Supplementary Information: Skyrmion Control of Majorana States
in Planar Josephson Junctions

SI. Majorana oscillations in the Josephson junctions
The oscillation of the Majorana bound states (MBS) is
a well-known phenomenon that appears due to the finite
size effect. In a one-dimensional geometry, e.g. a Rashba
nanowire with a Zeeman exchange coupling, the probability
density of the MBS, which are localized dominantly at the
two ends, decay exponentially with distance towards the
middle of the nanowire. The overlap of these two MBS wave
functions give rise to a finite splitting in energy. This split
energy gap between the MBS pair oscillates with varying
a parameter, such as the chemical potential or the Zeeman
energy. In our considered planar Josephson junction (JJ)
geometry, the finite length of the quasi-one-dimensional
metallic channel in the middle, therefore, naturally leads
to the oscillations of the zero-energy MBS with varying
chemical potential µ. Furthermore, the finite width of
the quasi-one-dimensional channel provides extra room for
delocalization of the MBS at the two ends, contributing
additively to the Majorana oscillation.
The oscillation
amplitude, however, decreases with increasing the length of
the JJ. In Fig. S1, we show the quasiparticle spectra with
varying µ at different values of the phase difference ϕ between
the two superconducting regions of the JJ. Evidently, the
oscillation amplitude increases with increasing ϕ from 0 to
π. At ϕ = π, the oscillation becomes large and the MBS
completely vanish. The oscillation can also be visible in the
Majorana polarization PM . In Fig. S2, we show the variation
in PM for the lowest positive eigenstate with µ. At ϕ = 0,
the oscillation is small in amplitude and appears on the top
of a significant value of the Majorana polarization (PM ≥1).
With increasing ϕ from 0 to π, the value of PM decreases and
the oscillation amplitude increases simultaneously. These
results explain why the MBS disappear with increasing the
phase difference ϕ from 0 to π, as discussed in the main text.
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SII. Effect of the intrinsic Rashba spin-orbit coupling
The broken inversion symmetry at the interface between
the two-dimensional electron gas and the superconductor,
often leads to a sizable intrinsic Rashba spin-orbit coupling
(SOC) which is usually considered as the primary mechanism
for modifying the pairing symmetry of the induced superconductivity in a one-dimensional [1] or two-dimensional
geometry [2], leading to the desired topological superconductivity. To explore the mutual influence of the Rashba
SOC and the Skyrmion crystal (SkX)-generated SOC on
the emergence of the zero-energy
P MBS, we consider the
Hamiltonian HRSOC =−iα/(2a) hiji,σ,σ0 (σ × r̂ij )zσσ0 c†iσ cjσ0
for the Rashba SOC, where α is the strength of the Rashba
SOC, and obtain the quasiparticle spectrum based on the
total Hamiltonian HBdG + HRSOC . In Fig. S4, we show the
quasiparticle spectra for four different values of α. With
relatively smaller values of α, e.g. a. α = 2 meV-nm and
b. α = 4 meV-nm, the zero-energy MBS within the range
-0.2 meV / µ / 0.6 meV, remain stable. The oscillations
of the MBS are minimized within this range of µ, making
the MBS more robust (i.e. localized). For larger values of

FIG. S1. Quasiparticle spectrum of a planar Josephson junction, attached to a skyrmion crystal as considered in Fig.2
of the main text, with varying chemical potential µ at different values of the phase difference ϕ between the two superconducting regions of the Josephson junction. The colorbar
represents, in arbitrary units, the Majorana polarization PM .
The intrinsic Rashba spin-orbit coupling is set to zero. All
other parameters are as in the Fig.2 of the main text.

α (cases c. and d.), the MBS in the above range of µ start
to become delocalized, possibly because a very large Rashba
SOC interferes destructively with the synthetic SOC. But
remarkably, with larger values of α, new MBS start to appear
at larger values of the chemical potential, e.g. within the
range 2.2 meV / µ / 2.6 meV. Although the mutual effects
of the intrinsic Rashba SOC and the SkX-generated SOC are
rather complex, within some ranges of µ, they cooperate to
generate robust MBS with a larger topological energy gap.
SIII. Characteristics of the Majorana bound states
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FIG. S2. The Majorana polarization PM of the lowest positive energy eigenstate with varying chemical potential µ at different values of the phase difference ϕ. The intrinsic Rashba
spin-orbit coupling is kept at zero. All other parameters are
as in the Fig.2 of the main text.

To characterize the MBS in a one-dimensional system, the
Majorana number or the Winding number is usually computed. However, it is not feasible to calculate this topological invariant in a quasi-one dimensional system that lacks
the translational symmetry. Therefore, in our platform, to
identify the MBS in the quasiparticle spectrum and track the
transition to the topological superconducting phase, we calculate primarily two quantities: (i) the generalized Majorana
polarization PM , proposed in Refs. [3, 4], and (ii) the second derivative of the total density of states at zero energy,
∂2D
which can also be called the curvature of the density of
∂E 2
states. The second derivative of the local density of states at
a boundary site and at zero energy was used as an order parameter in Ref. [5] to track the topological superconducting
transition. These quantities may provide additional insight
to detect the MBS in experiments, besides the conventional
zero-bias conductance peak [6, 7] which often leads to ambiguity due to other possible zero-bias states in a superconductor [8]. To test the above two quantities in our set up, we
first consider a chain with Rashba SOC and a uniform Zeeman exchange coupling, attached on the top and at the middle
of a quasi-one-dimensional s-wave superconductor. The BdG
quasiparticle spectrum of such a system, shown in Fig. S4a,
depicts the emergence of the zero-energy MBS within a range
of the chemical potential µ. The µ-variation of the two above2
discussed quantities, PM and ∂∂ED2 , are plotted in, respectively, Fig. S4b and c. Interestingly, both these quantities
reveal sharp jumps on entering the topological superconducting phase, similar to an order parameter in an ordinary phase
transition. The Majorana oscillations, although not noticeable in the quasiparticle spectrum, is visible in both PM and
∂2D
. In the infinite-length limit, the Majorana oscillations
∂E 2
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FIG. S3. Quasiparticle spectrum of the planar Josephson
junction as considered in Fig.2 of the main text at phase difference ϕ = 0 with varying chemical potential at different values
of the intrinsic Rashba spin-orbit coupling: a. α = 2 meV-nm,
b. α = 4 meV-nm, c. α = 6 meV-nm, and d. α = 8 meVnm. The colorbar represents the Majorana polarization PM ,
in arbitrary units. The Majorana bound states remain robust
in the presence of the intrinsic Rashba spin-orbit coupling.
vanish and both these quantities reveal a quantized feature,
as shown previously in Ref. 3. The sharp jumps, therefore, attest that these two quantities can reliably be used to track the
topological superconducting transition in our computational
framework.
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FIG. S4. a. Quasiparticle spectrum, with varying chemical
potential µ, of a wire of length Lx = 190a (a being the unit
lattice spacing) that is placed at the middle of a superconductor of size 200a×5a. A Zeeman field B = 0.3 T is uniformly
present throughout the wire. The Rashba spin-orbit coupling
strength is α = 30 meV-nm. The g-factor is g = 200. The
superconducting potential is U = 2 meV and the pairing amplitude ∆i is treated self-consistently. The colorbar represents
the Majorana polarization PM in arbitrary units. b. The µ
variation of PM of the lowest positive energy eigenstate. c.
2
The µ variation of ∂∂ED2 , the curvature of the density of states
at zero energy in arbitrary units.
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