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Abstract: In this work, concurrent modified constant modulus algorithm and decision-directed scheme with the
Barzilai-Borwein method is proposed for blind equalization of wireless communications systems. The BarzilaiBorwein method, the two-step gradient method, is usually used to solve multidimensional unconstrained
optimization problems. The proposed algorithm concurrently operates a modified constant modulus algorithm
equalizer and a decision directed equalizer, and then adaptively adjusts the step size of the decision directed
equalizer using Barzilai-Borwein method. Theoretical analysis is provided to illustrate that the proposed algorithm
has a faster convergence speed, and better equalization performance than the original one. Simulation results
support the new proposed technique.
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1 Introduction
It is well known that inter-symbol interference (ISI) is one of the major impairments to achieve a higher
capacity or a data rate improvement in wireless communication systems. During the past years, various channel
estimation algorithms and equalization methods [1]-[9] have been developed to overcome the effects of ISI and
compensate the channel distortions. Blind equalization is a popular method for recovering transmitted symbols of
superimposed noise without providing the desired response externally [3]. The constant modulus algorithm
(CMA) [4] may be the most classical blind equalization algorithm because of its simplicity, stability, and
efficiency. The approach, however, takes longer to converge and only could achieve a moderate level of mean
square error (MSE) after convergence. Thus, it may not be sufficiently low to ensure adequate system
performance, which is a serious weakness need to consider.
Researchers have putted forward a number of interesting solutions [5]-[9] to this problem. In [5] a variable
step size (VSS) technique was developed and applied to CMA for 16 quadrature amplitude modulation (QAM)
signals It improves the performance of the equalizer to some extent. However, it fails to take the higher-order
QAM signals into account, which is another problem of this approach. On this basis, the modified constant
modulus algorithm (MCMA) [5] was proposed, which could improve the performance of CMA by obtaining a
low steady state MSE. It also could eliminate the need of joint carrier phase recovery. Another possible solution
is switching to a decision directed (DD) mode, which has no need of a threshold level or estimating the state of
convergence. It will be able to minimize the remaining CMA steady state MSE [7]. However, to make the transfer
successful, the CMA steady state MSE must be low enough as pointed in [8]. In fact, MSE may not be achievable
by the CMA as expected at such a low level.
In this paper, we will focus on the joint MCMA-DD equalization algorithm [9] and propose a concurrent
MCMA and DD with the Barzilai-Borwein (BB) method [10] blind equalization algorithm for the wireless
communication systems employing QAM signal. In [8], the authors have suggested to operate a DD equalizer
concurrently with CMA equalizer, rather than switching to a DD scheme after the CMA has converged. The
method is also applicable to MCMA. Concurrent MCMA and DD equalizers have significant improvements in
equalization performance over MCMA. According to the blind equalizer (BE) output error, the proposed method
could adjust the step size of the weight with updating formula by using BB method. It could furtherly improve the
convergence speed, reduce the steady state MSE and remain the ISI.
2 Blind Equalization
2.1 System Model
For an adaptive blind channel equalization system, the received signal for the k th symbol interval x(k ) can
be expressed as
L -1

x(k ) = å h(i ) s (k - i ) + v(k )

(1)

i =0

where h(k) with order L is the impulse response of the channel. The transmitted sequence s(k ) takes the value
from the QAM signal set. v(k ) is assumed to be additive white gaussian noise (AWGN) with zero mean and
variance s 2 . The actual equalizer output can be written as
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T

where

s (k ) = w T (k ) x (k )
is the weight vector

w (k ) = [ w0 (k ), w1 (k ),!, wN -1 (k )]
x (k ) = [ x(k ), x(k - 1),!, x(k - N + 1)]T is the received sample vector.
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2.2 Concurrent MCMA and DD
The MCMA changes the cost function of CMA [4] from real field to complex field, and its cost function has
the form
(3)
y MCMA (k ) = y MCMA, R (k ) +y MCMA, I (k )
where y MCMA,R (k ) and y MCMA,I (k ) are, respectively, the cost function for real and imaginary parts.
Ù

The MCMA equalizer output s (k ) can be expressed as
Ù

T
s(k ) = wMCMA
(k ) x (k )
The equalizer weights vector wMCMA (k ) is updated according to the rule
wMCMA (k + 1) = wMCMA (k ) - µMCMAÑy MCMA (k )

= wMCMA (k ) - µMCMA eMCMA ( k ) x* ( k )

(4)

(5)

where µMCMA is the step size.
The error signal eMCMA (k ) = eMCMA, R (k ) + jeMCMA, I (k ) is given by
Ù

2

Ù

eMCMA, R (k ) = sR (k )( sR (k ) - RR )
Ù

(6)

2

Ù

eMCMA, I (k ) = sI (k )( sI (k ) - RI )

(7)

where R is a normal number.
It is not difficult to see that the MCMA comprehensively considers the amplitude and phase equalization,
which can correct the phase deflection during transmission to a certain extent and achieve a better equalization
effect.
The concurrent MCMA and DD algorithm consists of a MCMA equalizer and a DD equalizer operating
concurrently. Explicitly, let w = wMCMA + wDD , where w DD is the weight vector of the DD equalizer.

Fig. 1 Baseband model of the concurrent MCMA and DD blind channel equalization system.
Fig. 1 shows the baseband model of the concurrent MCMA and DD blind channel equalization system.
The cost function of the DD equalizer is can be described as
Ù

Ù
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y DD (k ) = E[ ! [ s(k )] - s(k ) ]
Ù

where ! [ s(k )] denotes the quantized MCMA equalizer output defined by

(8)

Ù
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! [ s(k )] = arg min s(k ) - s(k )

(9)

s ( k )ÎS

The DD adaptation is performed immediately after MCMA adaptation. The equalizer output can be expressed
as
Ù

T
T
s(k ) = wMCMA
(k + 1) x (k ) + wDD
(k ) x (k )
The DD equalizer updated coefficient is written as
wDD (k + 1) = wDD (k ) - µ DD Ñy DD (k )

= wDD (k ) - 2µ DD eDD (k ) x * (k )
Ù

(10)
(11)

Ù

where µDD is the step size of the DD equalizer and eDD (k ) = s (k )- ! [( s (k ))] is the value of the estimated error.
It could be seen that the updated w DD occurs after the CMA equalization and before the equalizer hard
decision. Compared to pure MCMA, Concurrent MCMA and DD adaptation has a faster convergence speed and
a lower steady state MSE. The µDD for the DD equalizer can often be chosen much larger than µMCMA for the
MCMA.
3 The Proposed Concurrent MCMA and DD with BB Method
3.1 The Barzilai-Borwein Method
For multidimensional unconstrained optimization problems, i.e. min f ( x) , the gradient method is the
xÎÂn

simplest solution, which uses the negative gradient direction as the search direction. The iteration formula for this
method is
(12)
xk +1 = xk - lk gk
where lk is the iteration step and gk = Ñf ( xk ) is the search direction.
The BB method, also known as the two-step gradient method, was initially proposed by Barzilai and Borwein
in [10] It was applied to solve various unconstrained optimization problems [11]-[12] lately. The method has a
faster convergence rate than the gradient method.
The basic idea of the BB method is to use the information of the current point and the previous point to
determine the step factor and convert (12) to
(13)
xk +1 = xk - Dk gk
where Dk = lk I , I is the unit matrix. In order to make Dk has “quasi-Newton” properties, calculate lk to
satisfy the formula
(14)
min dk -1 - Dk g! k -1 2
or
min Dk-1d k -1 - g! k -1

(15)
2

where dk -1 = xk - xk -1 and g! k -1 = gk - gk -1 .
From (13) and (14), the formulas

lk = d kT-1 g! k -1 g! k -1

2
2

(16)

and

lk = dk -1

2
2

d kT-1 g! k -1

(17)

can be obtained.
Barzilai and Borwein had proved that the algorithm, whose step size is determined by (16) and (17), is
linearly convergent in R domain, and the convergence order is 2 . The result is true for almost initial values.
3.2 The Concurrent MCMA and DD with BB Method
We considered applying formula (17) to update the value of µDD in concurrent MCMA and DD algorithm,
which could improve the convergence speed. Thus µDD (k ) could be written as
2

µ DD (k ) = d (k ) 2 d T (k ) g! (k )

(18)

d (k ) = x(k + 1) - x(k )

(19)

where
and
g! (k ) = Ñy DD (k + 1) - Ñy DD (k )
= 2eDD (k + 1) x * (k + 1) - 2eDD (k ) x * (k )

(20)

The formula (11) can be rewritten as
wDD (k + 1) = wDD (k ) - µDD (k )Ñy DD (k )
= wDD (k ) - 2µ DD (k )eDD (k ) x* (k )

(21)

The entire blind equalization process can be summarized in the form of Algorithm 1.
Algorithm 1 Proposed Algorithm
1: Initialization
2: Initialize equalizer weight vector wMCMA and w DD with zeros and substitute
1 for the central tap. Initialize µMCMA and µDD .
3: Loop Processing
4: Calculate (4).
5: Update wMCMA using (5).
Ù

6: Calculate s (k ) using (10).
7: Update w DD using (21).
8: Update µDD using (18).
9: Calculate MSE and ISI.
10: Until convergence
From what has been discussed above, it is obvious that the value of µDD is mainly related to g! (k ) .
MCMA has performed better in the initial stage of the equalization iteration and plays a leading role at this stage.
The difference of the estimation error decreases gradually but the µDD gradually increases with the progress of
the equalization iteration process, which makes DD taking the dominant position. Thus, the convergence rate has
been accelerated and the steady-state MSE has been reduced furtherly.
4. Simulation Results and Performance Analysis
The performance of the proposed concurrent MCMA and DD with BB algorithm was demonstrated by
means of simulations. Two criteria were used to estimate the performance of the proposed algorithm. The first one
was MSE. The MSE was defined as
Ù
Ù 2
1 N
(24)
MSE = å ! [ s(k )] - s(k )
N k =1
The second one was ISI defined by
N

å ( h( k ) * w ( k ) ) - h( k ) * w ( k )
*

ISI =

*

k =1

h( k ) * w ( k )

max

(25)

*

max

The performance simulations of MCMA, concurrent MCMA-DD and concurrent MCMA-DD with BB
were carried out in a 30-dB SNR environment with 64-QAM. The channel impulse response was set to be h =
[0.005, 0.009, -0.0024, 0.854, -0.218, 0.049, -0.016]T , then the channel was normalized.
The step size of the MCMA had to be set to µMCMA = 2 ´10-6 . The two step sizes of the concurrent MCMADD equalizer were set to µMCMA = 2 ´10-6 and µ DD = 10-4 . For the concurrent MCMA-DD with BB equalizer,
the two step sizes were set to µMCMA = 2 ´10-6 and the initial µ DD = 10-3 .

(a)

(b)

(b)
(d)
Fig. 2 (a) The equalizer input signal diagram and the output constellation diagrams of (b) MCMA, (c)
Concurrent MCMA-DD and (d) Concurrent MCMA-DD with BB.
Fig. 2 shows the equalizer input signal diagram and the output constellation diagrams of the three
algorithms. It could be intuitively seen that the proposed concurrent MCMA-DD with BB algorithm
compensates the channel distortion more effectively comparing with other algorithms.

Fig. 3 The MSE performance of the three equalizers.

Fig. 4 The ISI performance of the three equalizers.
The learning curves for the three equalizers are shown in Fig. 3 and Fig. 4 based on the estimated MSE and
ISI measurements. The results indicate that the convergence speed and the steady-state equalization performance
of the concurrent MCMA-DD with BB algorithm is better than the MCMA and the concurrent MCMA-DD
algorithm. Specifically, compared to the concurrent MCMA-DD algorithm, the convergence rate of the proposed
algorithm is nearly 100 symbols faster, and steady-state error is reduced by 5 dB.

5 Conclusion
In this paper, a concurrent MCMA and DD with BB algorithm has been proposed. Compared with MCMA
and concurrent MCMA-DD, the proposed algorithm has a robust equalization performance and fast convergence
speed. The proposed algorithm could be applied to some more complex wireless channel environments, which are
of great significance for improving the adaptability of wireless channels.
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Figure 1
Baseband model of the concurrent MCMA and DD blind channel equalization system

Figure 2
(a) The equalizer input signal diagram and the output constellation diagrams of (b) MCMA, (c)
Concurrent MCMA-DD and (d) Concurrent MCMA-DD with BB.

Figure 3
The MSE performance of the three equalizers.

Figure 4
The ISI performance of the three equalizers.

