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FIG. S1. Full network reconstruction. (a): True network Jacobian matrix of the dynamical

flows corresponding to Fig. 2 (a) in the main text. (b) and (c): Reconstructed Jacobian matrix

using (b) Eq. (7) in main text with λnτ0 = 0.014 and (c) Eq. (S2) with λ2τ0 = 4.97.

I. NETWORK RECONSTRUCTION WITH FULL INFORMATION AND LONG

CORRELATION TIME

Eq. (7) in the main text considers the limit of short correlation time λnτ0 � 1. Here

we briefly comment on the other limit of long correlation time, λ2τ0 � 1 . The appropriate

Taylor-expansion of Eq. (5) gives,

〈δẋiδẋj〉 = ξ20

[
n−1 −

∞∑
k=1

(−τ0)−k(J−k)ij

]
, (S1)

where J−k stands for the kth power of the pseudo-inverse J† of the Jacobian matrix of

dynamical flows. Keeping only the first non-vanishing term gives the estimate,

Ĵ†ij = (〈δẋiδẋj〉/ξ20 − n−1) τ0 . (S2)

In that specific limit of long correlation time, in order to get the system’s Jacobian, one

therefore needs a matrix inversion.

This result is validated in Fig. S1 for the same random network as shown in Fig. 2 (a) in

the main text. Because there is a matrix inversion, all matrix elements J†ij need first to be

calculated to reconstruct the Jacobian J.
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II. APPROACH OF REF. [S1] AND ITS EXTENSION TO COLORED NOISE

The algorithm developed in Ref. [S1] was derived for white noise. Here we briefly extend

it to noise with finite correlation time,

〈ξi(t)〉 = 0 , (S3a)

〈ξi(t1)ξj(t2)〉 = ξ20 δij exp[−|t1 − t2|/τ0] . (S3b)

Using Eq. (3) in the main text one writes the equal-time position correlator

〈δxiδxj〉 =
∑
α,β

e−(λα+λβ)t
∫ t

0

∫ t

0

eλαt1eλβt2
∑
k,l

uα,kuβ,l〈ξk(t1)ξl(t2)〉dt2dt2 uα,iuβ,j . (S4)

Using Eq. (S3), and taking the limit t→∞ , one has,

〈δxiδxj〉 = ξ20 τ0
∑
α

uα,iuα,j
(λατ0 + 1)λα

, (S5)

which extends the results of Ref. [S1] to finite correlation times τ0 > 0. The white noise

limit λnτ0 � 1 , enables to recover the result of Ref. [S1]

〈δxiδxj〉 = ξ20 τ
−1
0 J†ij , (S6)

according to which the Jacobian matrix of dynamical flows is reconstructed via a matrix

(pseudo-) inversion. This reconstruction algorithm therefore requires than all nodes are

observable.

III. PARTIAL INFERENCE

We further compare our method given by Eq. (9) in the main text and Eq. (S6) for

network inference with partial information. For that purpose we assume that an observer,

not knowing that he has only partial information, blindly applies both methods to try and

reconstruct the Jacobian matrix J.

In Fig. S2 one sees that, while Eq. (S6) fails even in predicting the existence of an edge,

our method succeeds in both predicting existing edges and reconstructing their weight. We

stress that Ref. [S1] did not claim that their method can be applied to the case with partial

information. Here we only consider the case of a naive observer who would blindly apply

their method beyond its range of applicability. Simultaneously, this means that the method

of Ref. [S1] can only be applied to cases where one has access with certainty to each and

every agent.
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FIG. S2. Partial inference on large networks. Partial velocity correlator inference for net-

works with n = 1000 agents, m ≈ 100 of which are accessible to measurement. Blue crosses and

histograms plot the inferred matrix elements Ĵij between measurable agents against their real value

Jij . Red histograms correspond to the true Jacobian matrix of dynamical flows. Green crosses

and histograms correspond to the method of Eq. (S6) blindly applied to this situation with par-

tial access to the network’s agents. The networks are: (a) an Erdős-Rényi network [S2]; (b) a

Barabási-Albert network [S2]; (c) a Watts-Strogatz network [S3].
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FIG. S3. Convergence of inference with observation time. Accuracy of inference of Jacobian

matrix elements for time series of length N = 2 × 106 (left panel), N = 5 × 107 (middle panel),

N = 2 × 108 (right panel), for different noise correlation times λnτ0 = 0.014 (blue), λnτ0 = 0.041

(orange) and λnτ0 = 0.055 (green). The network is shown in Fig. 2 (a) in the main text.

IV. CALCULATION OF VELOCITY CORRELATORS

The two-point velocity correlator reads,

〈δẋi(t)δẋj(t)〉 =
∑
α,β

〈ċα(t)ċβ(t)〉uα,iuβ,j . (S7)

Taking the derivative of Eq. (3) in the main text and using Eq. (S3) one obtains

〈ċα(t)ċβ(t)〉 =
∑
i

ξ20,iuα,iuβ,i × (S8)

{ λαλβτ0
1 + λβτ0

[
1

λα + λβ

(
1− e−(λα+λβ)t

)]
− λαλβτ0
λατ0 − 1

[
e−(λβ+τ

−1
0 )t − e−(λα+λβ)t

]
+
λαλβτ0
λβτ0 − 1

[
τ0

1 + λατ0

(
1− e−(λα+τ

−1
0 )t
)
− 1

λα + λβ

(
1− e−(λα+λβ)t

)]
− λατ0

1 + λατ0

(
1− e−(λα+τ

−1
0 )t
)
− λβτ0

1 + λβτ0

(
1− e−(λβ+τ

−1
0 )t
)

+ 1
}

Taking the same noise amplitude at every node and the limit λα,β t � 1 together with

Eq. (S7), one recovers Eq. (5) of the main text. When furthermore λα τ0 � 1 , the correlator

converges exponentially fast to its long-time limit value at a rate given by λ2 = minαλα as

observed in Fig. 5 in the main text. In the other limit λα τ0 � 1 , the rate is given by τ−10 .

The inference method Eq. (5) in the main text assumes that the length of the dynam-

ical time series of ẋi,j(t) from which the velocity correlators are calculated is infinite. In

Fig. (S3) we illustrate how the inference method converges to the actual matrix elements
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FIG. S4. Inference of disconnected networks Comparison between actual matrix elements of

the Jacobian matrix of flows Jij and the inferred ones obtained from our method, Eq. (7) in the

main text (blue crosses) and the method of Ref. [S1] (green crosses; see Sec. II). The network used

for the simulation is shown in the inset, where the two disconnected parts are colored in red and

black.

of the Jacobian as the time series of measurements become longer, for various values of τ0.

These numerical results are in qualitative agreement with Eq. (S8).

V. INFERENCE WITH FULL INFORMATION ON A DISCONNECTED NET-

WORK

Even when one has access to all agents, the network one wants to reconstruct is discon-

nected – a priori one does not know anything about the network and the latter may therefore

consist of several disconnected pieces. We show in Fig. S4 that our method, works equally

well for disconnected networks, while the method of Ref. [S1], Eq. (S6), does not clearly

differentiate between existing edges and non-existing ones.

[S1] J. Ren, W.-X. Wang, B. Li, and Y.-C. Lai, Phys. Rev. Lett. 104, 058701 (2010).

[S2] A.-L. Barabási, Network science (Cambridge University Press, Cambridge, England, 2016).

[S3] D. J. Watts and S. H. Strogatz, Nature 393, 440 (1998).

6

http://dx.doi.org/ 10.1103/PhysRevLett.104.058701
http://dx.doi.org/10.1038/30918

	Reconstructing Network Structures from Partial Measurements: Supplementary Information
	Network Reconstruction with Full Information and Long Correlation Time
	Approach of Ref. Ren10 and its extension to colored noise
	Partial Inference
	Calculation of Velocity Correlators
	Inference with full information on a Disconnected Network
	References


