of plasmonics, and
exploring the interactions of the plasmon modes in multilayer graphene structures
coupled via Coulomb interaction with metallic substrates offer new opportunities for
applications and fundamental studies of collective electron excitations in plasmonic

metamaterials for sensing purposes [26-29].

In this paper, we report a theoretical investigation of surface plasmon excitation in a
metamaterial consisting of N-graphene layers embedded in a medium of dielectric
constant & on metallic film spatially separated by a dielectric spacer and surrounded by
semi-infinite materials of dielectric constants & and &, respectively, see Fig.1. Solving
Poisson equation for the electric potential and applying standard boundary conditions at
the interfaces between the different layers, the amplitudes associated with the electric
potential between different layers satisfy a linear recurrence relation of second order and
consequently, an analytical expression for the dielectric function of the metamaterial can
be obtained. The zeros of the dynamic dielectric function lead the dispersion relation of
the plasmon modes i.e., &q,@)=0, see Eq. (10) in the text. It is possible to obtain a
mathematical expression for the surface plasmon resonance using the long wavelength
approximation in the dielectric function i.e., g->0, where q is the wave vector associated
to propagation of plasmon oscillations on surface graphene. It is important to mention
that in the past years the transfer matrix method has become a standard theoretical
model to study optical properties and charge density excitations in non-interacting
graphene layers. Thus, the recurrence method offers an alternative method to study

plasmon modes in multilayer structures

Il. Theoretical approach



In our formulation, we consider a periodic system consisting of a finite graphene
monolayer stack; each layer with an electron density n spatially separated a distance d on
a substrate constituted by a dielectric spacing layer and an optically thick metal film. The
layered graphene system is represented by an array of N graphene layers located ay z=/d
(I=0,1,...,N-1) inserted in a material with background dielectric constant &. The substrate
constituted by a metal-dielectric composite films occupy the space —(dm+ds)<z<-ds and —
ds<z<0, respectively. In Fig.1 we show the graphene-dielectric-metal metamaterial
surrounded by a semi-infinite materials with dielectric constants &; (left) and & (right),

respectively.

We study the dispersion curves of the plasmonic waves of the metal-dielectric-layered
graphene structure using the method of recurrence relations developed in Ref.[29]. This
approach offers an alternative of transfer matrix methods and besides that allows us to

obtain analytical expressions of effective dielectric function of the structure.

We consider the Poisson’s equation for the electrostatic potential as VZ@(r,t) =0
between graphene layers where ¢(7,t) = ¢(2)e'(%*=®Y and the electrostatic potential
between | and /+1 layers as ¢;(z) = A;e~ 97! 4 Bed(#=ld) ysing the standard

electrostatic boundary conditions at z=Id, we have

Al_le_qd + Bl_leqd = Al + Bl
—A;_1e79% + B;_,e1 — (=A; + B) = 2V,11(q, w)(A;—1e7 % + B;_1€9%) (1)

where V=2 7me?/&q is the Fourier transform of the two-dimensional Coulomb interaction,
e the electron charge and 7//(q,w) is the graphene electron polarizability calculated in

Refs.[30,31]. Equation (1) an be written as

(50) =7 (5:2)



(1 + V,I(q, w)) e 94 V,11(q, w)e?

—VlI(g e (1-V,I(g )) e
here, T represents the transfer matrix connecting the coefficients at adjacent graphene
layers with unit determinant and Tr(T)=2(coshqd-VqI1(q, ®)sinhqd)=2R. From Eqgs.(2), it is
possible to obtain the following linear recurrence relation of second order with constant

coefficients,
Apyz2 —2RA141 + A4, =0 (3)

Recurrence relations given by Eq.(3) can be solved using standard methods, the solutions

of which can be written in terms of the electrostatic amplitudes Ao and By as

A, = JW [A, sin(l — 1) 8 — Ao Ty,sinl0 — ByT,,sinl6]
and “4)

Bi=—" [Bo sin(l — 1) 8 — ByT,,sinlf — AyT,,sinl6]

where the coefficients T, are the elements of the transfer matrix, the angle @is defined
as cos@ =R, |R| < 1.

According to Fig. 1, the superlattice of N graphene layers is terminated at the left by a
metallic substrate separated by a dielectric film and, the electrostatic potential outside of

the multilayer graphene structure is given as

Ce?” z<—(dp+dy)
_ JNpe ™ + Mpe?” —(d,+d;)<z<d;
() = N,e %% + Mge?? —d,<z<0
De % z>(N-—1)d

(5)



matching the electromagnetic boundary conditions at the interfaces z=0, z=-ds , z=-(dm+ds )
and z=(N-1)d, leads the relationship between the electrostatic coefficients Ag,Bo, An-2 and

By

A (So—Es+2VqH(q,w))+(€s+€o+2VqH(q,w))F(q.w)e‘2qu

By (£5+£0—2Vql'I(q,co))—(es—£0+2VqH(q,a)))F(q,w)e—2qu = Glg. @) (6)

An—p _ SotEa—2Vgll(qw) _ e?94 ;
Bn—_> - g0—E2+2V4I1(q,w) - H(q,w) (7)
_ (ep—e)(ggtem)e209my (e, +e1)(e,—Em)
Flq ) = (e,,—€1)(e,—em)e™29m+ (g, +£1) (e, +Em) (8)
_ &—&1+2V41l(qw)
H(q w) = g0t+e2—2V4I(qw) (9)

with &, (w) = €, — a)g/wz the dielectric permittivity of the metal and @, and ¢, the
plasmon frequency and dielectric constant at infinite frequency, respectively. The
condition for the collective oscillations of the coupled surface plasmon in metal via
Coulomb interaction with the two-dimensional electron gas in graphene is the self
sustaining oscillations in the electron density providing the electrostatic amplitudes An
and B, #0. Making use of Eqs.(6) and (7) in Eq.(4) the condition for no vanishing

electrostatic potential through A, and Bp, is

e(q,w) = G(q,w)H(q, w)[sin(N — 3) 6 — Ty;sin (N — 2)0] — [G(q, w) +
H(q, w)]Ty, sin(N — 2) 6 — [sin(N — 3) 8 — T,, sin(N — 2) 8]e?¢ = 0
(10)



Equation (10) represents the generalized dielectric function of the stacked structure and is
the condition to obtain the dispersion relation w(q) of plasmon excitation in the
metamaterial. As can be observed, the plasmon dispersion relation in general will depend
on all the parameters of the metamaterials such as the number of graphene layers, the
thickness and dielectric constants of both, the metal and dielectric films and the dielectric
permittivity of the surrounding medium which play and important role for plasmonic
sensing.

As a significant exemplification of the formalism introduced here we consider the strong
Coulomb coupling between a monolayer graphene and the metal-dielectric structure.
Under this approximation, the plasmon dispersion relation can be calculated from the

zeros of the following dielectric function;

gs—&x+2V4ll(q,w)

— p2qds
es+82—2VqH(q,w)F(q’ w) e (12)

e(qw) =

Due to the phase-space constrains in graphene, there is a region of undamped plasmons
satisfying the following condition yq < w < 2Ef —yq and Im/l(q,®)=0 thus, in order to
obtain the plasmon modes, we proceed to use la long wavelength limit (g->0) form of the

graphene electron polarizability [31]

Er ¢ w?
(g, w) = ;ﬁ(l 4_15]% (12)
and a power expansion for the plasmon dispersion relation as in Refs. [32,33] i.e.,,
w(q)=c1g+c2g*+... The hybridization of charge oscillations in metal coupled with the
graphene layer via many-body Coulomb interaction in the long wavelength limit lead and

optical and acoustic plasmon modes;



wo=«/aq1/2=\/ q

13
&1t+é&2 ( )
and
4dsdme?Efwy
w = +C = 14
ac 24 es(4ezEf+dmw%)q (14)

The energy associated to the optical plasmon mode corresponds to the hybridization of
the symmetric surface mode in metallic film and the optical graphene plasmon mode,
note the this high energy plasmon branch depends substantially on the Fermi energy of
the graphene, the thickness, the plasmon energy of the metallic film and the dielectric
constants outside of the metal-dielectric graphene structure. These latter properties make
this metamaterial a high sensitive THz surface plasmon resonance sensor. On the other
hand, in the lower branch, the carriers in graphene oscillate out of phase with the metal
surface plasmon generating surface acoustic plasmons exhibiting a linear dispersion with g
at long wavelength limit. Recently Lee et.al., have demonstrated a graphene acoustic
plasmon resonator with nearly perfect absorption of incident infrared light [34]. Thus, this
new metamaterial, metal-dielectric monolayer graphene could greatly improve
ultrasensitive biosensors for optical diagnosis of diseases. It also follows from Eq.(14) that
acoustic plasmon modes exist if the group velocity is greater than the Fermi velocity i.e.,
c2>7* and thus is not subject to Landau damping. This latter condition allow us to define a
critical thickness of the dielectric film d. for which c,=/? . By using this value of ¢, In

Eg.(12) we obtain

& Y2 (462Ef+dma)%,)
€ 4dmezEfa)12,

(15)



For thickness of the dielectric film larger of d. acoustic plasmon emerges above the

electron-hole pair continuum for the metal-dielectric-graphene metamaterial.

Recently, Moradi [35] studied numerically the plasmonic characteristics of a monolayer
graphene, which is coupled to a semi-infinite conductor separated by a dielectric layer, in
this layered structure also two plasmon branches are presented, a higher energy
frequency branch where the surface carriers oscillate in phase, optical mode and a lower

branch with the electrons oscillating out of phase, acoustic plasmon mode.

In general, results for the plasmon dispersion can be presented by solving numerically Eq.
(10) for a system consisting of a finite number of graphene layers N coupling via Coulomb
interaction with the electron gas in the metal as shown in Fig.1. However in the THz
region, which is our interest, we take the long wavelength approximation. Under this

approximation &~g and Eq.(10) reduces to

[N—3—T,(N—2)]e?? =0 (16)

whose solution for the plasmon optical mode is written as

2 2
£1+82 81+£2

where the first term of the right hand in Eq.(15) represents the optical plasmon energy of
a monolayer graphene times the graphene number of layers N, i.e., the electron density
oscillations of the stacked graphene layers are in phase coupled via Coulomb interaction
with the symmetric plasmon modes in the metal film. Equation (17) can also be obtained
assuming an effective electron polarizability given as NII(q, w) In Eq.(11). This latter
result is appropriate to study the optical properties in graphene-stacked layers,

specifically; reflection, transmission and absorption of light in multilayer graphene. On the



other hand, the acoustic plasmon branch due to the asymmetric behavior, it must to be

calculated numerically for the metal-dielectric-multilayer graphene structure.
lll. Numerical results

The system corresponding to metal-graphene plasmonic metamaterial where graphene
and metal are separated by a dielectric spacer is shown in Fig.(1). When the graphene
layers are far apart Coulomb interaction between them can be neglected and collective
electron excitations consist in plasmons excited in metal-dielectric-monolayer graphene
given by Egs.(13-14). Nevertheless, when Coulomb interaction between graphene layers
are turn on new optical and acoustic plasmon branches emerge in the regime which we
are interested i.e., w > yq and Ef > w. The dependence of acoustic plasmons as function
of the wave vector is shown in Fig.(2) for different number of graphene layers. As can
been observed, provided that the thickness of the dielectric film satisfies Eq.(15), the
acoustic plasmon energy is free Landau damping in the long wave limit and it increase
with the number of graphene layers on the metal-insulator stack. However, as g increase,
it is expected that the plasmon dispersion relation decay into the continuum of the

interband single particle excitation region.

Surface plasmons in graphene can be significantly influenced by many-particle involving
interaction between electrons and plasmons and besides that, they can be tuned
continuously by manipulating the thickness of the metal, the dielectric properties of the
external medium, etc. The dispersion curves of the surface plasmons on graphene metal-
dielectric structures reveal these essential features. Therefore, the interaction of light
with surface plasmons can be enhanced leading a great ability for biological sensing
applications. Usually surface plasmon can be excited via evanescent waves in the
Kretschmann configuration, utilizing high-index prisms, where the wavevector matching
between incident light and surface plasmon is compensated. Once surface plasmon is
excited in the Kretschmann configuration, a sharp minimum is observed in the reflection

coefficient versus incident angle (or wavelength) curve.
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In the present work the p-polarized incident light is on the metal substrate, and in order to
determine the reflectance of plasmon resonances as a function of the incident angle, we
solve the Fresnel problem for the metal-dielectric-graphene structure as in Ref.[36]. If the
x-y plane is the interface plane, for wave propagation in the x direction only, for p-
polarization the magnetic field is polarized along the y direction and can be written in the
form H = (0, Ue~Z + Veikz, 0)eic*~iot = (0, d, 0) and the electric field associated with
this electromagnetic wave is E = — c/iwe(— 0,9, 0,0, P) with k? = cw?/c? — k% and ¢
the incident light velocity. Furthermore, the propagation of light across the set of
interfaces formed by a graphene layers and the metal and dielectric slabs, must satisfy the
standard electromagnetic boundary conditions i.e., the tangential component of E is
continuous and H discontinuous. Thus, the relationship between the field components U,

V at the first and last interface are related as:

(12) = () 19

where M is the characteristic transfer matrix of the combined metal-dielectric- stack
graphene structure and can be obtained from the following relation for the p-polarization

light [37]

M = R1—>2P(d1,2)R2—>3P(dz,3) wP(dy_1n)Ryon+1 (19)

where the electric and magnetic fields in different layers are related through the

propagation matrix P(dmm+1)

e_ikm+1dm,m+1 O )
O eikm+1dm,m+1

P(mmer) = ( (20)

and the transmission matrix
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Em | Em+1 4 4w Em | Em+1 4w
—+ 7 —+—0a(w -+t —-——0(w
km+1 km =~ km+1 w ( ) km ~ kmt1 w ( )
2£m+1 Em + Em+1 i Em Em+1 4
——+ 77— —-——0(w -+ = ——0(w
km km+1 w ( ) km km+1 w ( )

(21)

Rpyomer =

Here ofw) is the surface conductivity of graphene which takes into account the

contribution of the interband and intraband electronic transitions as

2ie?kgT [ Ef
o; =———1In ZCosh( )]
ILra ™ pp2(4+il) 2kgT,

(18)

and

_ i l l hw—Ef) _ L (hw+Ef)2
Ointer = o7 [2 +, Tarctan ( 2oty ) " am (hw—E )’ +(2kpTy)? (19)

where kg is the Boltzmann’s constant, h is the reduced Planck’s constant, Ty is the
temperature, w is the angular frequency of incident light and 7 is the relaxation
frequency. Notice that in the metallic film and the dielectric spacer in the metamaterial
o{w)=0. Once the transfer matrix is known, we can calculate the optical properties of the
multi-layer graphene on metal dielectric substrates. Assuming the incident light is on the
metallic slab it can be easily shown that the reflection coefficient is given by the elements
of the matrix M, r=Mz1/M1; and the reflectance R = |r|?.

In Fig.(3) the reflectance of the metal-dielectric-graphene metamaterial is depicted as a
function of the angle of the incident radiation for dielectric thickness increasing from 1-10
nm. The results exhibit a shift of the sharp minimum reflectivity indicating a surface

plasmon excitation in the Kretschmann configuration without variation of its amplitude.
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For three different dielectric thicknesses, the plasmonic angles shift from 43° to 44.7°,
therefore as can be noted the hybrid metamaterial used as biosensor is very sensitive to
changes of the dielectric film thickness with optimum metallic thickness of 60nm and
incident electromagnetic radiation of 1=632 nm with a dielectric constant of the prism
£1=2.25 and the sensing medium &;=1. Figure (4) shows the variations of the reflectivity
with the number of the graphene layers N and the thickness of the dielectric film ds=5nm.
These results indicate that the number of graphene layers can be optimized to enhance
the performance and sensibility of the hybrid metamaterial structures-based surface
plasmon biosensor. As can be seen, when the number of graphene layers increases there
is a shift of the resonance peak and a reduction in the amplitude of the resonance dip.
Thus, a complete transfer of energy of the incident radiation corresponds to one graphene
layer.

Surface plasmon resonance can be also used to detect biological molecules. This feature is
used to design optical biosensors that can measure the refractive index when the
biomolecules become adsorbed on the graphene surface and create a layer of refractive
index higher than that of the air (&2 in Fig.(1)) resulting in a change in the resonance angle.
Fig.(5) plots the theoretical reflectivity against the resonance angle for different refractive
index of the sensing medium. As can be seen there is an increase in the width of the
reflectance curve and a shift in the resonance angle of the minimum reflectivity with
increasing refractive index of the sensing medium. Therefore, this plasmonic
metamaterials are very sensitive to the changes of refractive index of the dielectric media

in the vicinity of the graphene layer.

IV Conclusions

In this study, the collective electronic excitations in metal-dielectric-layered graphene
structure were investigated. Long-range Coulomb interactions in the metamaterial lead
new set spectra of surface plasmons, which depend on a certain characteristic parameters

of each material in metal-dielectric-layered graphene structure. At long wavelength (g—=>0)
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the acoustic plasmons emerge in this metamaterial structure characterized by a linear
dependence on the momentum, which can be observed by electron energy los
spectroscopy (EELS). Recently [34], new acoustic plasmon resonators have been proposed
to excite and manipulate the interaction between field confinement associated with these
plasmonic modes and free-space light. Also, this metamaterial proposed in this work
supports high-energy optical plasmons, which can be excited by light using the
Kretschmann coupling configuration. Since a high performance of surface plasmon
resonance biosensor should exhibit large depth of dip (small reflectivity), the minimum of
the reflectivity in the hybrid configuration can be manipulated dynamically by changing,
the thickness of the dielectric film, the dielectric properties of the environment, the
number of graphene layers etc. which is an a efficient method to realize high sensing
properties for the metamaterial. As an application, we have shown that metal-dielectric-
graphene stack is a sensitive THz plasmonic biosensor to study graphene layer interactions

with biomolecules characterized with their own dielectric permittivity.
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Figure captions

Fig. 1: Schematic representation of graphene stacks separated a distance d embedded in a
medium with dielectric permittivity & on a metal-dielectric substrate with metal thickness
dm and dielectric thickness ds surrounded by a dielectric constant ¢ and &, &n represents

the dielectric permittivity of the metallic film with @, =1.37 10%%/sec. and E=0.15 eV

Fig.2: Dispersion relation of the acoustic plasmon for different number of graphene layers
and dielectric thickness ds=10 nm, dm=60nm, £,=2.25, &,=1, A=632 nm. The others

parameters used are the same as in Fig.1

Fig.3: Reflectivity spectra of the metal-dielectric-graphene metamaterial as a function of
the incident angle for different thickness of the dielectric film. The other parameters are

the same as Fig.2

Fig.4: Reflectivity spectra of the metal-dielectric-graphene metamaterial as a function of
the incident angle for different number of the graphene layers. The other parameters are

the same as Fig.2.

Fig.5: Reflectivity spectra curves as a function of the incident angle for different dielectric
permittivity of adsorbed biomolecules on the monolayer graphene surface. Same

parameters as Fig.2
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