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Abstract

Mass spectrometry is a modern and sophisticated high-throughput analytical technique that
enables large-scale metabolomics analyses. It yields a high dimensional large scale matrix
(samples x metabolites) of quantified data that often contain missing cell in the data matrix
as well as outliers which originate from several reasons, including technical and biological
sources. Although, in the literature, several missing data imputation techniques can be
found, however all the conventional existing techniques can only solve the missing value
problems but not relieve the problems of outliers. Therefore, outliers in the dataset,
deteriorate the accuracy of imputation. To overcome both the missing data imputation and
outlier’s problem, here, we developed a new kernel weight function based missing data
imputation technique (proposed) that resolves both the missing values and outliers. We
evaluated the performance of the proposed method and other nine conventional missing
imputation techniques using both artificially generated data and experimentally measured
data analysis in both absence and presence of different rates of outliers. Performance based
on both artificial data and real metabolomics data indicates that our proposed kernel weight
based missing data imputation technique is a better performer than some existing
alternatives. For user convenience, an R package of the proposed kernel weight based
missing value imputation technique has been developed which is available at

https://github.com/NishithPaul/tWLSA .
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1. Introduction

Metabolomics datasets produced by mass spectrometry (MS) technique often contain a
wide number of missing cell in the data matrix that can generate from various sources
including both technological and biological hazard. Generally, there are about 10% to 40%
missing values in metabolomics dataset'”. The following reasons can be observed for
occurring missing values in metabolomics dataset: (i) metabolite concentration peak is
below the analytical method's detectable threshold (ii) metabolite concentration peak is not
initially present in the chromatogram (iii) due to overlapping signals separation (iv)
deconvolution may give false negative during separation of overlapping signals (v)
computational and /or measurement error, (vi) the concentration of metabolite is existent in
the sample but is vanished during downstream processing and finally (vii) the
concentration of a particular metabolite is identified in one sample, however, is not existent
at significant concentration in another sample'*®. Furthermore, the above missingness can
be categorized as (a) MCAR-missing completely at random (b) MAR-missing at random
(c) MNAR-missing not at random. If a missing is not related with any observed variable or
response 1is called MCAR, whereas, if a missing is linked with one or more observed
variables but not to the response is said to be MAR, finally the response associated missing
1s said to be MNAR. In metabolomics dataset, if the concentration of a metabolite is not
seen in one group of samples but is present in another group of samples, then the missing
are most probably occurring for a biological reason and can be classified as MNAR.
However, if the peak of metabolite concentration is smaller than the analytical method's
detectable threshold, then this type of missing is the combination of biological and
technological issues, therefore, this type of missing can be considered as MNAR. Finally
MCAR is caused by only technological reasons, e.g., errors related with peak picking

software, i.e., peak was shown; however, it was not included in the raw data.

The easiest and state forward method of dealing with missing values is filtering

9, 10

method, whereby, variables” ® or samples are removed. In recent times this is rarely

applicable only when the data matrix includes a greater percentage of missing data. To



handle missing value problem, the alternative approach is imputation technique. Current
imputation techniques for imputing missing data are half of the minimum value
replacement®!!, mean replacement'?, median replacement'?, k-nearest neighbour (kNN)'?,

Bayesian principal component analysis (BPCA)!*!3

, probabilistic principal component
analysis (PPCA)'®, zero imputation'’, multiple imputation with expectation maximization
(EM) algorithm and monte carlo markov chain (MCMC) method!®, expectation
maximization principal component analysis (EM-PCA)!°, random forest (RF) imputation®
and so on. In the literature, there are several missing imputation techniques, however, the
selection of missing imputation technique play a dramatic impact on univariate and
multivariate (unsupervised and supervised) data analysis and its interpretation'?!23,
Therefore, the appropriate handling of missing data is very important according to the
structure or nature of original data for downstream analysis. The pattern of metabolomics
dataset is very complicated, because metabolomics dataset contains outliers**, non-
normality and inherent correlation structure?>. All the aforementioned techniques can only
deal with the problem of missing value imputation. However, all the existing missing value
imputation techniques are more or less influenced by outliers as well as cannot significantly
reduced the outlier’s problem simultaneously, because the conventional imputation
algorithms didn't consider any outlier-robust function or any outlier identification and
substitute algorithms directly. Furthermore, the existing outliers resolving techniques do not
consider with missing value problems. For these reasons, here, we have developed a novel

kernel weight based missing imputation (KMI) method that can overcome both the missing

value imputation problems and outliers simultaneously.

To evaluate the performance of the introduced missing imputation method with the
others conventional missing value imputation methods, we took into account nine well-
known and currently used missing imputation methods: zero imputation, mean imputation,
median imputation, half of the minimum value imputation, kNN imputation, BPCA
imputation, PPCA imputation, EM-PCA imputation and random forest (RF) imputation.

We measured the performances of the missing imputation methods including the proposed



one technique using both artificial and real data analysis in absence and presence of

different rates of outliers.

2. Material and Methods

In this dissertation, we developed a new missing data imputation method by minimizing
two ways kernel weighted square error loss function. To compare the competence of the
proposed method, we considered nine traditional missing imputation technique: zero, mean,
median, half of the minimum value, KNN, BPCA, PPCA, EM-PCA and random forest (RF)
imputations. If all the missing values are substituted by zero is known as zero imputation.
In mean, median and half of the minimum value imputation, missing data of each
metabolite are substituted by the corresponding metabolite average, median and half of the
minimum value respectively. Missing data substitution using kNN, EM-PCA, and RF are
found in the "impute”, "missMDA" and "missForest" packages respectively of R platform.
Moreover, BPCA and PPCA imputation can be done using "pcaMethods"” package in

Bioconductor. The detail description of the proposed missing value imputation method by

using two-way kernel weighted square error loss function is given below,

Missing data imputation using two-way kernel weighted least square error approach
(Proposed)

Let X =(xij)is a metabolomics data; where, i =1,2,LL , p represent the metabolites and
j=12L ,n represents the samples. Thus, in the metabolomics data X, different rows

indicates different metabolites and the columns indicate different samples.

Each cell of the metabolomics data could be represented as the product of the metabolite
(row) effect and sample (column) effect. Mathematically, it is written as the bilinear form,

X; =T, (1)



where, r; and c; represent the i-th row effect (i.e., metabolite effect) and j-th column effect
(i.e., sample effect) respectively. Since, observed metabolomics data matrix usually contain
missing cell and outliers, therefore, both the missing cell and outliers in the data matrix can
be estimated by considering the effect of corresponding row and column. In equation (1), r;

and ¢; are both unknown therefore, our motive is to determine r; and c; to forecast the ij-th

missing cell or outlying cell. To estimate r; and ¢;, let us consider the model x; =rc;+¢€;
(2); where, x; is the yield corresponding to the effect of ith metabolite (row) and j-th

sample (column), r; indicate the factors of ith metabolite and c; indicate the factors of j-th

sample and €;indicate the error term. From the model (2), we have to estimate r; and ¢;

simultaneously. To estimate r; and ¢; we have developed the weighted least square approach

using a kernel weight function w; =exp{- (x; —median(xj))z}and updated r;

and ¢; by iterative procedure, where, mad stands for median absolute deviation. The
specialty of the kernel weight function is that it lies between zero and one; the weight will
be closed to zero if the corresponding observation is apart from its median and also closed
to one if the corresponding observation is the neighbor of median. In the kernel weight
function, A is the tuning parameter, where the value of A is chosen by the k-fold cross
validation (Diagram 1 indicates the appropriate A selection procedure). If the dataset is
clean (i.e., no outliers) then A will be zero, at that time all the weights will be 1 i.e., the
technique will be classical least square approach. The steps of estimating r; and ¢; are given

below,

Step-1. To initialize the j-th column (sample) effect (c;), calculate the j-th column median
of X. Column median is computed by excluding the missing values

for j=1,2,L ,n.
Step-2. Using the weighted least square approach, estimate the i-th row effect (i.e.,
n 2 n 2
metabolite effect) r; by minimizing Z(el.j) = ZWU. (x,.j —rl.cj) , based on i-th row
j=1 j=1

of X, by eliminating the missing values,i=12,L ,p .



Step-3. Revise the j-th column effect c;, using the weighted least square approach by

p 2
minimizinngij(xij—l;cj) , based on j-th column of X, by eliminating the
i=1

missing values, j=12,L ,n.

| rnew _rold | + | cnew _cald |

n+p

Step 4. Repeat Step 2 and Step 3 until it satisfies the rule <¢&; here

¢ 1s a very small positive number, it depends on researcher interest. Here, we

choose £ =0.01.

Step 5.

e Compute the first fitted bilinear form as, X’ =F¢, , where 7 =(7,7,L .7, )" and
¢, =(¢,¢,,L ¢, ) are obtained from Step 4.

e Calculate the first remainder matrix (Xzs) as, X, =X - X" =X —£¢, (excluding
the missing cells of the data matrix)

e Using steps 1-4 on Xg;, compute the second fitted bilinear form as, X  =1¢, and

calculate the second remainder matrix (Xgz2) as, X,, = X, — X, =X —F¢, —FC,

(excluding the missing cells of the data matrix)

A

e Similarly calculate the r-th remainder (Xg,) as, X, =X, = Xp,, =X =D FC,

Le, X =X, + kaék . The number of r is selected in such a way that the total row
k=1

variations of kaék can explain (1-a)100% variations of X (using the concept of
k=1

singular value decomposition; the detail of r selection procedure is given in

Appendix 1 of supplementary materials), where a is chosen by the researcher

interest. In this case, we took a=0.05. Therefore, the approximation of X is,



X~X0=Yié, 3)
k=1

Step 6. Substitute the missing values and the outlying cells of X by the corresponding cells

of X" that produce the reconstructed full and clean data matrix Xe. Here, inter quartile

range (IQR) rule®® is used to detect outliers.

The application procedure of the proposed method in metabolomics data is given below,
Metabolomics dataset may contain several groups of samples in their data structure,
if a metabolomics dataset contain k groups of samples, then the dataset is split according to

the groups as,
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; where, g,1s the column number (subjects) of group-1, g, is the column number (subjects)

of group-2 and so on; and also g, +g,+L +g, =n.

Therefore, check whether the metabolomics data matrix X contains multiple groups or not
in samples. If X contains multiple groups, then partition the matrix X as,
X=(X, X, L X,) according to k groups of samples,

x, Xx, L x L
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X X, LooXx gy Yaggen L Xoggag

where, X, = L X, = and
M M O M M M O M
Kot Ap2 L xpgl xp(g1+1) xp(g1+2) L xp(g1+g2)
Mgl g +D) Mgl +g,4+2) L Xi(g 4L +g,)
X _ ‘x2(gl+L +g 1) ‘x2(gl+L +8r1+2) L x2(g,+L +g1)

k B

M M O M

Xt vg D) Xpglrg s L Xpigat g



X x, L x
otherwise, X = 2! 2 2
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X p2 pn

rl X
If X contains k groups, then apply Steps 1-6 for each partitioned data matrix and

compute )??, )??;, L )%j; thus, the reconstructed full and clean data
matrix X0= ()2}? )?720 L )?7,‘3). Otherwise, apply Steps 1-6 for the data matrix X and

compute the reconstructed full and clean data matrix Xe.
User can install the package in R platform using the following R code

library (devtools)
install_github("NishithPaul/tWLSA")
library (tWLSA)

Artificially Generated Metabolomics Data
To simulate metabolomics datasets, we used the following additive linear model as,
Xy = M+ 8+ €5 4,
where, Xx;, is the concentration of the i" metabolite, /" group and k™ sample; the average
concentration for the i-th metabolite is 4, ; g, represents the j™ group effect of i metabolite
and the random error term of the i-th metabolite, j-th group and k-th sample is €, . To

generate the data, we considered g : uniform(5,10) and €,: N(0,1). To measure the

efficiency of the proposed technique, we made three types of metabolomics datasets, (i)
without class level in the samples (i1) two class levels (two groups) in the samples (iii) three
class levels (three groups) in the samples. In case of two class and three class level based
datasets, we also generated two types of metabolites (a) equal concentration (EE)
metabolites (b) differential concentrations (DE) metabolites. DE metabolites were

considered into two groups: up-concentrated and down concentrated metabolites. For up-

concentrated metabolites, we took g, : N(0,1) for healthy group and g, : N(2,1) for

disease group. Similarly, for down concentrated metabolites, we took g, : N(2,1) for



healthy group and g, : N(0,1) for disease group. In EE metabolites, g, : N(0,1) for both

groups. We generated 200 metabolites and 90 samples for each dataset. In two class and
three class datasets we considered 80 metabolites as DE and 120 metabolites as EE. We
generated 100 datasets for each type. We also incorporated various rates (5%, 10%, 15%
and 20%) of missing cells in the data matrix. Among the total missing, 60% MAR and
40% for lower values. To investigate the efficiency of our proposed technique in presence
of outliers, we also included the various rates (3%, 5%, 7% and 10% ) of outliers in the
artificial datasets. In the i-th metabolite, we provided N(5* i,07 ) as outliers; where i and
2

oi” were the i-th metabolite’s mean and variance; these outliers were distributed randomly

in the dataset, thus, outliers may occur anywhere in the dataset.

Real Metabolomics Data

To measure the performance of our proposed missing imputation method firstly we
consider publicly available two fully defined real metabolomics data matrix from R
language platform, one is on Human Cachexia dataset (available in R-specmine library) and
treated dataset (available in R-metabolomics library). Since, these two data matrices didn't
contain any missing values, therefore, to investigate the efficiency of the proposed
technique compared to the other techniques; we randomly incorporated different rates (5%,
10%, 15% and 20%) of missing values and also computed the mean square error (MSE)
between the reconstructed data and original data. We also considered two datasets-
Hepatocellular Carcinoma (HCC) with 26.52% missing values/cells*’ and MDA-MB-231
breast cancer dataset with 15.81% missing values®® for evaluating the performance of the
proposed missing value imputation method. HCC and MDA-MB-231 dataset are also
modified by artificially included various rates (3%, 5%, 7% and 10%) of outliers to
investigate the performance of the proposed method. Outliers are distributed randomly and

it follows N(5*u;,0/ ); where wiand o> were the i-th metabolite’s mean and variance.

3. Results

To exhibit the performance of the proposed missing imputation technique compared to the

other conventional missing imputation tools (zero, mean, median, half of the minimum



value, kNN, BPCA, PPCA, EM-PCA and RF imputations), we analyzed both artificial and

experimentally measured metabolomics datasets.

Artificial Data Analysis Results

In simulation studies, firstly, we measured the performance of the proposed missing
imputation technique compared to the other existing nine missing imputation methods
(zero, mean, median, half of the minimum value, KNN, BPCA, PPCA, EM-PCA and RF
imputations) using the distance based measurement. Therefore, we computed the MSE
between original simulated dataset and the reconstructed missing imputed dataset in both
inexistence and existence of outliers. Since, we generated three types of simulated
metabolomics datasets and 100 datasets for each type, therefore, we calculated the average
MSE from 100 MSEs for each type of dataset in different rates of outliers (0%, 3%, 5%,
7% and 10%) and different rates (5%, 10%, 15% and 20%) of missing values . The results
of above calculation were given in Figure 1, Figure 2, and Figure 3. In Figure 1, Figure 2,
and Figure 3, the proposed missing value imputation technique produced lower average
MSE for various rates (0%, 3%, 5%, 7% and 10%) of outliers as well as for various rates
(5%, 10%, 15% and 20%) of missing values. Therefore, our developed missing imputation
method is comparatively better than the other existing techniques.

Secondly, we evaluated the performance of our developed KMI method using MER
(misclassification error rate), ROC (receiver operating characteristic curve) and AUC (area
under the ROC curve) through DE metabolites identification for two groups and three
groups datasets. To calculate the performance indices (MER, ROC curve and AUC values),
we identified the DE metabolites from the different reconstructed datasets (missing were
imputed by different methods) using #-test for two class level dataset and ANOVA for
multiclass level dataset. Since, in simulated dataset the DE and EE metabolites were
known, therefore, we computed the MER, ROC curve and AUC for different missing
imputed datasets in both absence and presence of various rates of outliers. The above
calculation procedures were given in Figure 4.

The ROC curve of DE calculation for two class and three class simulated datasets

with 5% missing and various rates of outliers were depicted in Figure 5 and Figure 6



respectively. Similarly, for 10%, 15% and 20% missing values, the ROC curve were given
in the supplementary material (Figure S1-Figure S6). Also Table 1 and Table 2 represented
the MER and AUC values of DE calculation for two class and three class simulated
datasets respectively with 5% missing data and various rates of outliers. Similarly, for 10%,
15% and 20% missing values, the MER and AUC values of DE calculation were also given
in the supplementary material (Table S1-Table S6). The results of the performance
measures from Figure 5, Figure 6, Table 1, Table 2, Figure S1-Figure S6 and Table S1-
Table S6 showed that the proposed missing imputation method produced lower average
MER, higher average AUC values for different rates (5%, 10%, 15% and 20%) of missing
values and various rates (0%, 3%, 5%, 7% and 10%) of outliers. Therefore, we could say
that the proposed KMI technique is comparatively better than other existing nine missing
value imputation techniques.

Finally, we measured the performance of our proposed KMI technique through
sample classification using only DE metabolites. The performance measures calculation
procedure of different imputation methods on the basis of sample classification (using
support vector machine classifier) were given in Figure 7. The ROC curve on the basis of
sample classification using test dataset for two class simulated datasets with 5% and 10%
missing values and various rates (3%, 5%, 7% and 10%) of outliers were depicted in Figure
8 and Figure 9 respectively. Figure 8 and Figure 9 showed that our proposed KMI
technique gave higher average true positive rate (TPR) at any point of average false
positive rate (FPR) compared to the others missing imputation methods in existence of
different rates of outliers (3%, 5%, 7% and 10%). We also computed average MER and
AUC in appearance of various rates of missing data and different percent of outliers using
two and three class level data (Table 3 - Table 6). Table 3 - Table 6 showed that the
proposed KMI technique produced lower average MER and higher average AUC values in
various rates of missing values and different rates of outliers for two and three class level
simulated metabolomics data. Therefore, in simulation studies, we could say that our
proposed KMI technique is comparatively better than the other nine existing missing value

imputation methods.



Real Data Analysis Results
Here, we used four real metabolomics datasets for evaluating the efficiency of our newly
developed KMI technique compared to the other missing imputation methods for real data
analysis. Since, human cachexia dataset (available in R-specmine library) and treated
dataset (available in R-metabolomics library) are fully defined, therefore, to explore the
performance of our proposed technique, we artificially incorporated various percentage of
missing values (5%, 10%, 15% and 20%) and reconstructed the data matrix using several
missing value imputation methods including the proposed one. We measured the MSE
between the original datasets and reconstructed datasets. We also repeated the aforesaid
calculation 100 times and computed the average MSE for different rates of missing values
that were presented in Figure 10. Figure 10 showed that the proposed missing value
imputation technique produced lower average MSE for different rates of missing values of
human cachexia dataset (Figure 10[a]) and treated dataset (Figure 10[b]) respectively.
Therefore, we could say that our proposed imputation method is comparatively better
performer than the other nine existing missing value imputation methods.

We also measured the competency of our proposed KMI technique using MER and
AUC of sample classification for both two class hepatocellular carcinoma dataset and three
classes MDA-MB-231 dataset. To evaluate the performance of all well-known missing
value imputation methods in existence of outliers, we modified both the dataset by
artificially incorporated different rates of outliers (3%, 5%, 7% and 10%). The
performance measures calculation procedure for different missing imputation techniques
were depicted in Figure 11. The calculation of performance measures (MER and AUC)
using hepatocellular carcinoma dataset and MDA-MB-231 dataset were illustrated in Table
7 and Table 8 respectively. From Table 7 and Table 8, we could observe that our proposed
KMI technique produced lower average MER and higher AUC values compared to other
missing imputation methods in appearance of various rates of outliers. Therefore, both the
simulation studies and real data analysis showed that our proposed missing value
imputation method is comparatively better than the other nine existing missing value

imputation methods.



4. Discussion

Here, we examined the performance of each missing imputation technique by optimizing
the parameter settings using trial and error basis to avoid biased comparison. For example,
in case of kNN imputation, we chose that k, for which the MSE, MER are smaller and
accuracy is maximum. Since the performance of different missing imputation techniques
may depends on the structure and the value/intensity of data, therefore, in this paper, we
generated three types of simulated metabolomics datasets and 100 datasets for each type,
and we calculated the average MSE from 100 MSEs for each type of dataset in different
rates of outliers (0%, 3%, 5%, 7% and 10%) and different rates (5%, 10%, 15% and 20%)
of missing values.

MAR may occur at any position of the data matrix; therefore, we generated 100 modified
real dataset including different MAR position of the data matrix to measure the
performance of different missing imputation techniques. To compute the performance of
various missing imputation methods through MER and AUC using classification technique,
we divided the dataset into two part, test dataset and training dataset. To reduce the
sampling error during the calculation MER and AUC, we generated 100 training dataset
and 100 test dataset for each case and computed the average MER and AUC for measuring
the performance of different missing imputation methods. The detail calculation procedure
of different performance measures calculated by different missing imputation methods for
artificial dataset and experimentally measured (i.e., real ) datasets were shown in Figure 4
& Figure 7 and Figure 11 respectively. The url of the R package and user manual is

https://github.com/NishithPaul/tWLSA .

Conclusion

Selection of missing imputation method plays a vital role for consecutive metabolomics
data analysis. However, all the conventional missing value imputation methods are more or
less affected by outlying observations. Thus, in this paper, we have developed a new

outlier-robust kernel weight based two-way alternating weighted least square approach for


https://github.com/NishithPaul/tWLSA

imputing missing values. We also measured the performance of our newly developed KMI
technique compared to the other nine existing methods (zero, mean, median, half of the
minimum value, kNN, BPCA, PPCA, EM-PCA and RF imputations) through both artificial
and real metabolomics data analysis. Observing the computational results, we could
conclude that our developed missing value imputation method is comparatively better than
the conventional nine missing value imputation methods in both appearance and non-
appearance of outliers. For this reason, our suggestion is to apply our proposed two-way
kernel weighted least square based missing value imputation method instead of
conventional missing imputation methods to substitute the missing values in metabolomics
datasets for consecutive univariate, multivariate as well as exploratory metabolomics data

analysis.
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Figure legends

Figure 1. Performance investigation of different missing imputation techniques using
average MSE for without class level data.

Figure 2. Performance investigation of different missing imputation techniques using
average MSE for two class level data.

Figure 3. Performance investigation of different missing imputation techniques using
average MSE for three class level data.

Figure 4. Performance measures calculation procedure on the basis of DE calculation.
Figure 5. Performance investigation of different missing value imputation techniques using
ROC curve of DE calculation for two class level dataset with 5% missing values in absence
and presence of outliers.

Figure 6. Performance investigation of different missing value imputation techniques using
ROC curve of DE calculation for three class level dataset with 5% missing values in
absence and presence of outliers.

Figure 7. Performance measures calculation procedure on the basis of sample
classification.

Figure 8. Performance investigation of different missing value imputation techniques using
ROC curve of sample classification for two class level dataset with 5% missing values in
presence of outliers.

Figure 9. Performance investigation of different missing value imputation techniques using
ROC curve of sample classification for two class level dataset with 10% missing values in
presence of outliers.

Figure 10. Performance investigation of different missing value imputation techniques
using MSE calculation for different rates of missing values of (a) human cachexia dataset
and (b) treated dataset.

Figure 11. Performance measures calculation procedure for real dataset on the basis of

sample classification.



Diagram Legend

Diagram 1. 4 selection procedure.
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Performance investigation of different missing imputation techniques using average MSE for without
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Figure 2

Performance investigation of different missing imputation techniques using average MSE for two class
level data.



(a) 5% missing values (b) 10% missing values
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Figure 3

Performance investigation of different missing imputation techniques using average MSE for three class
level data.
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Performance measures calculation procedure on the basis of DE calculation.
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Performance investigation of different missing value imputation techniques using ROC curve of DE
calculation for two class level dataset with 5% missing values in absence and presence of outliers.
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Figure 7

Performance measures calculation procedure on the basis of sample classification.
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Performance investigation of different missing value imputation techniques using ROC curve of sample
classification for two class level dataset with 5% missing values in presence of outliers.
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Performance investigation of different missing value imputation techniques using ROC curve of sample
classification for two class level dataset with 10% missing values in presence of outliers.
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Performance investigation of different missing value imputation techniques using MSE calculation for
different rates of missing values of (a) human cachexia dataset and (b) treated dataset.
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Performance measures calculation procedure for real dataset on the basis of sample classification.




Divide the dataset X in to &k equally sized and similarity distributed section.

l

For the i-th section, Compute the estimates using the i-th part of the data

(X") and the other i-1 parts of the data (X'™') for different / values.

Also calculate the deviances between the estimate of the i-th part of the
data and the other i-1 part of the data as,

D(i, A;) =|estimate(X 2 A;)- estimate( X", A )|
wherei=1,2, ...,k and 0<A<l.

1

Compute the average deviance using %Z D(i. 2,) . Choose that A, which

produce minimum average deviance.

Diagram 1. / selection procedure.

Figure 12

A selection procedure.
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