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Reliability of Linear Theory for Explaining Observations6

Blum et al. [1] developed the two-parameter proxy of EMIC growth based on7

linear theory [2], and found an association between EMIC growth and relativis-8

tic electron loss during storms. The linear growth proxy can well predict the9

statistical wave enhancement regions [3] as well as the specific wave events [4].10

However, Saikin et al. [5] found that the calculated wave amplitudes are too11

low compared to the observation. As far as our information goes, the follow-12

ing reasons may be responsible for the mismatches between calculations and13

observations: nonlinear effects [6]; simplifications in calculating linear growth14

rates, e.g., the bi-Maxwellian distribution, the assumed ion abundance ratios15

and the neglecting of the hot ions of a few hundred keV [5]; the ambiguity of16

wave propagation and convective growth [7, 8]; the marginally stable assumption17

[9, 10].18

Nonlinear effects tend to suppress wave amplitude for the intense waves [6],19

thus could not account for the underestimation of wave growth. In the present20

calculations, the ion distributions are based on observations, the assumed ion21

abundance ratios are derived from observed crossover frequency and cutoff fre-22

quency, and the hot ions of a few hundred keV are considered, therefore, all the23

parameters in the linear growth rate are more realistic.24

For the guided mode, the wave behaviors near bi-ion frequency are complex,25

and the proportions of energies that experience absorption, transmission, or26

reflection are highly dependent on the ion abundance ratios [11–14]. Therefore,27

the ambiguity of ion abundance ratios may lead to the improper estimation28

of the integrated wave gain. In addition, the present study indicates that the29

spatial variation of ion abundance ratios may also influence the propagation30

of guided waves near the bi-ion frequency, which may be a candidate, besides31

the oblique excitation by heavy ions [15], to explain the origin of previously32

reported oblique linear or right-hand EMIC waves in the inner plasmasphere33

[16–18] or away from general peak occurrence regions [19]. Unlike the guided34

mode, the convective growth for the unguided mode is relatively simple, because35

the refractive index is approximately independent of the wave normal angle,36

which allows us to predict the wave behavior solely based on the global plasma37

conditions. Furthermore, as the wave vectors are approximately parallel to the38

magnetic field for the rays with parallel group velocity, Landau damping should39

not be prominent [20] (Landau damping rate should be zero for parallel k [21]);40
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and as the wavenumbers are small near cutoff frequency, cyclotron damping by41

heavy ions should also be insignificant [11].42

Yue et al. [10] demonstrated an upper limit of growth rate for EMIC waves43

based on the observed ion distributions, indicating the importance of local44

growth, i.e., the disturbance intensity of the wave source may be dependent45

on the time integration. This scenario of the local growth of wave source makes46

the trapping and convective growth ‘unnecessary’, for the explanation of the47

observed wave intensity. The problem that either the local growth or the con-48

vective growth determines the observed wave amplitude in the source region49

can not be exactly solved based on the present observations, however, we can50

still do some exploration. According to X. Yu and Yuan [22], it typically needs a51

period of tens of minutes for a wave source to reach the saturation state without52

injection of free energy. Considering the western drift of hot ions with a speed53

of several km/s (for 10 keV), for the typical EMIC event with a scale size of54

∼ 0.5L [23], the time scale of the refresh of anisotropy should be comparable55

with that of the saturation. In the present event recorded by Probe A on 1556

December 2015, considering that the drift speed of 200 keV protons at L = 3.257

is approximately 30 km/s, and the calculated growth rates are relatively small,58

the observed hot proton distributions are more likely to be in the ‘fresh’ state.59

From Figure 3, the values of the calculated convective growth rates are in the60

same order of magnitude in the selected time-frequency region, does not match61

exactly the variation of the observed wave intensity, further indicating that62

the anisotropy is not significantly relaxed within the source region (otherwise63

the calculated growth rate should be relatively smaller in the region of intense64

waves) [9, 22]. Furthermore, the growth rates of the guided mode waves (please65

see Supplementary Figure S3) are in the same order of magnitude as that of the66

unguided mode waves (Figure 3). As the guided mode waves should experience67

imperfect reflection and wave vector obliquity, which may substantially reduce68

the repeated convective amplification [14, 24, 25], if the actual generation process69

of the observed unguided mode waves is also not significantly influenced by the70

reflection and convective amplification, the guided mode waves are supposed to71

be observed with the same intensity of the unguided mode waves. Considering72

that only the unguided mode waves are observed, and that the intense waves are73

just located within the predicted trapping region, the process of trapping and74

convective amplification may be important to facilitate the wave generation.75

Spatial Inhomogeneity of Ion Abundance Ratios76

The spatial distributions of the ion abundance ratios ηs in the inner magneto-77

sphere have considerable uncertainty. The statistics using Dynamics Explorer-178

(DE-1) showed that the ηHe+/ηH+ ratio decreases with L below L ∼ 2 but in-79

creases with L over L ∼ 2 − 5 [26]. The magnetoseismology study by Takahashi80

et al. [27] revealed that the average ion mass during the quiet period is ∼ 2.081

− 3.0 outside the plasmasphere (identified by ne larger than 100 cm−3) but is82

lower than 2.0 inside the plasmasphere. Therefore, there is a general trend that83

the proton abundance increases from outside the plasmasphere to just inside84
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the plasmasphere. In the event recorded by Probe A on 15 December 2015, the85

value of ηH+ decreases from 92% at just outside the plasmapause (ne is approx-86

imately 100 cm−3) to 83% at higher L (ne is approximately 30 cm−3), as shown87

in Figure 2. In the event recorded by Probe A on 30 November 2015, the value88

of ηH+ decreases from 92% at L ∼ 3.9 (ne is approximately 40 cm−3) to 85%89

at higher L (ne is approximately 20 cm−3), as shown in Supplementary Figure90

4 and Supplementary Figure 5. The value of ηH+ increases with ne in these91

results, consistent with the trends from previous studies. Moreover, the model-92

estimated values of ηHe+/ηH+ according to Huba et al. [28] are approximately93

594

Modification of Dispersion Relations by Hot Plasma95

In the present study, the wave behaviors are investigated under cold plasma96

dispersion relations. Some recent studies have illustrated that the hot plasma97

effect can modify the dispersion relation by changing the value of wave number98

[29, 30] or vanishing the stopband [31] when hot protons with tens of keV share99

more than a few percent of the total number density. In the wave event recorded100

by Probe A on 15 December 2015, the partial density of hot protons with an101

energy exceeding 1 keV is approximately 0.5 cm−3 within L ∼ 2.9 − 5 (not102

shown here), while the plasma density decreases from ∼ 100cm−3 at L ∼ 2.9103

to below 10 cm−3 beyond L ∼ 4.5; i.e., the ratio of hot protons increases from104

∼ 0.5% at just outside the plasmapause to higher than ∼ 5% beyond L ∼ 4.5.105

Therefore, the hot plasma effect can be neglected for the observed inner waves,106

but may influence the convective growth process or propagation behavior for any107

potential electromagnetic perturbations near the cold plasma cutoff frequencies108

in the outer L-shell.109
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Supplementary Figure 1. Demonstration of the distribution of the elliptic-
ity εB in ω-k space for wave modes near the H+ gyrofrequency with different
wave normal angles ψ. The magnitude of εB represents the ratio of the minor
axis to the major axis of the magnetic field polarization ellipse in the plane per-
pendicular to the wave vector. A negative value represents left-hand rotation
with respect to the ambient magnetic field, while a positive value represents
right-hand rotation. The dispersion surfaces for the modes with parallel and
perpendicular ψ are plotted as black solid and dashed curves, respectively. The
guided modes are in the shaded areas, while the unguided modes are in the
unshaded areas. The gyrofrequencies, crossover frequencies, bi-ion frequencies
and cutoff frequencies are marked on the right side of the figure. Here, the
magnitude of the background magnetic field is set to 400 nT, and the electron
number density is 300 cm−3; thus, the ωpe/ωce ratio is approximately 14. The
ion abundance ratios are set to 70% H+, 20% He+ and 10% O+.
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Supplementary Figure 2. Dispersion curves around gyrofrequencies of ions.
(a) The plasma contains no O+ ions. (b) The plasma contains 10% O+ ion-
s. For each case, the ratio of He+ crossover frequency to H+ gyrofrequency
fcrHe+/fcH+ is set to 0.4675, and the abundance ratios of H+ and He+ are ob-
tained accordingly. One can find that the differences of the dispersion curves
for each mode in H+ band are small.
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Supplementary Figure 3. Wave growth analysis for the guided mode, in the
event recorded by Probe A on 15 December 2015: (a) The observed magnetic
power spectral density PB ; (b,c) Wave convective growth rates KH+ contributed
by H+. The dashed curves mark the gurofrequencies, while the dotted curves
mark the He+ crossover frequency fcrHe+ and He+ cutoff frequency fcutHe+.
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Supplementary Figure 4. Wave properties of the event recorded by Probe
A on 30 November 2015: (a) magnetic power spectral density PB , (b) normal
angle ψ (unifying the two field-aligned orientations), (c) ellipticity εB . (d) The
background electron number density ne.
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Supplementary Figure 5. Verification of the crossover frequency and esti-
mation of the ion abundance ratios for the event recorded by Probe A on 30
November 2015. (a,b) The observed wave normal angle ψ and ellipticity εB . The
colored curves trace the He+ crossover frequency fcrHe+ for different ion abun-
dance ratios. (c,d) The theoretically calculated distribution of the ellipticity ε∗B
for the given constant ion abundance ratios.
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Supplementary Figure 6. Wave growth analysis for the unguided mode,
in the event recorded by Probe A on 30 November 2015: (a) The observed
magnetic power spectral density PB ; (b,c) Wave convective growth rates KH+

contributed by H+; and Energy-dependent H+ differential fluxes jH+ at a 90◦

pitch angle measured by (d) RBSPICE and (e) HOPE.
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Supplementary Figure 7. Overview of the unguided mode wave event record-
ed by Probe B on 15 December 2015: (a) SYM-H index and AE index (shaded
region marks the period of the wave event); (b) background electron number
density ne (dashed lines for the location of the plasmapause); (c,d) energy-
dependent H+ differential fluxes jH+ at a 90◦ pitch angle; and (e) magnetic
power spectral density PB (white dashed curves trace the local gyrofrequencies
of hydrogen, helium, and oxygen from top to bottom).
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Supplementary Figure 8. Wave properties of the event recorded by Probe
B on 15 December 2015: (a) magnetic power spectral density PB , (b) wave
normal angle ψ (unifying the two field-aligned orientations), (c) ellipticity εB ,
(d) magnetic compression ratio PB‖/PB , (e) azimuthal angle of the Poynting
flux φS (0◦ represents away from the Earth), and (f) angle of the Poynting flux
with respect to the ambient magnetic field ψS .
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Supplementary Figure 9. Wave growth analysis for the unguided mode, in
the event recorded by Probe B on 15 December 2015. The illustrations are the
same as those in Figure 3.
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Supplementary Figure 10. Wave growth analysis for the guided mode, in
the event recorded by Probe B on 15 December 2015. The illustrations are the
same as those in Figure 3.
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