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I. MODE PARAMETERS AND FREQUENCY SPECTRUM

In Table S1 we list the measured parameters of all key modes in our device. All numbers have been directly measured
and calibrated in the experiments at the operation bias point of the SNAIL, they are also used in our master equation
simulations (see Methods, Numerical simulations in main text). The measurement fidelity is calculated using single
qubit tomography. The single qubit gate fidelity is measured using interleaved randomized benchmarking1.

Q2 Q3 Q4 C1 C2 C3 C4 SNAIL
ω0/2π (GHz) 3.067984 4.040709 3.566572 4.477662 4.812500 5.474195 6.180769 3.914900
T1 (µs) 60 9.1 8.4 23 27 13 20 0.98
T2R (µs) 18 6.3 8.0 45 47 11 23 1.0
T2E (µs) 24 7.6 8.0
α/2π (MHz) -141.3 -118.1 -125.8
χqc/2π (MHz) -0.11 -1.7 -0.86
Measurement fidelity 93.6% 83.0% 88.0 %
Single gate error 0.48% ± 0.04% 3.74% ± 0.5% 3.21% ± 0.6%

Table S1. Devices parameters.

One natural advantage of our router design is that the parametric pumps are all well-separated in frequency from
all modes. This allows us to protect all quantum modes while still strongly pumping the parametric processes. As
we can see from Fig S1, the communication modes and SNAIL mode itself are all at least 2 GHz higher than the
parametric pumping frequencies.

Figure S1. Frequency spectrum of all linear modes, SNAIL mode and pumping frequencies. Since the maximum
pumping frequency on the SNAIL fmax

pump ≈ fc4 − fc1 = 1.704 GHz, which is far below the waveguide cutoff frequency fcutoff =
fw1 = 4.528 GHz, the router naturally protects pumping tones from propagating into modules. Meanwhile, the frequency of
the communication modes and all other modes don’t have to be precisely controlled, so the router can be easily adapted to
different modules without fine-tuning. Also, since the maximum pumping frequency is also lower than the SNAIL frequency
fmax
pump < fs = 3.915 GHz, a low-pass-filter (e.g. Mini-Circuits VLF-2250+) is added to the SNAIL pump port, so that strong

pumps can be applied to SNAIL while the SNAIL mode lifetimes are still protected.
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II. EFFECT OF EXCHANGE INTERACTION VS MODE TYPE AND STATE ENCODING

As noted in the main text, depending on the qubit encoding in Hilbert space of the state being swapped, the

same parametric coupling (i.e. Ĥeff = geff
cicj (ĉ†i ĉj + ĉiĉ

†
j)) can result in very different state evolution. To clar-

ify this, we compare different initial states and different kinds of modes (transmon qubit or cavity) at times
t = π/geff, 2π/geff, 3π/geff and 4π/geff. In the following tables, the column labels indicate initial states, row labels
indicate unitary applied to the state and the table values indicate the new state produced

As shown in Table S2, between two qubits, the effective conversion process can perform a perfect iSWAP gate.
However, if the coupled objects include one linear mode, the situation becomes more complicated. For example, in
the Fock state basis, the conversion process between two linear modes is more like a ‘beam splitter’ process2,3; and in
the coherent state basis, the process becomes a non-entangling exchange.

|ψinit〉 |1, 0〉 |1, 1〉 α |0, 0〉+ β |0, 1〉+ γ |1, 0〉+ η |1, 1〉
U1/2 |ψinit〉 1√

2
(|1, 0〉 − i |0, 1〉) |1, 1〉 α |0, 0〉+ 1√

2
(β − iγ) |0, 1〉+ 1√

2
(γ − iβ) |1, 0〉+ η |1, 1〉

U |ψinit〉 −i |0, 1〉 |1, 1〉 α |0, 0〉 − iγ |0, 1〉 − iβ |1, 0〉+ η |1, 1〉
U3/2 |ψinit〉 - 1√

2
(|1, 0〉+ i |0, 1〉) |1, 1〉 α |0, 0〉 − 1√

2
(β + iγ) |0, 1〉 − 1√

2
(γ + iβ) |1, 0〉+ η |1, 1〉

U2 |ψinit〉 − |1, 0〉 |1, 1〉 α |0, 0〉 − β |0, 1〉 − γ |1, 0〉+ η |1, 1〉

Table S2. Transmon to transmon exchange. We consider the final states of different initial states under evolution operation
Up, where U is defined as U = exp (−iĤt), as t = 2π/geff. The exponent of U simply means Up = exp (−i Ĥ(pt)). Here, Up

creates an iSWAP family gate between the two qubits; U1/2 =
√

iSWAP could be used to create Bell state given an initial
state |1, 0〉. Note that U performs an iSWAP gate, which is also an universal two-qubit gate that can create entanglement.

|ψinit〉 |1, 0〉 |1, 1〉
U1/2 |ψinit〉 1√

2
(|1, 0〉 − i |0, 1〉) 1√

2
(|1, 1〉 − i |0, 2〉)

U |ψinit〉 −i |0, 1〉 −i |0, 2〉
U3/2 |ψinit〉 - 1√

2
(|1, 0〉+ i |0, 1〉) − 1√

2
(|1, 1〉+ i |0, 2〉)

U2 |ψinit〉 − |1, 0〉 − |1, 1〉
* Here, the unitary is defined as U = exp (−iĤt′), where t′ = t/

√
2.

Table S3. Transmon to cavity exchange. We consider the Fock state basis as for transmon-cavity coupling, coherent states
could result in an even more complicated scenario. Here the Up operator can still behave like a tunable beam-splitter if either
the cavity or qubit is prepared to an empty/ground state. However, for initial states like |1, n〉, where n ≥ 1, the Up operator
will no longer keep the state unchanged.

|ψinit〉 |1, 0〉 |1, 1〉 |α, 0〉 |α, β〉
U1/2 |ψinit〉 1√

2
(|1, 0〉 − i |0, 1〉) 1√

2
(|2, 0〉+ |0, 2〉) |α/2,−i α/2〉 |α/2− i β/2, β/2− i α/2〉

U |ψinit〉 −i |0, 1〉 |1, 1〉 |0,−i α〉 |−i β,−i α〉
U3/2 |ψinit〉 - 1√

2
(|1, 0〉+ i |0, 1〉) 1√

2
(|2, 0〉+ |0, 2〉) |−α/2,−i α/2〉 |−α/2− i β/2,−β/2− i α/2〉

U2 |ψinit〉 − |1, 0〉 |1, 1〉 |−α, 0〉 |−α,−β〉

Table S4. Cavity to cavity exchange. For two cavities prepared to Fock states, Up operator still behaves as a ‘beam splitter’,
while for coherent state basis, it will only exchange coherent states between the two cavities but will not create entanglement.

III. PARAMETRIC PHOTON iSWAP GATE USING 3-WAVE-MIXING

A. Parametric regime analysis

Here we analyze the parametric exchange process in the system. Without loss of the generality, we have excluded
the qubit and readout cavity modes from the total Hamiltonian, and focused on the parametric coupling between the
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communication cavities.

Ĥ0/~ =
∑

i=1,2,3,4

[
ωwi

ŵi
†ŵi + gwis(ŵi

†ŝ+ ŵiŝ
†)
]

+
∑

i=1,2,3,4

[
ωci ĉ

†
i ĉi + gciwi

(ĉi
†ŵi + ĉiŵi

†)
]

+ ωsŝ
†ŝ + g3(ŝ+ ŝ†)3,

(1)

After re-diagonalizing the second order terms in Eq. 1, all dressed modes in the router inherit third order nonlinearity.
The terms we are going to use for the parametric pumping scheme are three-wave mixing terms:

gcicjs

(
ĉi
†ĉj ŝ+ ĉiĉj

†ŝ†
)
, (i, j = 1, 2, 3, 4; i 6= j). (2)

Here the ĉi and ŝ operators represent the dressed modes after re-diagonalization, and gcicjs is the 3-wave-mixing coeffi-
cient. In the weak coupling regime where ( g∆ )ciwi

, ( g∆ )wis ∼ 0.1, the coefficient gcicjs ≈ g3( g∆ )ciwi
( g∆ )wis(

g
∆ )cjwj

( g∆ )wjs,
where ∆wis = ωwi

− ωs.
To realize iSWAP gates between communication cavities based on Eq. 2, we apply a strong single-tone pump on the

SNAIL at the frequency difference of two cavities, ωp =
∣∣ωci − ωcj ∣∣, where i, j = 1, 2, 3, 4; i 6= j. The time-dependent

pumping term can be written as ĤP /~ = ε(t)(ŝ+ ŝ†), where ε(t) is represented by:

ε(t) =

{
εx(t) cos(ωpt) + εy(t) sin(ωpt), 0 < t < tg
0, otherwise,

(3)

Thus, the total system Hamiltonian under pumping can be written as Ĥ′ = Ĥ0 + ĤP . To study the effect of this
pumping term in the total Hamiltonian, we apply a unitary transformation on Ĥ with displacement operator:

D(t) = exp[(zs† − z∗s)], (4)

where z = − (εx+iεy)/2
ωp−ωs

e−iωpt + (εx−iεy)/2
ωp+ωs

eiωpt. This results in a new Hamiltonian ĤD, in which the ĤP term is

canceled and ŝ→ ŝ− z. Specifically, the 3-wave mixing term in Eq. 2 becomes:

gcicjsĉi
†ĉj

(
ŝ

(εx + iεy)/2

ωp − ωs
e−iωpt − (εx − iεy)/2

ωp + ωs
eiωpt

)
+ h.c. (5)

Then we apply a rotating frame transformation at the frequency of all the router modes (SNAIL + waveguide) and
communication modes in the system:

R(t) = exp

iωsŝ†ŝ+
∑

i=1,2,3,4

i
(
ωwi

ŵi
†ŵi + ωci ĉi

†ĉi

) , (6)

Note that ωp =
∣∣ωci − ωcj ∣∣. We assume that all the other frequency differences in the system are several linewidths

away from the pumping frequency. Then the only slowly rotating term after the transformation is

ĤRWA/~ = η gcicjs

(
ĉ†i ĉj + ĉiĉ

†
j

)
, (7)

where η = (εx + iεy)ωs/(ω
2
d − ω2

s).
Equation 7 shows that pumping at ωp =

∣∣ωci − ωcj ∣∣ activates the spontaneous photon exchange process between
communication mode ci and cj . The iSWAP speed depends on the pumping strength and the three-wave mixing

coefficient gcicjs. By controlling the length of the pulse, iSWAP1/n gates can be performed between the two modes.
Also, the existence of all the 3-wave-mixing terms between different modes allows us to pump multiple parametric
processes simultaneously, e.g. we can perform iSWAP gate between two different cavity pairs at the same time by
simultaneously pumping the SNAIL mode at the two difference frequencies.

B. iSWAP gate time for all six cavity pairs

By preparing coherent states in all four different cavities, we can perform six pairs of inter-module iSWAP. We list
all iSWAP gate times in Table S5. The average gate time is 760 ns.
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iSWAP pair iSWAP time (ns)
C1 ↔ C2 1248
C1 ↔ C3 651
C1 ↔ C4 535
C2 ↔ C3 942
C2 ↔ C4 832
C3 ↔ C4 375

Table S5. iSWAP gate times between all six possible communication cavity pairs. The data is measured by preparing
a coherent state in one cavity and swapping it to another cavity. For each swap pair, the listed iSWAP gate time is based on
the maximum iSWAP speed measured by tuning up the SNAIL pump power until we see obvious decrease of mode lifetime.

C. Multi-end router exchange

One benefit of the router design is that we can apply multiple pump tones on the SNAIL at the same time to
activate multiple exchange processes simultaneously, which give us lots of freedom for more complicated gates. In
order to test this idea, we have designed two experiments: one realizing multiple exchanges in parallel, and a second
realizing exchange from one source cavity to two target cavities(V-exchange).

The protocol and experimental results are shown in Fig. S2. All protocols are based on coherent states. First, we
have tried the parallel exchange (as shown in SI. S2): Here, C3 and C4 have been first displaced with short Gaussian
pulses, then we turn on the SNAIL pump that induce C1 − C4 and C2 − C3 exchange simultaneously. At the same
time, the voltage output from all the cavities are measured through weakly-coupled ports. Comparing to the single
exchange, a small extra pump detuning (∼ −250KHz) has been observed on both pumps, which we attribute to the
dynamic-Kerr from driven SNAIL4.

For the “V-exchange”, we have displaced C2 first, then we turn on the SNAIL pumps for C2 − C4 and C2 − C3

exchange simultaneously, and similarly, we have recorded the voltage output from all three cavities. One thing is
different from parallel exchange is that the rate of two exchanges between each pair need to be precisely identical.
In our case, as C3 and C4 have been perfectly overlapped with each other, thus, C2 to C3 and C2 to C4 share the
same exchange rate with each other. Again, a small extra pump detuning (∼ −60KHz) is added on both pumps to
compensate for the dynamic-Kerr effect.
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Figure S2. Simultaneous exchanges between multiple cavities. (a) Parallel exchange between C1, C4 and C2, C3; (a1,
a2) Pulse sequence and schematic. (a3) We have rotated the output results so that the quadrature components equal to zero,
and plot only the in-phase voltages vs time for all four cavities. (b) V-exchange from C2 to C3 and C4. In this case, the light
can go back and forth between one cavity and two cavities. We have carefully tuned the pump frequencies and amplitudes so
that the voltage trace for C3 and C4 perfectly overlap with each other. If C2 is prepared to Fock state |1〉 at the beginning, and
C3 and C4 are both prepared to empty states, then at the moment when C2 is empty, a bell state would be created between
C3 and C4, as we have shown in main text Sec. III
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IV. INTRA-MODULE iSWAP

The next ingredient, previously termed an intra-module iSWAP5, swaps information between qubits and communi-
cation cavities. In the experiment, the qubit is first prepared to its excited state, which gives module state |e0〉. Next,
two side-band tones are applied near to the qubit and cavity frequencies. Here the detunings are around 10κ (∼ 20
MHz) away from each mode to avoid any undesired mode excitation. Then, both iSWAP time and cavity side-band
(CSB) detuning δ are swept to determine the optimized iSWAP condition. The average fidelity of a iSWAP gate is
94%, which is mainly limited by how fast the iSWAP gate is compared to T1 and Tφ of qubit and cavity.

Figure S3. Intra-module iSWAP. (a) Schematic of qubit and communication cavity frequencies and pump tones. Two pump
tones have been applied near the qubit and cavity frequencies to generate iSWAP between qubit and cavity. (b) Schematic
and pulse sequence. The qubit is prepared in its excited state via a Rx(π) pulse at ωq,ge, then two sideband pulses are applied
at ωQSB, detuned by ∆ from ωq,ge, and ωCSB, detuned by ∆ + δ from ωg

c . Finally, projective measurement is applied to the
qubit. Both pulse length, and δ are swept to determine an optimized iSWAP gate. (c) Rabi oscillation of the intra-module
iSWAP. The vertical axis is the pulse time, and the horizontal axis is the CSB detuning δ, where the color indicates the |g〉
state population of qubit. (d) Full iSWAP time for all three cavity-qubit pairs in the system
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V. EXCHANGE INTERACTION LEAKAGE MITIGATION

Our router design contains intermediate waveguide modes which are close in frequency to the communication cavity
modes. Thus, it is possible that when we pump an exchange process between two cavities strongly, their states could
leak into to the neighbouring waveguide modes. Here we show how this leakage can be fixed using the idea of
“derivative removal by adiabatic gate (DRAG)”6 at least for moderately long-lived waveguide modes.

Here we only consider the exchange process between two cavity modes c1 and c2 with their possible leakage to
waveguide modes w1 and w2. Following the same derivations as we have done in SI Sec.III.A, Eq. 1-5, to see the effect
of the leakage to waveguide mode, we write the rotating frame transformation operator (Eq. 6) in a slightly different
way:

R′(t) = exp
[
iωsŝ

†ŝ+ i(ωc1 − δ/2)ĉ†1ĉ1 + i(ωc2 + δ/2)ĉ†2ĉ2 + i(ωc1 − δ/2)ŵ†1ŵ1 + i(ωc2 + δ/2)ŵ†2ŵ2

]
, (8)

where δ = ωc1 − ωc2 − ωp. Then the Hamiltonian after RWA becomes:

Ĥ′RWA/~ =
δ

2
(ĉ†1ĉ1 − ĉ

†
2ĉ2) + (δ/2 + ∆1)ŵ†1ŵ1 + (−δ/2 + ∆2)ŵ†2ŵ2

+ η(gc1c2sĉ
†
1ĉ2 + gc1w2sĉ

†
1ŵ2 + gc2w1sĉ

†
2ŵ1) + h.c.,

(9)

where ∆i = ωwi − ωci . Here, the cavity-cavity exchange term that we have seen in Eq. 7 still is present in Eq. 9.

However, for ηgciwj
∼ δ + ∆j (strong pump), the effects of ĉ†i ŵj terms (waveguide-cavity exchange) can no longer be

neglected. To study how this effect can be canceled using DRAG method, we introduce the adiabatic transformation
V that allows us to work entirely in the cavity-cavity subspace. This transformation is

V (t) = exp

[
−i<(η)

(
i

(
gc1w2s

∆2 − δ
ĉ1ŵ†2 +

gc2w1s

∆1 + δ
ĉ2ŵ†1

)
+ h.c.

)]
. (10)

After the adiabatic transformation, we have

ĉi → ĉi + <(η)ζiŵj , ŵj → ŵj −<(η)ζiĉi (11)

where i, j = 1, 2; i 6= j; ζ1 =
gc1w2s

∆2−δ ; ζ2 =
gc2w1s

∆1+δ . After the transformation, the leakage terms: ĉ†1ŵ2 and ĉ†2ŵ1 become:

igc1w2sωs
ω2
d − ω2

s

(
εy +

ε̇x

∆2 − δ

)
ĉ†1ŵ2 +

igc2w1sωs
ω2
d − ω2

s

(
εy +

ε̇x

∆1 + δ

)
ĉ†2ŵ1 + h.c., (12)

We find these terms can be cancelled under the condition:

εy = − ε̇x

∆2 − δ
and εy = − ε̇x

∆1 + δ
. (13)

Also, ac-Start shift (phase) error can be eliminated with the detuning δ that satisfies:

δ/2 + <2(η)
g2
c1w2s

(∆2 − δ)2

(
−∆2 +

3

2
δ

)
= 0; δ/2 + <2(η)

g2
c2w1s

(∆1 + δ)2

(
∆1 +

3

2
δ

)
= 0 (14)

Thus, we have eliminated the leakage to the nearest waveguide mode, however, we also notice that this frame

induces the term c†iwi with η2. This error can also be removed by adding higher transformation to the system, but
because of the fact that we drive the system much detuned, this term can be ignored when η << 1.

VI. GENERATING BELL STATES DURING PARALLEL OPERATIONS

Due to the coherence time of all modes, the Bell states’ fidelity has been limited by the iSWAP gate time in
all operations. Here we use one example showing the limitation of the experiments. As we have mentioned in text,
because of the saturation power when operating with multiple tones during parallel operations on the SNAIL, we need
to slow down the iSWAP rate. As shown in Fig. S4, when the iSWAP gate time increase from 600 ns to 1300 ns, the
fidelity of bell states decrease from 76.9% to 68.1%. However, no additional side effect is added due to cross-talking
or other source.
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Figure S4. Bell stated fidelity versus inter-mdoule iSWAP gate time. The blue line represents the simulation of
the bell state fidelity between Q1 and Q3 when we varying the inter-module iSWAP gate time. The 600 ns (1300 ns) iSWAP
corresponding to the Bell state generation without (with) parallel operations.
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