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I. AN EXPLICIT SETUP THAT ACHIEVES
HEISENBERG SCALING WITH FIXED GATE

ORDER

The most general setup for probing the 2N unknown
displacements in a fixed order is a sequential setup us-
ing auxiliary systems [1–3], as shown in Fig. 1. In Ref.
[4] it was shown that every setup with fixed order and
bounded probe energy will necessarily lead to an RMSE
with Heisenberg scaling ∝ 1/N . However, the specific
constant in Ref. [4] may not be achievable by any con-
crete setup. On the practical side, it is interesting to
compare the precision achieved by our experiment with
actual setups that can be built in a quantum optics labo-
ratory, using resources that are comparable to those used
in our setup.

Here we analyze a concrete setup with the following
characteristics: (1) it achieves the Heisenberg scaling
1/N , (2) it only uses quadrature measurements, and (3)
like our setup, it does not require intermediate operations
(the gates in V1, . . . , V2N in Fig. 1). In this setup, the
x-displacements and the p-displacements are measured
separately, achieving Heisenberg scaling in the estimation
of the two average displacements x and p. For fairness
of the comparison with the setup presented in the main
text, we will assume that the initial state of the probe
is the lowest energy state (with energy 1/2), as in our
experiment.

In the following we use the dimensionless vari-
able x′

j , p
′
j , x̄

′, and p̄′ to denote the dimension-
less j-th x and p displacements and the average
x and p displacements in [4], and their relation
with their dimensional counterparts are given by
x′
j =

xj√
2σx

, p′j =
pj√
2σp

, x̄′ = x̄√
2σx

, p̄′ = p̄√
2σp

, where

σx = 989.9µm and σp = 1
2σx

are the standard deviations
of intensity in the x and p coordinates. Under the
two sets of definitions, the value of A does not change.
We consider the following standard scheme where A is

estimated by separately measuring x̄′ :=
∑N

j=1 x
′
j/N

and p̄′ :=
∑N

j=1 p
′
j/N :

1. Apply x′
1, x

′
2, . . . , x

′
N sequentially on the lowest-

energy state |0⟩ of the transverse modes.

2. Measure the output state with homodyne measure-
ment {dx′ |x′⟩⟨x′|}. Use MLE to produce an esti-

mate ˆ̄x′ of x̄′.

3. Apply p1, p2, . . . , pN sequentially on the vacuum
state |0⟩.

4. Measure the output state with homodyne measure-
ment {dp′ |p′⟩⟨p′|}. Use MLE to produce an esti-

FIG. 1. General scheme with fixed gate order. The
2N unknown displacements d = (α1, . . . , αN , β1, . . . , βN ) are
arranged in a fixed order, corresponding to a permutation
π ∈ S2N , so that for j ∈ {1, . . . , 2N} the j-th displacement
is zj := dπ(j). To probe the displacements, the input system
is initialized in a general state |Ψ⟩, possibly entangled with
an auxiliary system. The unknown displacement operations
are interspersed with fixed unitary gates (V1, . . . , V2N ), and
eventually a measurement with operators (Mi) is performed
on the output.

mate ˆ̄p′ of p̄′.

5. Output Â = ˆ̄x′ · ˆ̄p′.

The performance of the above strategy can be readily
evaluated. First, the probability distribution of x′ con-
ditioned on a specific value of the mean x-displacement

is P (x′|x̄′) = (1/
√
π)e−|Nx̄′−x′|2 (similarly for p̄′). The

Fisher information of x̄′ and p̄′ are thus both 2N2, and
by the Cramér-Rao inequality we can bound the RMSE
of this strategy as

δA ≥

√
x̄′2 + p̄′

2

√
2νN

. (1)

Notice that another similar strategy would have been to
apply all displacements and then use heterodyne mea-
surement {(1/π)|β⟩⟨β|} that simultaneously measures x̄′

and p̄′. However, such a strategy would have had larger
overall error, representing the price to be paid for the
joint measurement of two conjugate quadratures.
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