
Programmable Nonreciprocal Meta-Prism
Sajjad Taravati*,1 and George V. Eleftheriades1

1The Edward S. Rogers Sr. Department of Electrical and Computer Engineering, University of Toronto, Toronto,
Ontario M5S 3H7, Canada.
*sajjad.taravati@utoronto.ca

ABSTRACT

Optical prisms are made of glass and map temporal frequencies into spatial frequencies by decomposing incident white
light into its constituent colors and refract them into different directions. Conventional prisms suffer from their volumetric
bulky and heavy structure and their material parameters are dictated by the Lorentz reciprocity theorem.. Considering
various applications of prisms in wave engineering and their growing applications in the invisible spectrum and antenna
applications, there is a demand for compact apparatuses that are capable of providing prism functionality in a reconfigurable
manner, with a nonreciprocal/reciprocal response. Here, we propose a nonreciprocal metasurface-based prism constituted
of an array of phase- and amplitude-gradient frequency-dependent spatially variant radiating super-cells. In conventional
optical prisms, nonreciprocal devices and metamaterials, the spatial decomposition and nonreciprocity functions are fixed and
noneditable. Here, we present a programmable metasurface integrated with amplifiers to realize controllable nonreciprocal
spatial decomposition, where each frequency component of the incident polychromatic wave can be transmitted under an
arbitrary and programmable angle of transmission with a desired transmission gain. Such a polychromatic metasurface prism is
constituted of frequency-dependent spatially variant transistor-based phase shifters and amplifiers for the spatial decomposition
of the wave components. Interesting features include three-dimensional prism functionality with programmable angles of
refraction, power amplification, and directive and diverse radiation beams. Furthermore, the metasurface prism can be digitally
controlled via a field- programmable gate array (FPGA), making the metasurface a suitable solution for radars, holography
applications, and wireless telecommunication systems.

1 Introduction

Optical prisms are transparent apparatuses that map temporal frequencies into spatial frequencies1–4. They decompose incident
white light into its constituent colors and refract them into different directions. Historically, Sir Isaac Newton experimentally
showed that such a phenomenon is due to the decomposition of the colors already present in the incoming light1. He used
a prism to show that white light is comprised of all colors in the visible spectrum and that spatial decomposition of white
light is due to the inherent dispersion of glass1. Over the past century, prisms have found numerous application, including
interferometry5, ophthalmology6, telescopes7, 8, cameras9, 10, microscopes and periscopes11, 12, image observation13–15, and
antenna dispersion reduction16, 17. Furthermore, scientists utilize prisms to study the nature of light and human perception of
light.

Despite prisms being essential parts of optical and antenna systems, they suffer from their bulky and heavy structure, and are
restricted by a reciprocal response. Considering several intriguing applications of prisms for wave engineering and their growing
applications in the invisible spectrum for antenna applications, there is a demand for compact apparatuses that are capable
of providing prism functionality but in a reconfigurable manner, with a nonreciprocal/reciprocal response. Electromagnetic
metasurfaces have been recently proposed as two-dimensional versions of volume metamaterials and ultra compact devices
for reciprocal phase front transformation of electromagnetic waves. Over the past decade, metasurfaces have seen significant
advances to wave engineering in modern telecommunication and optical systems18–22.

To overcome the limitations of reciprocal metasurfaces, nonreciprocal and dynamic metasurfaces have recently been
proposed for extraordinary transformation of electromagnetic waves. For instance, adding temporal variation or unilateral
transistor-based circuits to conventional static metasurfaces leads to dynamic space-time metasurfaces which are capable of
four-dimensional engineering of both the spatial and temporal characteristics of electromagnetic waves. Such nonreciprocal
metasurfaces can be modeled by bianisotropic constitutive parameters and introduce functionalities that are far beyond the
capabilities of conventional static metasurfaces. This includes nonreciprocal full-duplex wave transmission, parametric wave
amplification, pure frequency conversion, spatiotemporal decomposition, and space-time wave diffraction21, 23–30.

This study proposes a metasurface prism as a compact device for nonreciprocal spatial decomposition of electromagnetic
waves. In conventional optical prisms, nonreciprocal devices and metamaterials, the spatial decomposition and nonreciprocity
functions are fixed and noneditable. Here, we present a programmable metasurface integrated with phase- and amplitude-
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gradient radiating super-cells to realize controllable nonreciprocal spatial decomposition. Interesting features include a
three-dimensional prism functionality with tunable angles of refraction and power amplification. The proposed polychromatic
metasurface takes advantage of magnet-free nonreciprocity induced by unilateral transistors. Magnet-free nonreciprocal meta-
surfaces provide huge degrees of freedom for arbitrary alteration of the wavevector and temporal frequency of electromagnetic
waves21, 22, 30–36, 36–39. Furthermore, the metasurface prism is constituted of frequency-dependent spatially variant phase shifters
for spatial decomposition of wave components.

As previously mentioned, the previously reported metamaterials and metasurfaces only focus on the realization of prisms
or nonreciprocal structures, which is the first step for a functional design. In addition, most of the previous prisms and
nonreciprocal devices suffer from a fixed and noneditable response. Here, we present a transmissive metasurface prism to
program nonreciprocal spatial decomposition. Not only the reciprocity of the metasurface prism can be reprogrammed, but
also the angles of refraction of the constituent frequency components, power amplification level, and the isolation between
the forward and backward transmissions can be redefined. For this purpose, the metasurface can be controlled via a low
cost detachable digital sub-system integrated with unilateral amplifiers and phase shifters. We provide a proof of concept
implementation where the digital control syb-system is accomplished manually. Nonetheless, the controllable and programmable
features of the spatial decomposition and nonreciprocity are expected to offer completely new functionalities in conventional
physical devices for applications in 5G and 6G wireless telecommunications, as well as, in optical systems.

2 Results
Figure 1 schematically illustrates the functionality of the nonreciprocal reconfigurable metasurface prism. The metasurface is
formed by an array of active frequency-dependent spatially variant inclusions providing the required phase shift and magnitude
for the forward and backward wave incidences, corresponding to the transmission from bottom to top and from top to bottom,
respectively. In general, the metasurface provides the frequency-dependent spatially variant phase shift of φ F(ω,x,y) for the
forward wave transmission(shown in Fig. 1), which is different than the one of the phase shift provided for the backward
direction (shown in the left side of Fig. 1), i.e., φ B(ω,x,y) 6= φ F(ω,x,y). In addition to the phase shift difference provided by
the metasurface for the forward and backward directions, the metasurface exhibits a frequency-dependent spatially variant
transmission gain of T F(ω,x,y) for the forward wave transmission, whereas it provides a transmission loss for the backward
direction i.e., T F(ω,x,y)> 1� T B(ω,x,y).

Assume the polychromatic electromagnetic wave ψψψ in comprising different frequency components, i.e., ω1,ω2, ...,ωN is
traveling along the +z direction and passes through the metasurface (Fig. 1). As the metasurface introduces frequency-dependent
spatially variant phase shifts in the forward direction, the frequency components of the incident polychromatic wave acquire
different phase shifts at different locations on the x− y plane, φn(x,y). In general, the phase and magnitude profiles of the
metasurface, φ F,B(ω,x,y) and T F,B(ω,x,y), are designed such that each transmitted frequency component ψψψ

fn
out is transmitted

under a desired transmission angle θ
fn

t with a specified transmission gain |ψψψout,n|.
Assuming a constant gradient phase shift along the metasurface, the generalized Snell’s law of refraction yields
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= kn

[
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x )− sin(θ inc
x )
]
, (1)
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y )− sin(θ inc
y )
]
, (2)

for the reception state. Here, k1 and k2 are the wave numbers in region 1 and region 2, respectively. Considering a constant phase
gradient ∂φMS/∂x, the outgoing wave acquires anomalous refraction with respect to the incident wave, whereas a spatially
variant gradient, i.e, ∂φMS/∂x, leads to arbitrary radiation beams which enables beam-forming and advanced beam steering
applications.

To analyze the metasurface prism, we start from the general case of a bianisotropic temporally dispersive spatially variant
metasurface characterized by the spectral relations

DDD(ω,r) = ε(ω,r) ·EEE(ω,r)+ξ (ω,r) ·HHH(ω,r), (3a)

BBB(ω,r) = ζ (ω,r) ·EEE(ω,r)+µ(ω,r) ·HHH(ω,r). (3b)
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Following the GSTC method40, 41 for analysis of zero-thickness metasurfaces, the metasurface will be characterized by the
continuity equations, i.e.,

ẑ×∆HHH(ω,r) (4a)

= jωε0χee(ω,r) ·EEEav(ω)+ jkχem(ω,r) ·HHHav(ω),

∆EEE(ω,r)× ẑ (4b)

= jωµ0χmm(ω,r) ·HHHav(ω)+ jkχme(ω,r) ·EEEav(ω),

Equation (4) provides the relation between the electromagnetic fields on both sides of the metasurface to its susceptibilities,
while assuming no normal susceptibility components. Here, ∆ and the subscript ‘av’ denote the difference of the fields and the
average of the fields between both sides of the metasurface. The susceptibilities in (4) are related to the constitutive parameters
in (3) as

ε(ω,r) = ε0(I +χee(ω,r)), µ(ω,r) = µ0(I +χmm(ω,r)), (5a)

ξ (ω,r) = χem(ω,r)/c0, ζ (ω,r) = χme(ω,r)/c0. (5b)

We shall then find the susceptibilities providing the nonreciprocal response for the metasurface. This consists in substituting
the electromagnetic fields of the corresponding transformation into (4). Specifically, the transformation consists in passing an
incident forward +z-propagating plane wave through the metasurface with transmission coefficient T >> 1 and absorbing an
incident backward −z-propagating plane wave with transmission coefficient T << 1. The result reads

χee(ω,r) =− j
v(r)
ω

(
1 0
0 1

)
, (6a)

χmm(ω,r) =− j
v(r)
ω

(
1 0
0 1

)
, (6b)

χem(ω,r) = j
v(r)
ω

(
0 1
−1 0

)
, (6c)

χme(ω,r) = j
v(r)
ω

(
0 −1
1 0

)
, (6d)

showing that nonreciprocal spatial decomposition in the metasurface is due to the electric-magnetic coupling contributions,
χem(ω,r) and χme(ω,r).

Figure 2 shows the operation principle of the metasurface prism constituted of five distinct operations. These five operations
are accomplished through five different electronic and electromagnetic components, proving a strong flexibility and leverage
for achieving the required programmable and controllable prism functionality as well as nonreciprocal transmission. The
incoming polychromatic electromagnetic wave from the left is received by the radiating antenna elements characterized by the
transmission loss of G1(ω,r) and transmission phase of φ1(ω,r). Next, the received signal by the antenna elements passes
through the unilateral circuit characterized by the transmission gain of G2(ω,r) and transmission phase of φ2(ω,r), introducing
the required power amplification and phase shift in the forward direction and a desired transmission loss in the reverse direction.
Then, in the third stage, the signal enters into a phase shifter characterized by the transmission loss of G3(ω,r) and transmission
phase of φ3(ω,r) providing a desired gradient or nonlinear phase shift. Next, the signal experiences another round of controlled
frequency-dependent spatially-varying amplification and phase shift by the second unilateral circuit characterized by the
transmission gain of G4(ω,r) and transmission phase of φ4(ω,r). Finally, the processed polychromatic wave is reradiated
to the right side of the metasurface prism using another radiating antenna element characterized by the transmission loss of
G5(ω,r) and transmission phase of φ5(ω,r). Here we aim to design each of these five steps, corresponding to five phase
shifts and transmission loss/gain so that each frequency component of the polychromatic wave acquires a desired phase (and
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amplitude). As a result, due to the phase difference between the frequency components at the output of the metasurface in the
forward direction, in the right side of the metasurface, each frequency component of the polychromatic wave is transmitted
under a specific angle of transmission. In contrast to the forward direction, the incoming wave in the backward direction from
the right side cannot pass through the metasurface due to the absorption and reflection provided by two unilateral devises.

In general, the acquired phase and power gain for each frequency component reads

φn(r) =
5

∑
m=1

φm(ωn,r), (7a)

Tn(r) =
5

∑
m=1

Gm(ωn,r). (7b)

Figure 3 shows the case of the wave incidence to a radiating super-cell incorporating frequency-dependent spatially-varying
passive and active electronic-electromagnetic elements. Two microstrip patch antenna elements are interconnected through two
unilateral transistor-based amplifiers and a phase shifter. In general, all five elements, i.e., two patch antennas, two unilateral
transistor-based amplifiers and the phase shifter have the capability to be controlled and programmed in a way that a diverse set
of responses is achievable, including three-dimensional scanning with arbitrary transmission angle and magnitude, as well
as isolation between the forward and backward transmitted waves. Considering a plane wave, expressed as Ei,n exp( jωnt),
impinging to the left patch antenna element shown in the left side of Fig. 3 in the forward direction. Then, the transmitted wave
in the right side of the super-cell in Fig. 3 reads Tn(r)Ei,n exp( j[ωnt +φn(r)]).

Figure 4 illustrates a schematic of the circuit of the super-cell. This figure provides the details of the circuit of the unilateral
transistor-based amplifier. The phase shift and transmission power gain provided by the super-cell is governed by a coding signal
provided through an FPGA to different parts of the super-cell. An equivalent circuit model is presented for the patch antenna
elements that includes a radiation resistance Rr, and a parallel capacitance Cp, a parallel inductance Lp and a series inductance
Ls. Here, the coupling of the incident wave in the free-space to the super-cell in the left and the coupling of the transmitted wave
from super-cell to the free-space in the right are modeled by two transformers. The circuit of the unilateral transistor-based
amplifier is composed of five capacitors, one inductance and one resistor. Two decoupling capacitances, both denoted by Cdcp,
inhibit leakage of the DC bias signal to the RF path of the super-cell, while three by-pass capacitances, Cbp1, Cbp2 and Cbp3,
short-circuit different undesired radio-frequency signals in the DC bias line, and a choke inductance Lch guarantees no leakage
of the radio-frequency signal to the DC line. In addition, a series resistance Rbias is considered for controlling the level of the
flowing DC current of the amplifier. The circuit of the gradient phase shifter is modeled by two inductances, Lps1 and Lps2,
and two variable capacitances, Cvar1 and Cvar2. It should be noted that, depending on the frequency of the operation of the
metasurface, different gradient phase shifters may be utilized. For instance, in sub-microwave frequencies the phase shifter may
be constructed by lumped variable capacitances and lumped inductances. However, at higher frequencies, the gradient phase
shifter can be formed by distributed transmission-line-based phase shifters controlled by varactors.

Once the super-cells are designed, we can then construct the complete metasurfaces which is formed by an array of
phase-(and/or amplitude-) gradient super-cells, where the distance between the center-to-center of two adjacent super-cells in
the x− y plane is denoted by d with a nominal value of half-wavelength. Here, we form discrete phase and amplitude profiles
φk(x,y,ω) and Tk(x,y,ω), as

φ(kd,ω) = φk(ω), and T (kd,ω) = Tk(ω). (8)

Figure 5 shows the wave transmission through the super-cell, where the S11, S21, S12, and S22, as well as width and
length of the central transmission-line-based phase shifter directly affect the transmission phase (and the amplitude). As a
result, by controlling the aforementioned parameters, a versatile control over the transmission phase and amplitude of each
super-cell can be achieved. It should be noted that the backward wave, propagating along the −z direction inside the middle
transmission-line-based phase shifter, is due to reflection at the interface between the central phase shifter and second amplifier,
denoted by R34. We shall next apply the boundary conditions at the interface between regions m and m+1 and then determine
the total transmission from the input of the super-cell to its output. The total transmission and total reflection coefficients
between regions m and m+1 read42

T̃m+1,m(ω) =
Tm+1,m(ω)e− j(βm−βm+1)z

1−Rm+1,m(ω)R̃m+1,m+2(ω)e− j2βm+1dm+1
, (9a)
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R̃m,m+1(ω) =
Rm,m+1(ω)+ R̃m+1,m+2(ω)e− j2βm+1dm+1

1+Rm,m+1(ω)R̃m+1,m+2(ω)e− j2βm+1dm+1
. (9b)

Here, Rm,m+1 is the local reflection coefficient within region n between regions n and m+ 1. The local transmission
coefficient from region m to region m+1 is then found as Tm+1,m = 1+Rm,m+1. Then, the total transmission coefficient through
the super-cell of Fig. 5 reads

T51(ω) =
4

∏
m=1

T̃m+1,m(ω)e− jβmdm , (10)

where T̃m+1,m, for m = 1, . . . ,4 is given in (9a) with (9b). Equation (10) shows that by controlling different parameters of the
super-cell, one may achieve arbitrary phase shifts and transmission gain.

Figures 6(a) to 6(d) plot the experimental results for the total phase and magnitude transmissions through the super-cell
across the frequency band. These figures demonstrate the effect of the DC bias, Vbias, of the unilateral transistor-based amplifiers
and the length of the central phase shifter, L, on the transmission phase (and amplitude). For instance, Fig. 6(b) highlights
the phase difference for two curves corresponding to the Vbias = 3.65V and Vbias = 3.92V at two frequencies 5.8 GHz and
5.95 GHz, shown by A1, B1, A2 and B2. As can be seen, the achieved phase shift for Vbias = 3.65V at 5.8 GHz is 23 degrees
greater than the one for Vbias = 3.92V at 5.8 GHz, whereas the achieved phase shift for Vbias = 3.65V at 5.95 GHz is 33 degrees
lower than the one for Vbias = 3.92V at 5.95 GHz. As a result, one can achieve arbitrary transmission phase shifts at each
super-cell simply by controlling the DC bias of the amplifiers as well as the phase shift of the central phase shifter through
the DC bias of the varactor. Hence, various and different sets of linear/nonlinear phase profiles can be achieved at different
frequencies across the frequency band via an FPGA. This provides the opportunity to achieve arbitrary angles and amplitudes
of transmission for each frequency component. In this proof of concept we control the functionality and DC bias of transistors
manually. However, as the prism is compatible with digital controlling systems, e.g., FPGA, integration of the digital sub-circuit
can be accomplished in commercialized version of the metasurface through a standard engineering approach.

Figure 7(a) illustrates an exploded schematic of the 4×4 programmable nonreciprocal metasurface prism. The nonreciprocal
metasurface prism is designed to operate in the frequency range from 5.75 to 6 GHz, possessing a deeply subwavelength
thickness, specifically δ ≈ λ0/28, where λ0 is the wavelength at the center frequency, 5.875 GHz, of the operating frequency
range. Figure 7(b) shows the top and bottom layers of the fabricated metasurface prism. We first evaluate the near-field
performance of the metasurface prism, specifically its transmission gain and loss in the forward and backward directions. This
is because one of the main applications of such a metasurface would be to place it in front and very close to a source antenna to
achieve a required gain, nonreciprocity or prism functionality. Figure 8(a) shows a photo of the near-field measurement set-up.
The measurements are carried out by an E8361C Agilent vector network analyzer where two horn antennas are placed at the
two sides of the metasurface to transmit and receive the electromagnetic wave. Figure 8(b) plots the near-field experimental
results for the transmission scattering parameters of the metasurface prism versus frequency for normally aligned transmit
and receive horn antennas. In the forward direction, more than 20 dB transmission gain is achieved in the frequency range
of interest, while in the backward direction, more than 20 dB transmission loss is achieved across the same frequency range,
corresponding to an isolation of more than 40 dB.

In the next experiment, we evaluate the far-field performance of the metasurface prism. Figure 9 shows an image of the
far-field measurement set-up. Here, we fix the position of one horn antenna normal to the metasurface and rotate the other
antenna from 0 to 180◦ with respect to the metasurface. Figures 10(a), 10(b) and 10(c) provide the full-wave simulation results
for spatial decomposition of frequency components and prism functionality of the metasurface. Figures 10(d) to 10(i) plot the
experimental results at different frequencies, showing nonreciprocal prism-like spatial decomposition of frequency components
of the incident polychromatic wave comprising three different frequency components at 5.762 GHz, 5.836 GHz and 5.954 GHz.

3 Discussion
The experimental results show that the proposed nonreciprocal metasurface prism operates as expected, with remarkable
efficiency. It exhibits the following additional favorable features. In addition to the prism-like spatial decomposition of
frequency components, and a strong isolation between the forward and backward transmissions, the metasurface prism provides
a desirable gain, which makes it particularly efficient for different wireless telecommunication applications as well as optical
systems. Furthermore, in contrast to other nonreciprocal metasurfaces, the metasurface prism is polychromatic since patch
antennas are fairly broadband and their bandwidth can be further enhanced by various standard band-broadening techniques43.
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We shall stress that the metasurface prism presented here has not been optimized in this sense but already provides more than
4% fractional bandwidth.

4 Materials and methods
The metasurface was realized using multilayer circuit technology, where two 7 in × 7 in RO4350 substrates with thickness
h = 30 mil are assembled to realize a three metalization layer structure. The permittivity of the substrate is ε = εr(1− j tanδ ),
with εr = 3.66 and tanδ = 0.0037 at 10 GHz. The middle conductor of the structure (shown in Fig. 7(a)) supports the DC
feeding network and also acts as the RF ground plane for the patch antennas and transmission lines. Each side of the metasurface
includes 16 microstrip patches, where the dimensions of the 2×16 microstrip patches are 1.08 in × 0.49 in. The connections
between the conductor layers are provided by an array of circular metalized via holes, where 32 vias of 45 mil diameter connect
the DC bias network to the amplifiers, while the ground reference for the amplifiers is ensured by 32 sets of 6 vias of 30 mils
diameter with 70 mils spacing. Furthermore, the RF path connection between the two sides of the metasurface is provided by
16 via holes, with optimized dimensions of 80 mils for the via diameters, 120 mils for the pad diameters and 210 mils for the
hole diameter in the via middle conductor. For the unilateral transistor-based amplifiers, we utilized 32 Mini-Circuits Gali-2+
Darlington pair amplifiers. Here, Cdcp =3 pF and Cout =3 pF, and Cbp1 = 4.7 pF, Cbp2 = 1 nF and Cbp3 = 1 uF.
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accompanied with spatial decomposition of frequency components. However, incidence of a backward polychromatic
electromagnetic wave (from top) yields full absorption by the metasurface and hence no transmission to the bottom side.
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Figure 3. Architecture of a radiating super-cell incorporating frequency-dependent spatially-varying passive and active
electronic-electromagnetic elements.
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Figure 6. Experimental results for controlling the transmission phase shift (and magnitude) of the super-cell via unilateral
amplifiers and central phase shifters for Vbias-1 =Vbias-2 =Vbias. (a) L = 203 mils. (b) L = 475 mils. (c) L = 679 mils. (d)
L = 950 mils.
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Figure 7. Nonreciprocal Polychromatic metasurface. (a) An exploded-view of the architecture of the polychromatic
transmissive metasurface. (b) Top and bottom layers of the fabricated metasurface.
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Figure 8. Near-field experiment. (a) An image of the near-field experimental set-up. (b) Near-field frequency response,
showing a fractional frequency bandwidth of 4.3%, i.e., from 5.73 GHz to 5.98 GHz.
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Figure 10. Full-wave simulation and experimental results for nonreciprocal spatial decomposition of frequency components
of the incident wave at 5.762 GHz, 5.836 GHz and 5.954 GHz. (a)-(c) Full-wave simulation results. (d)-(i) Experimental
results.
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