
Supplementary Information for “Cooperative diffusion in body-centred cubic iron at Earth 

and super-Earth inner core conditions” 

M. Ghosh1,2, S. Zhang1*, S.X. Hu1,3 

1
Laboratory for Laser Energetics, University of Rochester, Rochester, New York 14623, USA 

2
Department of Chemistry, University of Rochester, Rochester, New York 14611, USA 

3
Department of Mechanical Engineering, University of Rochester, Rochester, New York 14611, 

USA 

*Corresponding author. Email: szha@lle.rochester.edu 

 

Figure S1 shows the 3D views of the atomic displacement of the bcc structure at 6000 K 

to 9000 K along the 13.89-g/cm
3
 isochore.  

 

 

 

 

 

 

 

 

Fig. S1 3D views of the atomic 

displacement (yellow arrows) 

of iron atoms (red spheres) 

from their equilibrium sites in 

a bcc lattice in different 

conditions. a solid, 6000 K; b 

and c, cooperative diffusion 

occurring along or parallel to 

the body diagonal of the 

simulation box, 7000 K and 

8000 K; d liquid, 9000 K. 
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We have compared the radial distribution function (RDF) for bcc iron at Earth’s conditions 

to that of hexagonal close-packed (hcp) iron at the same density and temperatures. The 

computational settings for hcp (c/a=1.66) are similar to those for bcc: NVT ensemble, 4 × 4 × 4 

supercell with 128 atoms, and Γ-centred 2 × 2 × 2 k-point grid. The radial distribution functions 

at 6000 – 8000 K have been plotted (dashed blue line) to compare with bcc iron (solid red line) in 

Fig. S2. Both bcc and hcp turn into a complete melt and have similar g(r) at 9000 K. Below 9000 

K, the g(r) profiles of bcc and hcp structures are different: the first peak of bcc iron has lower 

height than the hcp case even though the peak positions are similar; hcp profiles are more 

structured than bcc between 2.5 and 4 Å; and the position of the first valley of bcc iron is farther 

than the corresponding hcp cases.  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. S2 Radial distribution 

function of hcp versus bcc iron at 

different temperatures along the 

13.89-g/cm
3
 isochore. 

 



Figure S3 shows the variation of the coordination number of bcc solid, bcc with cooperative 

diffusion, and liquid iron along two isochores: 13.89 g/cm3 and 26.34 g/cm3.  The coordination 

number is calculated by 𝐶𝑁 = 4𝜋𝜌 ∫ 𝑟2𝑔(𝑟)
𝑟𝑚𝑖𝑛

0
 𝑑𝑟, where 𝜌 denotes the number density and 

𝑟𝑚𝑖𝑛 the first valley position of 𝑟2𝑔(𝑟).   

  

Fig. S3 Coordination numbers for bcc solid (purple), cooperative diffusion (blue and 

green), and liquid (red) phases of iron in Earth’s and super-Earth’s inner core conditions. 

  



Figure S4 shows the energy barrier profiles when iron atoms are displaced along different 

directions in a bcc lattice at different electronic temperatures and 26.34 g/cm3. At 15,000 K, bcc 

iron is unstable relative to the displaced structure along the [111] direction (inset plot of Fig. S4). 

This instability is removed at higher temperatures of 20,000 - 25,000 K. The energy barrier along 

[111] is lower than [110] and [001] directions for all electronic temperatures investigated and 

hence facilitates the cooperative diffusion along 〈111〉. This physical picture is alike to the energy 

barrier scenario at 13.89 g/cm3 (see Fig. 2 in main manuscript).  

 

 

Fig. S4 Energy changes of a bcc lattice of iron (density = 26.34 g/cm3) with atoms displaced 

along three different directions: [110], [001], and [111] and electrons following the Fermi–

Dirac distribution at different temperatures.  

  



Figure S5 shows cooperative diffusion is observed at 26.34 g/cm3 and 19,000 to 22,000 K.  

 

Fig. S5 Snapshots of DFT-MD simulations along the 26.34-g/cm3 isochore show different 

states of iron depending on the temperature: solid (18,000 K, a,b), bcc with cooperative 

diffusion (19,000 K to 22,000 K, c-j), or liquid (23,000 K, k,l). Red spheres indicate iron 

atoms; yellow arrows indicate vectors of displacement from the ideal bcc structure.  

  



Figure S6 shows the mean squared displacement (MSD) and radial distribution function 

g(r) based on simulations along the 26.34 g/cm3 isochore: typical of a solid at 18,000 K, typical of 

a liquid at 23,000 K, and cooperative diffusion (with larger MSD than solid) at 20,000 K and 

22,000 K. Radial distribution function plots show similar differences between the solid/liquid and 

cooperative-diffusion cases as the 13.89-g/cc case. (Fig. 3 of the main manuscript). 

 

Fig. S6 Identifying cooperative diffusion at density 26.34 g/cm3. a. mean squared 

displacement (MSD), b. radial distribution function g(r). 

 



Figure S7 shows elastic constants calculated at 26.34 g/cm3 and different electronic 

temperatures with dashed lines and open circles, in comparison with thermoelastic constants 

shown in filled circles. 

 

Fig. S7 Elastic (based on static lattice and finite electronic temperatures) and thermoelastic 

(based on molecular dynamics with equilibrated ion-electron temperatures) constants of 

bcc iron at 26.34-g/cm3.  

 

  



The elastic anisotropy has been calculated using three different definitions: Zener 

anisotropy index (A)1 that was defined for cubic crystals: 𝐴 =  
2𝐶44

(𝐶11− 𝐶12)
; Chung-Buessem 

anisotropy index (AC)2, which is related to A by 𝐴𝐶 =  
3(𝐴−1)2

3(𝐴−1)2+25𝐴
and was also defined for cubic 

crystals but aiming to obtain a single-valued anisotropy measure:  𝐴𝐶 =  
𝐺𝑉− 𝐺𝑅

𝐺𝑉+ 𝐺𝑅 , where GV and 

GR are shear modulus from Voigt and Reuss estimates; and the universal elastic anisotropy index 

(AU)3 that aims to give a universal definition of elastic anisotropy across all crystal systems and is 

related to A by 𝐴𝑈 =  
6

5
(√𝐴 − 

1

√𝐴
)

2
= 10 (

𝐴𝐶

1−𝐴𝐶)  

Following the three definitions our calculated anisotropy for iron at 13.89 g/cm3, calculated 

from thermal elastic constants, is summarized and compared with anisotropy calculated from 

thermal elastic constant data available from Refs.4-6 in Table S1.  

Table S1 Elastic anisotropy calculated from different definitions for iron at Earth’s inner core conditions. 

The numbers in the parenthesis are estimated 1𝜎 errors. For bcc, P wave anisotropy = 
(𝑣𝐿

111 − 𝑣𝐿
001)

𝑣𝐿
001⁄ , 

where 𝑣𝐿 is the longitudinal sound velocity. 

Crystal type 
(Ref) 

Density 
(g/cm3) 

Pressure 
(GPa) 

T (K) Zener 
anisotropy 
index (A 
for bcc, Aeq 

for hcp) 

Chung–
Buessem 
anisotropy 

index (AC) 

Universal 
elastic 
constant 

(AU) 
 

P-wave 
anisotropy 
(%)  
 

Bcc (this work)* 13.89 410.8 7000 1.99 (0.51) 0.06 (0.06) 0.59 (0.52) 7.6 

Bcc (this work)† 13.89 425.2 8000 9.44 (8.73) 0.48 (1.12) 9.06 (3.50) 13.1 
Bcc (EAM)4‡  13.90 360 6000 32.58 0.79 36.74 19.0 

Bcc (EAM)4§ 13.78 360 7400 14.72 0.61 15.34 15.8 

Bcc6** 13.842 - 6000 2.34 0.08 0.92 7.2 
Hcp5†† 13.54 364 6000 1.70 - 0.35 5.77 

 
* C11 = 1723.89 (68.84), C12 = 1311.52 (71.08), C44 = 411.11 (37.79) [GPa] 
† C11 = 1584.41 (51.02), C12 = 1505.32 (51.82), C44 = 373.29 (39.14) [GPa] 
‡ C11 = 1391.0, C12 = 1363.5, C44 = 448.0 [GPa] 
§ C11 = 1415.1, C12 = 1362.5, C44 = 387.0 [GPa] 
** C11 = 1657, C12 = 1381, C44 = 323 [GPa] 
†† C11 = 1700.4, C12 = 1251.5, C44 = 200.1, C13 = 1025.0, C33 = 1768.7 [GPa] 



 

Anisotropy for hcp crystal-type has been calculated using the universal elastic constant3: 

𝐴𝑈 = 5
𝐺𝑉

𝐺𝑅 +
𝐾𝑉

𝐾𝑅 − 6 ≥ 0  where GV and GR are shear modulus, and KV and KR are bulk modulus, 

from Voigt and Reuss estimates respectively. An equivalent of Zener anisotropy measure3 for hcp 

is given by 𝐴𝑒𝑞 =  (1 + 
5

12
𝐴𝑈) + √(1 + 

5

12
𝐴𝑈)

2
− 1.  

  



We have calculated the longitudinal (L) and transverse (T1 and T2) sound velocities for 

each of the three directions: <001>, <110> and <111> for temperatures 7000 K and 8000 K along 

13.89 g/cm3 isochore; the data is shown in Table S2. The L-mode along <111> is the fastest, while 

that long <001> is the slowest, consistent with previous theoretical8-10 and seismological11 studies. 

Table S2| Sound velocities calculated for bcc iron with cooperative diffusion at density = 
13.89 g/cm3. Effective value of thermal elastic constants for each case is given by Ceff. The 
sound velocities are calculated from Christoffel’s equations for cubic crystals12. Numbers in 
parenthesis denote errors propagated from the standard error of Cij. 

Mode Formula for 

Ceff  

Ceff (GPa) 

 
(T = 7000 

K) 

Ceff (GPa) 

 
(T = 8000 

K) 

Sound velocity  

(√
𝐶𝑒𝑓𝑓

𝜌
) (km/s) 

T = 7000 K 

Sound velocity 

(√
𝐶𝑒𝑓𝑓

𝜌
) (km/s) 

T = 8000 K 

q || <001> 

L 𝐶11 1723.89 

(68.84) 

1584.41 

(51.02) 

11.14  
(0.22) 

10.68  

(0.17) 

T1, T2 𝐶44 411.11 

(37.79) 

373.29 

(39.14) 

5.44  
(0.25) 

5.18  

(0.27) 

q || <110> 

L 1
2⁄ (𝐶11

+ 𝐶12

+ 2𝐶44) 

1928.82 

(62.26) 

1918.16 

(53.42) 

11.78  

(0.19) 

11.75  

(0.16) 

T1 𝐶44 411.11 

(37.79) 

373.29 

(39.14) 

 5.44  

(0.25) 

5.18  

(0.27) 

T2 1

2
(𝐶11

− 𝐶12) 

206.19 

(49.48) 

39.55 

(36.36) 

3.85  

(0.46) 

1.69  

(0.78) 

q || <111> 

L 1

3
(𝐶11

+ 2𝐶12 

+ 4𝐶44) 

1997.10 

(72.88) 

2029.43 

(64.85) 

11.99  

(0.22) 

12.09  

(0.19) 

T1, T2 1

3
(𝐶11

− 𝐶12 

+ 𝐶44) 

274.49 

(35.31) 

150.79 

(27.52) 

4.45  

(0.29) 

3.29  

(0.3) 

 

  



Figure S8 summarizes the high-temperature phonon spectra based on bcc iron simulations 

at 13.89 and 26.34 g/cm3.  

 

Fig. S8 Phonon dispersion relations of bcc iron at different conditions. a.13.89 g/cm3 and 

6000 to 8000 K, and b 26.34 g/cm3 and 18,000 to 22,000 K, where bcc iron is in solid or 

cooperative diffusion states. Light shaded regions represent the linewidth, which is a measure of 

the phonon lifetime. 

  



The choice of pseudopotential hinders the precise determination of the melting temperature 

and the regime of cooperative diffusion. In Fig. 4 of the main text, we have shown our data with 

Fe_pv pseudopotential (core radius = 2.20 Bohr, number of valence electrons = 14) for 13.89 g/cm3 

and a harder Fe_sv pseudopotential (core radius = 1.90 Bohr, number of valence electrons = 16) 

for 26.34 g/cm3. Table S3 summarizes our results using other types of pseudopotentials. In general, 

Fe_sv predicts a higher melting temperature and a broader density-temperature regime for 

cooperative diffusion than Fe_pv. 

Table S3 All Fe_pv and Fe_sv test results for the regimes of cooperative diffusion for Earth 

and super-Earth conditions. 

Density (g/cm3) Temperature (K)  Pseudopotential Phase 

13.89 6000 Fe_sv solid 

13.89 8000 Fe_sv cooperative 

diffusion 

13.89 10000 Fe_sv cooperative 

diffusion  

13.89 12000 Fe_sv liquid   

26.34 15000 Fe_pv solid 

26.34 16000 Fe_pv cooperative 

diffusion 

26.34 17000 Fe_pv liquid 

 

  



Figure S9 summarizes variations of all diagonal and off-diagonal components of the stress 

tensor during the DFT-MD simulations. All diagonal components are equal and off-diagonal 

components are zero, indicating the simulation cell remains stable and has reached thermodynamic 

equilibrium.   

 

Fig. S9 Components of the stress tensor during simulations of bcc iron at various temperatures 

along the 13.89-g/cm3 isochore.  

 

  



We have checked the application of the Fe_sv pseudopotential at 26.34 g/cm3 against an 

all-electron calculation. Table S4 shows difference in pressure calculated by the two potentials is 

less than 0.005%.  

Table S4 Comparison of pressures between Fe_sv and all-electron calculations 

of bcc iron at 26.34 g/cm3 and electronic temperature of 300 K. 
Type of pseudopotential  Telectronic (K) P (GPa) Code used 

Fe_sv 300 2999.57 VASP13 

All electron 300 2999.80 Quantum Espresso14,15 

 

  



We have performed doping simulations with trace elements of carbon. Randomly chosen 

two iron atoms in a 128-atom cell replaced by carbon, i.e., 1.56% of doping, and density of the 

carbon-doped bcc iron supercell becomes 13.72 g/cm3. Similar to our 4 × 4 × 4 -supercell 

calculations of pure iron, the simulations involving doping are performed with Γ-centred 2 × 2 × 2 

k-mesh from 6000 to 8000 K. We observe the melting temperature is lowered by 1000 K in 

comparison to pure iron simulations. We also observe cooperative diffusion of iron at 6500 K, the 

snapshots are shown in Fig. S10.  

 

Fig. S10 Snapshots of doping simulations with trace amounts of carbon at 13.72 g/cm3 and 6500 K. Red 
spheres are iron atoms, grey spheres are carbon atoms, yellow arrows are the atomic displacement. The 
grey spheres are shown larger only to better visualize the position of carbon atoms. 

 

  



Table S5 compares the equation of state (EOS) data for single snapshots by using different 

k meshes. A 2 × 2 × 2 k mesh is sufficient to converge the 4× 4 × 4 supercell simulation at 13.89 

g/cm3, and the Γ point only is sufficient to converge the 5 × 5 × 5  supercell calculation at 26.34 

g/cm3, respectively. 

Table S5| Comparison of EOS of single snapshots from simulations using different k mesh. 

Single snapshot with density = 13.89 g/cm3, electronic T = 6000 K, 128-atom cell 

 Γ-point only Γ-centred 2 × 2 × 2 Γ-centred 3× 3 × 3 Γ-centred 4× 4 × 4 

Total pressure 
(GPa) 

395.33 397.41 397.37 397.37 

Internal energy 
(eV/atom) 

-4.25 -4.24 -4.24 -4.24 

Electronic free 
energy 
(eV/atom) 

-5.14 -5.13 -5.13 -5.13 

 
Single snapshot with density = 26.34 g/cm3, electronic T = 22,000 K, 250-atom cell 
 
 Γ-point only Γ-centred 2 × 2 × 2 Γ-centred 3× 3 × 3 

Total pressure 
(GPa) 

3395.42 3393.57 3393.64 

Internal energy 
(eV/atom) 

22.41 22.43 22.43 

Electronic free 
energy 
(eV/atom) 

17.25 17.25 17.25 
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