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ABSTRACT

This is Supplementary material. We organize the section as the following: (1) Introducing the theorem of robustness for β -GAN.
(2) Explaining the function of adding Autoencoder. (3) Analyzing the different parameter of (α,β )-GAN. (4) Demonstrating
the result of the other architecture of network in the denoising problem. (5) Illustrating the conformational heterogeneity of
denoising result. (6) Using the PGGAN skills to train the model. (7) Analyzing the influence which the regularization parameters
bring.

Supplemental note 1: Robust Estimate via β -GAN
In this paper, we extend the traditional image generative model in Cryo-EM to a Huber contamination model and exploit

the β -GAN toward robust denoising under unknown contamination. Below we include a brief introduction to robust β -GAN,
which achieves provable robust estimate or recovery under Huber contamination model. Recently, Gao et al.1, 2 established
the statistical optimality of β -GANs for robust estimate of mean (location) and convariance (scatter) of the general elliptical
distributions. Here we introduce the main results that will be helpful in this paper.

Definition 1 (Elliptical Distribution). A random vector X ∈ Rp follows an elliptical distribution if and only if it has the
representation X = θ + ξ AU, where θ ∈ Rp and A ∈ Rp×r are model parameters. The random variable U is distributed
uniformly on the unit sphere {u ∈ Rr :‖ u ‖= 1} and ξ ≥ 0 is a random variable in R independent of U. The vector θ and the
matrix Σ = AAT are called the location and the scatter of the elliptical distribution.

Normal distribution is just a member in this family characterized by mean θ and covariance matrix Σ. Cauchy distribution
is another member in this family whose moments do not exist.

Definition 2 (Huber contamination model). X1, ...Xn ∼iid (1−ε)Pell +εQ, where in this paper we consider the Pell an elliptical
distribution in its canonical form.

A more general data generating process than Huber contamination model is called the strong contamination model below,
as the TV -neighborhood of a given elliptical distribution Pell :

Definition 3 (Strong contamination model). X1, ...Xn ∼iid P, for some P satisfying

TV (P,Pell)< ε.

Definition 4 (Discriminator Class). Let sigmoid(x) = 1
1+e−x , ramp(x) = max(min(x+1/2,1),0), and ReLU(x) = max(x,0).

Define a general discriminator class of deep neural nets: firstly define the a ramp bottom layer

Gramp = g(x) = ramp(utx+b),u ∈ Rp,b ∈ R (1)

Then, with G1(B) = Gramp, inductively define

Gl+1(B) =

{
g(x) = ReLU

(
∑
h≥1

vhgh(x)
)

: ∑
h≥1
|vh| ≤ B,gh ∈ Gl(B)

}
(2)
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Noted that the neighboring two layers are connected via ReLU activation functions. Finally, the network structure is defined by:

DL(κ,B) =

{
D(x) = sigmoid

(
∑
j≥1

w jg j(x)
)

: ∑
j≥1
|w j| ≤ κ,g j ∈ GL(B)

}
(3)

This is a neural network classes consists of L hidden layers.

Now consider the following β -GAN induced by a proper scoring rule S : [0,1]×{0,1}→ R with the discriminator class
above:

(θ̂ , Σ̂) = arg min
(θ ,Σ)

max
D∈DL(κ,B)

1
n

n

∑
i=1

S(D(xi),1)+Ex∼Pell(Θ,Σ)S(D((x)),0). (4)

The following theorem shows that such a β -GAN may give a statistically optimal estimate of location and scatter of the general
family of Elliptical distributions under strong contamination models.

Theorem 1 (Gao-Yao-Zhu2). Consider the (α,β )-GANs with |α−β |< 1. The discriminator class D = DL(k,B) is specified

by (3). Assume p
n + ε2 ≤ c for some sufficiently small constant c > 0. Set 1≤ L = O(1),1≤ B = O(1), and κ = O(

√
p
n + ε).

Then for any X1, ...Xn ∼iid P, for some P satisfying TV (P,Pell)< ε with small enough ε , we have:

‖θ̂ −θ‖2 <C(
p
n
∨ ε

2)

‖Σ̂−Σ‖2
op <C(

p
n
∨ ε

2)
(5)

with probability at least 1− eC′(p+nε2) (universal constants C and C′) uniformly over all θ ∈ Rp and all ‖Σ‖op ≤M.

The theorem established that for all |α−β |< 1, (α,β )-GAN family is robust in the sense that one can learn a distribution
Pell from contaminated distributions Pε such that TV (Pε ,Pell)< ε , which includes Huber contamination model as a special case.
Therefore a (α,β )-GAN with suitable choice of network architecture, can robustly learn the generative model from arbitrary
contamination Q when ε is small (e.g. no more than 1/3).

This theoretical development is the inspiration of current work on Cryo-EM robust denoising problem. In our case, we hope
that the denosing Autoencoder network Gθ (y) can provide us a universal approximation of the location (mean) of the inverse
generative model, where the noise can be any member of the elliptical distribution. Moreover, our discriminator is adapted to
the image classification problem in our case. Equipped with this design, we hope that the (α,β )-GANs adopted in this paper
may help enhance the robustness of denoising Autoencoder against unknown contaminations, e.g. the Huber contamination
model for real contamination in Cryo-EM data. The experimental results in this paper in fact confirms the efficacy of such a
design.

Supplemental note 2: Stability of combining Autoencoder into GAN
We emphasize that in this joint training of Autoencoder and GAN scheme, not only GANs could help Autoencoder by

exploiting information from similar samples, but also Autoencoder is indispensable to GANs in stabilizing the training of the
latter. As a zero-sum game involving a non-convex-concave minimax optimization problem, training GANs is notoriously
unstable with typical cyclic dynamics and possible mode collapse entrapped by local optima. However, the introduction of
Autoencoder loss here is able to stabilize the training and avoid the mode collapse.

As an illustration, Figure 1 shows the comparison of training a JSGAN and a joint JSGAN-`1 Autoencoder. Training
and test mean square error curves are plotted against iteration numbers, using the RNAP data under SNR = 0.1 that will be
introduced later. From this figure, one can see that JSGAN training suffers from drastic oscillations while joint training of
JSGAN-`1 Autoencoder exhibits a stable process. In fact, with the aid of Autoencoder here, one does not need the popular
“logD trick" in JSGAN.

Supplemental note 3: Influence of parameter(α,β ) brings in β -GAN
In the paper, we have applied β -GAN into denoising problem. How to pick up a good parameter: (α,β ) in the β -GAN

becomes an important issue. In this part, we research the impact of the parameter (α,β ) on the outcome. We choose eight
significant groups of α,β . Our result is shown in Table 1. It is demonstrated that the effect of these groups in different
parameters is not large. The best result appears in α = 1,β = 1 and α = 0.5,β = 0.5
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Figure 1. Comparison between JSGAN (blue) and joint JSGAN-`1 Autoencoder (red). (a) training MSE; (b) test MSE. Joint
training of JSGAN-`1 Autoencoder is much more stable than pure JSGAN training that oscillates a lot.

Table 1. ResNet-GAN: MSE, PSNR and SSIM of different (α,β ) in β -GAN under various levels of Gaussian noise
corruption in RNAP dataset.

MSE PSNR SSIM
Parameter/SNR 0.1 0.05 0.1 0.05 0.1 0.05

α = 1,β = 1 2.99e-3(3.51e-5) 4.01e-3(1.54e-4) 25.30(0.05) 24.07(0.16) 0.82(0.03) 0.79(0.03)
α = 0.5,β = 0.5 3.01e-3(2.81e-5) 3.98e-3(4.60e-5) 25.27(0.04) 24.07(0.05) 0.79(0.04) 0.80(0.03)

α =−0.5,β =−0.5 3.02e-3(1.69e-5) 4.15e-3(5.05e-5) 25.27(0.02) 23.91(0.05) 0.80(0.03) 0.80(0.03)
α =−1,β =−1 3.05e-3(3.54e-5) 4.12e-3(8.30e-5) 25.23(0.05) 23.93(0.08) 0.80(0.05) 0.77(0.04)
α = 1,β =−1 3.05e-3(4.30e-5) 4.10e-3(5.80e-5) 25.24(0.06) 23.96(0.06) 0.82(0.02) 0.76(0.03)

α = 0.5,β =−0.5 3.09e-3(6.79e-5) 4.05e-3(6.10e-5) 25.17(0.04) 24.01(0.06) 0.79(0.04) 0.77(0.05)
α = 0,β = 0 3.06e-3(5.76e-5) 4.02e-3(5.67e-4) 25.23(0.04) 24.00(0.06) 0.78(0.03) 0.78(0.03)

α = 0.1,β =−0.1 3.07e-3(5.62e-5) 4.05e-3(8.55e-5) 25.23(0.08) 23.98(0.04) 0.78(0.02) 0.79(0.03)

Supplemental note 4: Convolution network

In this part, we will present the result of simple deep convolution network (remove the ResNet block), the performances
in all of criterion are worse than performances of the residue’s architecture work. Table 2 compares the MSE and PSNR
performance of various methods in the RNAP dataset with SNR 0.1 and 0.05. And Figure 2(a) displays the denoised image of
different methods in the RNAP dataset with SNR 0.05. It shows the advantage of residue structure in our GAN-based denoising
Cryo-EM problem.

3/7



Figure 2. (a) Denoised images with convolution network without resnet structure in different methods in RNAP dataset with
SNR 0.05 (from left to right, top to bottom): clean, noisy, BM3D, `2-Autoencoder, KSVD, JSGAN + `1, WGANgp + `1,
(1,−1)-GAN + `1, (.5,−.5)-GAN + `1. (b) Denoised and reference images in different regularization λ (we use (.5, .5)-GAN
+λ `1 as an example) in correpsonding to Table 3. From left to right, top to bottom, the image is: Clean image, λ = 0.1, λ = 1,
λ = 5, λ = 10, λ = 50, λ = 100, λ = 500 , λ = 10000

Table 2. Deep convolution results: MSE and PSNR of different models under various levels of Gaussian noise corruption in
RNAP dataset.

MSE PSNR
Method/SNR 0.1 0.05 0.1 0.05

BM3D 3.5e-2 (7.8e-3) 5.9e-2(9.9e-3) 14.535(0.1452) 12.134(0.1369)
KSVD 1.8e-2(6.6e-3) 3.5e-2(7.6e-3) 17.570(0.1578) 14.609(0.1414)

Non-local means 5.0e-2(5.5e-3) 5.8e-2(8.9e-3) 13.040(0.4935) 12.404(0.6498)
CWF 2.5e-2(2.0e-3) 9.3e-3(8.8e-4) 16.059(0.3253) 20.314(0.4129)

`2-Autoencoder 4.0e-3(6.0e-4) 6.7e-3(9.0e-4) 24.202(0.6414) 21.739(0.7219)
(0,0)-GAN +`1 3.8e-3(6.0e-4) 5.6e-3(8.0e-4) 24.265(0.6537) 22.594(0.6314)
WGANgp+`1 3.1e-3(5.0e-4) 5.0e-3(8.0e-4) 25.086(0.6458) 23.010(0.6977)

(1,−1)-GAN +`1 3.4e-3(5.0e-4) 4.9e-3(9.0e-4) 24.748(0.7233) 23.116(0.7399)
(.5,−.5)-GAN +`1 3.5e-3(5.0e-4) 5.6e-3(9.0e-4) 24.556(0.6272) 22.575(0.6441)

Supplemental note 5: Clustering to solve the conformational heterogeneity
In this section, we try to analyze whether the denoised result is good in solving conformation heterogeneity in simulated

RNAP dataset. Specifically, for heterogeneous conformations in simulation data, we mainly choose the following two typical
conformations: open and close conformations as our testing data. Our goal is to distinguish these two classes of conformations.
However, different from3, we do not have the template images to calculate the distance matrix, so what we try is unsupervised
learning – clustering. Our clustering method is firstly using manifold learning: Isomap4 to reduce the dimension of the denoised
images, then make use of k-Means (k = 2) to group the different conformations.

The Figure 3(a) displays the 2D visualizations of two conformations about the clustering effect in different denoised methods.
Here we set the SNR of noisy data is 0.05. In correspondence to those visualizations, the accuracy of competitive methods is
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reported here: (1,1)-GAN+`1: 54/60 (54 clustering correctly in 60), WGANgp+`1: 54/60, `2-Autoencoder: 44/60, BM3D:
34/60, and KSVD: 36/60. This experiment shows that: clean images separate well; (α,β )-GAN and WGANgp with l1
Autoencoder can distinguish the open and close structure partially, although there exists several wrong points; `2-Autoencoder
and traditional techniques have poor performance because it is hard to detect the clamp shape.

Furthermore, the reason we use Isomap is it performs the best in our case and comparisons of different manifold learning
methods are shown in Figure 3(b). It demonstrates that blue and red points separate most in the graph of ISOMAP. Specifically,
the accuracy of these four methods are 50/60 (spectral method), 46/50 (MDS), 46/50 (TSNE), and 54/60 (ISOMAP). it
shown that Isomap can distinguish best in the two structures’ images compared to other methods: such as the Spectral method5,
MDS6, and TSNE7.

Figure 3. 2D visualization of 2-conforamtional images. Red point, blue point separately represent the open and closed
conformation. (a) is 2D visualization of 2-conformation image by ISOMAP in different methods (from the left and top to the
right and bottom): clean image, BM3D, KSVD, `2-Autoencoder, (1,1)-GAN+ `1, WGANgp+ `1. (b) is 2D visualization of
2-conformation image in different manifold learning methods (from left to right): Spectral methods, MDS, TSNE, and
ISOMAP.

Supplemental note 6: PGGAN experiment
In this section, we use one of the popular GAN training skills: PGGAN to denoise. Our experiments partially demonstrate

two things: 1) the denoised images sharpen more, though the MSE changes to be higher. 2) we do not need to add `1
regularization to make model training stable; it also can detect the outlier of images for both real data and simulated data
without regularization.

We apply WGANgp into the RNAP simulated dataset with SNR 0.05 as an example to explain. The denoised images
are presented in Figure 4 ; it is noted that the model is hard to collapse regardless of adding `1 regularization. The MSE of
adding regularization is 8.09e−3(1.46e−3) is less than 1.01e−2(1.81e−3) without adding regularization. Nevertheless,
both of them don’t exceed the GAN result based on the ResNet structure. The reason lies in that architecture doesn’t borrow the
strengths of the ResNet structure. But an advantage of PGGAN lies in its efficiency in training. So it is an interesting open
problem to improve PGGAN toward the accuracy of ResNet based GANs.

Another thing that needs to highlight is that MSE may not be a good criterion because denoised images by PGGAN are
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clearer in some details than the front methods we propose. This phenomenon is also shown in Appendix . So how to find a
better criterion to evaluate the model and combine two strengths of ResNet-GAN and PGGAN await us to explore.

Figure 4. Denoised and reference images by PGGAN in RNAP dataset. (a) WGANgp + `1 denoise (b) WGANgp + `1
reference (c) WGANgp denoise (d) WGANgp reference.

Supplemental note 7: Influence of the regularization parameter: λ

In this paper, we add `1 regularization to make model stable, but how to choose λ of `1 regularization becomes a significant
problem. Here we take (.5, .5)-GAN to denosie in RNAP dataset with SNR 0.1. According to some results in different λ in
Table 3, we find as the λ tends to infinity, the MSE results tends to `1-Autoencoder, which is reasonable. Also, the MSE result
becomes the smallest as the λ = 10.

What’s more, we find a interesting phenomenon that picture becomes much clearer at λ = 100 than that at λ = 10, although
the MSE is not the best (shown in the Figure 2(b)).

Table 3. MSE, PSNR and SSIM of different λ in (.5,.5)-GAN + λ l1 in RNAP dataset.

λ /criterion MSE PSNR SSIM
0.1 3.06e-3(4.50e-5) 25.22(0.07) 0.82(0.06)
1 3.05e-3(4.49e-5) 25.24(0.06) 0.81(0.05)
5 3.03e-3(2.80e-5) 25.26(0.04) 0.80(0.04)
10 3.01e-3(2.81e-5) 25.27(0.04) 0.79(0.04)
50 3.07e-3(3.95e-5) 25.20(0.06) 0.79(0.02)

100 3.11e-3(5.96e-5) 25.15(0.06) 0.80(0.02)
500 3.17e-3(5.83e-5) 25.01(0.07) 0.78(0.04)

10000 3.17e-3(2.90e-5) 25.03(0.04) 0.79(0.04)
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