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ABSTRACT

Support vector machine(SVM) is one of the most popular machine learning(ML) methods which are widely used as the

methodology of choice in Breast Cancer detection because of its unique advantages in critical features detection from complex

breast cancer datasets. Quantum support vector machine(QSVM) uses the power of quantum mechanics to improve the

performance of classical support vector machine(SVM) algorithms with theoretical acceleration advantage. However, it still

suffers from the wide error problem and hardware limits in Noisy Intermediate-Scale Quantum computing(NISQ). Consequently,

we propose a quantum kernel estimation method with measurement error mitigation and test it using the Wisconsin Breast

Cancer database first on the IBM quantum processors. The experimental results show that we can achieve remarkable

performance improvement in accuracy for solving such binary classification problems compared to state-of-the-art models,

which shows the great potential for the design and implementation of machine learning algorithms with quantum advantages in

the future.

Introduction

In the past decade, machine learning has achieved consistent success in numerous artificial intelligence applications, such

as image classification1–4, object detection5–8, and natural language processing9–11. Kernel methods for machine learning

are ubiquitous in pattern recognition, with support vector machines (SVMs) being the best known method for classification

problems12. However, when the feature space becomes large and the kernel functions become computationally expensive to

estimate, there are limitations to the successful solution to such classification problems using conventional methods. Quantum

computing is emerging as a promising paradigm for solving classically intractable computational problems in areas such as

machine learning13, 14, cryptography15, chemistry16, 17and others. Quantum Support Vector Machine (QSVM) is a quantum

version of the Support Vector Machine (SVM) algorithm using quantum laws to perform calculations, which takes advantage of

the power of quantum technology and quantum software to improve the performance of classical SVM algorithms. Classifier

construction is a key research problem to be solved in supervised learning and there are two main solutions currently. One

is the quantum variational classifier, which uses a variational quantum circuit18, 19 to classify the data in a way similar to

the method of conventional SVMs. The other one is a quantum kernel estimator, which estimates the kernel function on the

quantum computer and optimizes a classical SVM12. The two methods provide tools for exploring the applications of noisy

intermediate-scale quantum computers20 to machine learning.

Despite remarkable progress in early diagnosis, screening, and patient management, breast cancer has long been the most

frequent and deadly cancer in females, affecting about one in 8 women and causing the highest number of cancer-related deaths

in females worldwide21, 22. QSVM provides a potential opportunity to solve this problem efficiently. However, there are many

factors that may introduce errors to quantum programs running on a NISQ machine because of decoherence, qubit operation, or

due to measurement at the end of the computation23. Currently, measurement is typically the most error-prone factor on the

NISQ devices. Statistic results show that the average error rate for measurement is 6%-8% with the worst-case measurement

error rate of 30% on the IBM quantum computers. Due to the extreme work environment of superconducting quantum

computers, measuring a qubit is fundamentally challenging in the presence of noise. Consequently, the measurement may

always result in an erroneous output in the end, even if a quantum machine performs all the computation without encountering

an error. Thus, we focus on improving the reliability of NISQ computers by mitigating measurement errors in this paper.

To the best of our knowledge, we are the first to validate the performance of quantum processors based on practical



application based on an enhanced QSVM solution by integrating a noise mitigation model and quantum kernel estimation

model12, which expands the exponential quantum state space through controllable feature mapping and quantum entanglement

effect. The quantum kernel estimation method was proven to be of higher performance and speedup by using the high-

dimensional advantage of quantum Hilbert space24. The experimental results show that our ensemble framework can bring

about 5% performance improvements on IBM quantum processors compared with state-of-the-art QSVM methods. To further

improve the overall training and learning efficiency, we made extra optimization related to classical SVM convex quadratic

programming. Based on theoretical analysis and experimental validation, we reduced the classical calculation work by

eliminating the computation of hyperplane intercept b. The experiments based on breast cancer dataset validate our work has

higher efficiency and performance corresponding to the baseline methods.

Results
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Figure 1. Algorithm framework. Our algorithm uses quantum-enhanced feature mapping to map each data item to a

high-dimensional quantum state nonlinearly. Then we classify the dataset in the quantum state Hilbert space using a linear

classifier. In this process, the kernel matrix is obtained by mapping classical data into the quantum feature space at first. Then

the kernel matrix elements are estimated as the leap amplitudes of quantum circuits. Finally, we measure the inner product of

paired quantum states on a fault-tolerant quantum computer. The final kernel is used as an input to the classical optimizer,

which solves the convex quadratic programming problem and thus obtains the classification decision function.

Feature mapping

Feature mapping plays an important role in pattern recognition in classification algorithms, which can make it easier to recognize

inherently labeled patterns in datasets that are difficult to recognize in the original space25. The classical data in the Euclidean

space is mapped to the quantum state data in the high-dimensional system Hilbert space by feature mapping. This potential

connection of the original data is then analyzed based on the high-dimensional space. In other words, the samples are classified

using a linear classifier model in the Hilbert space of features. In order to obtain an advantage over conventional methods, it is

necessary to implement a map based on circuits which are difficult to simulate classically12. Based on the quantum feature

mapping function, φ(x) , classical input data~x = (x0,x1, ...,xN−1)
T ∈ RN is then mapped to the corresponding quantum states

|Φ(~x)〉〈Φ(~x)|. A challenge here is constructing the mapping function φS(x), where S represents a set consisting of independent

qubits or qubit pairs, e.g.,

Φ : x 7→

{

xi i f S = {i}
(π − xi)(π − x j) i f S = {i, j}

The rotation entanglement operation UΦ(x) is then constructed based on the mapping function.

UΦ(x) = exp(i ∑
S⊆[n]

φS(x)∏
k∈S

Zi)

where S indicates the kth element or a set consisting of k elements taken from n generally, which denotes the connectivity

between different qubits or data points. k = 1,2, ...,n, Zi reprents the use of operations RZ .

In this study, we use the data scaling (MinMax) method and data transformation function φ(x) to realize the complete data

mapping process. The conversion range of classical data is controlled by scaling the attributes to a specified maximum and

minimum value. The conversion function of the MinMax method is as following.

XS =
X −X .min(axis = 0)

X .max(axis = 0)−X .min(axis = 0)
(max−min)+min
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The Hadamard operation H and the Unitary operation UΦ(~x) are then applied to the initial states (where n is the number

of qubits used for encoding), resulting in a complete quantum circuit UΦ(~x) of feature mapping on the classical input data

~x = (x0,x1, ...,xN−1)
T .

UΦ(~x) = UΦ(~x)H
⊗n

Quantum kernel estimation methods

Quantum kernel estimation methods are based on feature mapping, and the main idea is to generate a kernel matrix by mapping

classical data to quantum states, in which the kernel matrix entries represent the fidelity between different feature vectors. For

finite data, the inner product of the feature vectors can be estimated directly from the leap amplitudes since the states in the

feature space are related to the input data.

K(~x,~y) = |〈Φ(~x)|Φ(~y)〉|2 = 〈0n|UΦ(~x)U
†
Φ(~y)

|0n〉

In the training phase, the classical data are encoded to quantum state data from a d-dimensional real domain space to a

2n-dimensional Hilbert space using the transformation function Φ : X ⊂ Rd → φ(x)⊂ H⊗n
2 , where X is the training dataset.

Φ :~x 7→ |φ(~x)〉〈φ(~x)|

The training sample data~xi,~x j ∈X , i, j = 1,2, ...,m is then converted to φ(~xi),φ(~x j) and φ(~xi,~x j) according to the conversion

function φ(x) .

Z mapping on a single qubit with a phase-based two-qubits entanglement structure is used to obtain the feature mapping

function UΦ(~x).

UΦ(~x) = exp

(

i ∑
S⊆[n]

φS(~x)∏
k∈S

Pi

)

, Pi ∈ {Z,XX}

On the basis of feature mapping circuit, we can construct the quantum kernel function circuit Kφ (~x,~y), and use two

consecutive feature mapping circuits to build the construct the kernel estimation of the quantum circuit for the quantum initial

states |0n〉. Finally, we make S measurements of the circuit and record the number of statistics Sx with all zeros in the obtained

results. The percentage Sx/S of the 0n string is the transfer probability estimation, or the term of the kernel matrix K(~xi,~x j) .

(a) (b)

Figure 2. (a) Feature mapping transforms the original spatial data into a high-dimensional feature space. In the original data

space, the two categories, orange circles and green circles, cannot be classified by a simple linear model. After converting them

to a higher dimensional feature space using feature mapping, it is easy to find a linear model to define the separated hyperplane

as the decision boundary. (b) Corresponding quantum kernel estimation circuit.

The kernel function K(~xi,~x j) is fed into the classical SVM classifier to obtain the key parameters ~α = (α1,α2, ...,αm) of

the decision function m̃(x).

m̃(t) = sign

(

∑
i∈N

αiyiK(~xi,~t)

)

, ~xi ∈ X ,~t ∈ T

In the test phase, the test samples~t and training samples~x are both inputs to the quantum circuit UΦ(~x,~t). The circuit is

measured S times, and the number of all-zero statistics St in the result is recorded. The proportion St/S of the 0n string is

the term of the kernel matrix, and the kernel matrix K(~xi, t) is obtained consequently. Finally, the predicted label m̃(~t) of the

samples to be classified can be obtained according to the decision function m̃(x) .
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Figure 3. Circuit of 2 Qubits Feature Mapping UΦ(~x)H
⊗2 . In this circuit, the RZ-gate is the rotation of a single qubit around

the Z-axis by a specified angle.

Noise Suppression

In the NISQ era, the quantum circuit noise has heavy influence on the correctness of the quantum computation outputs. As

mentioned above, there are many factors that may introduce errors to quantum programs running on a NISQ machine because

of decoherence, qubit operation, or due to measurement at the end of the computation23. In this paper, we focus on suppressing

the noise generated during the final measurement to improve the efficiency of quantum computation. For measurement of an

n-qubits circuit, this means extracts an n-bit string from 2n possibilities. This process can be constructed into a noise model

with three stages. First, the measurement operation determines result matrix from the 2n possible results, Cnoiseless, in a perfectly

noiseless way. Then we apply the noise matrix N to Cnoiseless and return a combined result to users.

Cnoisy = NCnoiseless

The noise affects the individual qubits and has an overall impact on the output after the measurement operation. Aiming at

such a noise model, we propose a corresponding noise suppression strategy.

(1) The 2n possible ground states are prepared and measured directly without adding any other operations by counting the

probability of each output. Considering the effects of noise, a series of noise vectors Vi, i = 1,2, ...,2n are generated based on

practical measurement results.

(2) The noise matrix N is constructed by combining these noise vectors [V1,V2, ...,V2n ].
(3) The inverse of the error matrix is obtained by using linear algebra to find the inverse of the matrix N−1, called the

reduction matrix.

N → N−1

(4) By applying the reduction matrix N−1 to the output result matrix Cnoisy , the theoretical ideal error-free output Ccorrected

can be obtained through correction.

Ccorrected = N−1Cnoisy

Taking 2 qubits as an example, 10,000 measurements are performed and the different outputs of each initial state are

counted. The experimental results are shown in Table 1 and the noise matrix is as following. Based on the noise mitigation

matrix, we use quantum circuits with 2 qubits in our validation experiments.Three groups of the same samples are used to

test on simulators with noise rates of 0.1, 0.2 and 0.3 and real IBM quantum computers, Quito and Belem, respectively. The

results show that for the simulators with noise rate of 0.1, 0.2 and 0.3, the deviations from the standard result after correction

are reduced by 8.36%, 12.79% and 19.76% respectively. For Quito, the deviation from the standard result is reduced from 9.6%

to 7.26%. For Belem, the deviation from the standard result is reduced from 8.56% to 6.27%. The experimental results validate

that the noise suppression method is more effective for the simulator. Especially, the greater the noise rate, the more obvious

the correction effect. For real quantum devices, the calibration effect of this method is also incredible. In spite of the existence

of more complex practice noise, the deviation after calibration still makes sense.

N =









0.9778 0.011 0.0111 0.0001

0.0544 0.9385 0.0004 0.0067

0.0363 0.0008 0.9525 0.0104

0.0021 0.0324 0.0584 0.9071









To test the effectiveness of the noise suppression, the quantum circuit is integrated with a random noise model, which

constructs a noisy circuit measurement by randomly flipping each qubit of the output with probability p.

To validate the efficiency of our work, we test the accuracy of the results with and without noise suppression on IBM

quantum processor Quito, respectively. The results are shown in Table 2. For test samples labeled Benign, the values of
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|00〉 {′00′ : 9778,′ 01′ : 11,′ 10′ : 111,′ 11′ : 1} V1 = (0.9778,0.011,0.0111,0.0001)T

|01〉 {′00′ : 544,′ 01′ : 9385,′ 10′ : 4,′ 11′ : 67} V2 = (0.0544,0.9385,0.0004,0.0067)T

|10〉 {′00′ : 363,′ 01′ : 8,′ 10′ : 9525,′ 11′ : 104} V3 = (0.0363,0.0008,0.9525,0.0104)T

|11〉 {′00′ : 21,′ 01′ : 324,′ 10′ : 584,′ 11′ : 9071} V4 = (0.0021,0.0324,0.0584,0.9071)T

Table 1. An instance of circuit error calibration using 2 qubits

metod label precision recall F1-score Accuracy

Without error correction Malignant 1.00 0.86 0.92 0.95

With error correction Malignant 1.00 1.00 1.00 1.00

Without error correction Benign 0.93 1.00 0.96 0.95

With error correction Benign 1.00 1.00 1.00 1.00

Table 2. Circuit test results(Noise rate p = 0.1)

precision and F1-score are improved by 7% and 4%. For test samples labeled Malignant, the values of recall and F1-score are

improved by 14% and 8%, respectively. The overall accuracy for samples labeled Benign and Malignant are both improved

from 95% to 100%. The results show that our work can bring about significant performance improvements compared with the

baseline models and validate that QSVM can provide competitive performance with classical SVM models for breast cancer

detection at the same time.

Decision function optimization

In classical SVM models, the Lagrangian function L(ω,b,ξ ,α,µ) can be constructed from the original problem.

L(ω,b,ξ ,α,µ) =
1

2
||ω||2 +C

n

∑
i=1

ξi −
n

∑
i=1

αi(yi(ω · xi +b)−1+ξi)−
n

∑
i=1

µiξi

s.t. αi ≥ 0,µi ≥ 0

Since the problem is a convex quadratic programming problem and the solution satisfies the KKT condition, the Lagrangian

function L(ω,b,ξ ,α,µ) of the original optimization problem can be constructed with relaxation variables ξi , solving for the

minimal concerning ω,b,ξ .

∇ω L(ω,b,ξ ,α,µ) = ω −
n

∑
i=1

αiyixi = 0

∇bL(ω,b,ξ ,α,µ) =−
n

∑
i=1

αiyi = 0

∇ξ L(ω,b,ξ ,α,µ) =C−α −µ = 0

αi(yi(ωxi +b)−1+ξi ≥ 0

αi ≥ 0

ξi ≥ 0

µi ≥ 0

i = 1,2, ...,n

The hyperplane intercept b can be determined by the equations above and it has no influence on the subsequent computation.

Thus, the whole optimization process can be further simplified if the calculation of parameter b is eliminated. Without loss of

generality, the hyperplane intercept b can be taken to be 1, i.e., b can be made to be included in ω . Accordingly, the constraints

∑
n
i=1 αiyi = 0 are also simplified.

When b is set to be 1, the Lagrangian function is simplified to be L(ω,ξ ,α,µ), shown as following:

L(ω,ξ ,α,µ) =
1

2
||ω||2 +C

n

∑
i=1

ξi −
n

∑
i=1

αi(yi(ω · xi +1)−1+ξi)−
n

∑
i=1

µiξi

s.t. αi ≥ 0,µi ≥ 0
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The corresponding dual problem can be then expressed as following:

min
α

1

2

n

∑
i=1

n

∑
j=1

αiα jyiy j(~xi ·~x j)−
n

∑
i=1

αi +
n

∑
i=1

αiyi

s.t. 0 ≤ αi ≤C

Obviously, the above equation still satisfies the convex quadratic programming problem, i.e., it can still be solved by the

sequential minimum optimization algorithm. The classifier kernel function matrix is transformed to K
′
(~xi ·~x j) =

1
2
(K(~xi,~x j)+1)

, and the values of the function items are between 0 and 1 to guarantee the normalization of the kernel function. If the value of

b is too large, the data crush of intercept b will be formed, causing the data distribution of the kernel function term to be too

concentrated, which cannot fully reflect the feature similarity of the input data. If the value of b is too small, the effect on the

kernel function is too small to perform elimination operations.

0.1 Performance

For experiments setup, we use quantum simulators on IBM-Quantum platform and classical models based on the scikit-learn

library. Based on the breast cancer diagnosis dataset, a total of 10 rounds of testing were conducted, with 300 samples randomly

selected as the training set and 50 samples as the test set in each round. We use quantum simulators and IBM quantum processor

with and without noise suppression strategy, as well as classical SVM model to carry out the experiments based on the same

data sets, respectively.

The experimental results are shown in Fig 4. Without loss of generality, we use the same dataset (50 training samples/20

testing samples) to test on quantum simulator and IBM quantum processor Quito. The result of noise-free simulator is regarded

as a baseline. The simulator with an error rate of 0.1 has an accuracy rate of 94% and 98% without and with noise mitigation

strategy. The IBM quito quantum computer has an original accuracy of 95% and the value is improved to 100% using error

mitigation. As a contrast, the accuracy of the conventional QSVM algorithm is 85%. The experimental results validate the

efficiency of quantum support vector machine methods convincingly, which brings us more opportunities on more quantum

applications.

Discussion

The QSVM model based on noise suppression and quantum kernel estimation method proposed in this paper is successfully

applied to the binary classification problem of breast cancer diagnosis and recognition. The model can help to solve the

problems of high computational cost and limited classification accuracy in traditional SVM algorithms. The introduction of

noise suppression strategy can further improve the robustness of quantum solutions under a noisy environment. This study

demonstrates quantum solutions on NISQ devices can outperform traditional machine learning methods using some extra

enhancement method. For future work, we are going to scale our method to practical quantum devices based on larger-scale

and sophisticated datasets. In addition, we also have great interest in hardware methods to further reduce the negative influence

of quantum circuit noise.

Methods

0.2 Quantum machine learning

Quantum machine learning is the combined field of quantum computing and machine learning. Quantum computing originates

from the connection between quantum mechanics and computing theory26. In 1982, Feyynman first proposed that the

construction of computing devices based on quantum mechanics would have huge advantages far beyond traditional computers

for specific problems. In 1996, Grover proposed a quantum search algorithm with square root time overhead , which further

attracted the attention of the public. With the strong potential of the physical properties of quantum states in parallel computing,

the combination of quantum computing and machine learning has naturally become a new research direction . The existing

quantum machine learning schemes can be mainly divided into three categories. The first is replacing the more complex parts

of machine learning with quantum algorithms, such as quantum support vector machines, etc. The second is combining the

dynamics of quantum systems with the similarities of classical machine learning, applying physical processes to classical

machines, such as quantum annealing algorithm. The last is analyzing and dealing with physical problems, such as quantum

many-body problems, with the help of the data analysis capabilities of classical computers to promote research and development

in the quantum field.
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Figure 4. Experimental results with and without error mitigation on different platforms.

0.2.1 Support vector machine(SVM)

SVM is a supervised learning algorithm for classification problems. The essential of this method is using a small number of

support vectors to determine a classification hyperplane to divide the data into two categories, which can maximize the interval

between the two categories of data and provide a decision boundary for subsequent classification tasks. Classical SVM are

generalized to nonlinear hyperplanes through kernel functions27, which are widely used in biomedicine, image segmentation

and other fields.

Fig 5a is an example of two-dimensional linear data classification. The hyperplane ω · x+b = 0 classifies the black and

white sample points, where the hyperplane normal vector ω determines the direction of the hyperplane. b is the offset term,

which determines the distance between the hyperplane and the coordinate origin. The purpose is to maximize the distance d

between the two classes. At this time, several sample points on the dotted line closest to the hyperplane are called support

vectors. For the case of linear inseparability, the low-dimensional to high-dimensional transformation can be achieved through

feature mapping. The hyperplane needs to meet the following two conditions:

(1) The two types of samples are divided on both sides of the hyperplane.

(2) The distance between the sample points closest to the hyperplane and the hyperplane is maximized.

According to the definition of SVM, the description of the hyperplane classification problem can be obtained as follows:

m̃(s) = sign

(

∑
i∈NS

αiyiK(xi,s)+b

)

, xi ∈ T,s ∈ S
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(c)

Figure 5. (a) shows the schematic diagram of two-dimensional spatial support vector machine; (b) and (c) illustrate

hyperplane segmentation of linear indivisible data.

Where K(xi,s) is the kernel function for calculating the inner product. t is the training sample set and S is the test sample

set. Solving the maximum splitting hyperplane problem can be expressed as a constrained optimization problem to solve the

following problem:

min
1

2
||ω||2 +C

n

∑
i=1

ξi

s.t. yi(ω · xi +b)≥ 1−ξi, ξi ≥ 0, i = 1,2, ...,n

Where ω = (ω1,ω2, ...,ωn) is the hyperplane normal vector and b is the intercept of the hyperplane. C > 0 is the penalty

coefficient while ξi ≥ 0 is a relaxation variable. According to the Lagrangian duality, the optimization problem with n variables

and k inequality constraints is transformed into the extremum problem of the equation system with n+ k variables based on the

Lagrangian multiplier method:

L(ω,b,ξ ,α,µ) =
1

2
||ω||2 +C

n

∑
i=1

ξi −
n

∑
i=1

αi(yi(ω · xi +b)−1+ξi)−
n

∑
i=1

µiξi

Where α = (α1,α2, ...,αn),αi ≥ 0,µi ≥ 0. By calculating the minimum of L(ω,b,ξ ,α,µ) with respect to ω,b,ξ ,we can get

the dual problem of primal optimization problem:

max
α

(−
1

2
)

n

∑
i=1

n

∑
j=1

αiα jyiy j(xi · x j)+
n

∑
i=1

αi

s.t.
n

∑
i=1

αiyi = 0,C−αi −µi = 0,αi ≥ 0,µi ≥ 0, i = 1,2, ...,n

Based on Sequence Minimal Optimization (SMO) algorithm to get α∗ = (α∗
i ,α

∗
2 , ...,α

∗
n ), we can get the parameters of

hyperplane:

ω∗ =
n

∑
i=1

α∗
i yixi, b∗ = y j −

n

∑
i=1

yiα
∗
i (xi · x j)

Finally, the classification of the new test data can be obtained through the function m̃(s).

0.2.2 Kernel methods

Kernel method is a kind of method that transforms the linearly inseparable problem in low-dimensional space into linearly

separable problem in high-dimensional space. The theoretical basis of the kernel method is derived from Cover’s Theorem

by mapping a linearly inseparable complex pattern classification problem in low-dimensional space into a high-dimensional

space, which is more likely to be transformed into a linearly separable one. Kernel methods are not only used for SVMs,

but also for other algorithms where the data is non-linearly separable. However, it is difficult to perform data calculation in

high-dimensional space. At the same time, some algorithms do not need to explicitly convert data to high-dimensional space.

We only focus on the inner product between the data vectors and do not need the coordinates in the feature space. On the basis,

we can take the data in the original space as input and return the vector dot product in the feature space by using the kernel
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function K(x,y) = 〈φ(x),φ(y)〉. In this way, we can avoid calculating φ(x) and φ(y) while expanding separately to solve the

polynomial problem, which can bring about performance to the calculation process naturally. According to Mercer’s theorem,

any positive semi-definite function can be used as a kernel function.
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Figure 6. Schematic diagram of two-dimensional spatial support vector machine.
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