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SM-1 Sequential Thresholded Least-Squares (STLSQ)

The sparse regression problem defined in Equation (3) can be solved using classical
regression methods such as least-squares, ridge, lasso, and elastic net. An alter-
native to classical regression methods is to implement the sequential thresholded
least-squares (STLSQ) algorithm, originally implemented in the SINDy approach
[1]. In this algorithm, we start Ξ with a least-squares solution and then eliminate
all coefficients that are less than some pre-specified value λ. Once the indices of
the remaining coefficients are identified, we obtain another least-squares solution
for Ξ on the remaining indices. These new coefficients are again eliminated using
λ, and the procedure continues until the non-zero coefficients converge, that is,
until there are no changes in the sparse vectors of coefficients. If convergence does
not occur, the procedure ends when it reaches the maximum number of iterations.
Algorithm SM-1 presents the pseudocode of the STLSQ method for solving the
sparse regression problem (3).

Algorithm SM-1 Sequential Thresholded Least-Squares (STLSQ)

1: Compute an initial least-squares solution for Ξ;
2: repeat
3: Find coefficients less than λ and eliminate them;
4: for each state variable do
5: Compute a least-squares solution over the remaining terms to find Ξ;
6: end for
7: until Ξ converges or the maximum number of iterations is reached
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Although the SINDy approach is generally effective in solving the dynamical
system identification problem, this identification depends on the proper choice of
the parameter λ of the STLSQ method, defined as a threshold. The greater the
value of λ, the greater the number of eliminated coefficients, and, therefore, the
more parsimonious the model will be, which may reduce the accuracy in repre-
senting the behavior of the data. On the other hand, if the value of λ is small,
the model will have a larger number of terms, increasing its complexity. Thus, to
determine the best value for the threshold, Brunton et al. [1] suggest using the
concept of cross-validation in machine learning. To this end, we previously deter-
mine a sufficiently large set of values for λ, run the method for each defined value,
and select the best model from the set of resulting models, given the experimen-
tal data. Model selection can be performed considering, for example, the Pareto
curve and the Akaike and Bayesian information criteria (see Section SM-3). Due
to the need for a sufficiently large set of values for the threshold, the suggested
methodology has a high computational cost.

SM-2 Sensitivity Analysis (SA)

Depending on the nature of the experimental data, determining the best value
for the threshold to solve the sparse regression problem can be a difficult task.
For this reason, we propose in this work an approach that excludes the need to
choose this parameter through a SA technique. In our SINDy-SA approach, we
perform a global SA to identify how uncertainties in model parameters influence
the quantity of interest (QoI). We define our QoI in terms of the formulation of
the sparse regression problem, in which, given the library Θ(X) and an estimate

for the sparse vectors of coefficients Ξ̂, we calculate an estimate for the derivativê̇
X.

To perform the SA of the parameters, we use the Elementary Effects (EE)
method [4], which is a simple and informative screening method. The EE method
allows you to classify parameters by their order of importance while requiring a
relatively small number of model evaluations when compared to variance-based
methods. We use this classification of parameters to eliminate the less important
terms from the governing equations. The EE for a parameter ξ̂k,i associated with
a state variable k is defined as:

EEk,i =
1

δ

[ ̂̇Xk(ξ̂k,1, . . . , ξ̂k,i + δ, . . . , ξ̂k,d)

− ̂̇Xk(ξ̂k,1, . . . , ξ̂k,i, . . . , ξ̂k,d)
]
, (SM-1)

where ̂̇Xk(ξ̂k) denotes the QoI for the state variable k, δ ∈
{

1
p−1 , . . . , 1−

1
p−1

}
,

and p is the number of discretization levels of a d-dimensional unit hypercube
representing the parametric space. Therefore, each direction of the hypercube is
associated with a parameter whose variation is mapped between 0 and 1. We
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calculate the following sensitivity indices from EEk,i, k = 1, . . . , n, i = 1, . . . , d:

µk,i =
1

r

r∑
j=1

EEj
k,i; µ∗

k,i =
1

r

r∑
j=1

∣∣∣EEj
k,i

∣∣∣ ;
σk,i =

√√√√ 1

r − 1

r∑
j=1

(
EEj

k,i − µk,i

)2
,

(SM-2)

where r is the number of trajectories through the parametric space. In all the
applications of this work, we adopt p = 4 and δ = 2

3 , the recommended choices
for a proper screening of the parametric space [4, 3], and we define r = 20 which
yields convergent results.

SM-3 Model Selection

For each application of this work, we formulate different experimental settings.
Each experiment can result in the identification of a mathematical model that is
the same or different from another experiment. For this reason, it is important to
compare the resulting models against measurement data. We perform this compar-
ison in two ways: constructing the Pareto curve and calculating some commonly
used information criteria.

The Pareto curve is a graph that considers the balance between the model
complexity and its accuracy in representing the data. The model complexity can
be measured as a function of the number of parameters in the model, that is, the
number of non-zero coefficients in Ξ. The accuracy can be given by the sum of
squared errors (SSE) between the model simulation X̂ and the experimental data
X:

SSE(X, X̂) =
n∑

k=1

m∑
i=1

(xk(ti)− x̂k(ti))
2 , (SM-3)

where xk(ti) ∈ X and x̂k(ti) ∈ X̂. There is a junction in the accuracy × complex-
ity curve known as the Pareto front. Our objective is to select the model that has
the smallest complexity and simultaneously the greatest accuracy (or the smallest
error) on the Pareto front.

We also use the Akaike (AIC), second-order Akaike (AICc), and Bayesian
(BIC) [2] information criteria to select the best model that fits the experimental
data from a set of candidate models. These criteria have a goodness-of-fit term,
which depends on the log-likelihood function at its maximum point, denoted by
log (L(Ξ̂|X)). They also have a bias correction term that depends on the num-
ber of parameters estimated in the model (d). Both AIC and AICc are based on
Kullback-Leibler (K-L) information (or divergence) and are constructed to asymp-
totically select the best model in the candidate set. In other words, the model with
the best balance between goodness-of-fit and model complexity is considered the
most suitable. They are mathematically defined as:

AIC = −2 log (L(Ξ̂|X)) + 2d and

AICc = AIC +
2d(d+ 1)

m− d− 1
.

(SM-4)
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AIC can perform poorly if there are too many parameters compared to the data
size m. The bias correction term of AICc overcomes this difficulty for cases where
the ratio m/d is small. Burnham and Anderson [2] suggest using AICc when this
ratio m/d is less than 40.

Based on the assumption that a “true model” belongs to the candidate set
and has a small dimension, BIC has the same goodness-of-fit as AIC and a more
stringent bias correction term, so it tends to favor smaller models than AIC. It is
determined by:

BIC = −2 log (L(Ξ̂|X)) + d · log (m). (SM-5)

A quick and useful way to rank candidate models is to use criteria differences,
in which criteria values are rescaled based on the minimum value for each criterion.
The criteria differences are given by:

∆AICi = AICi −AICmin;
∆AICci = AICci −AICcmin ;
∆BICi = BICi − BICmin,

(SM-6)

with i = 1, . . . , R, where R is the number of candidate models. AICmin, AICcmin

and BICmin correspond to models with the smallest AIC, AICc and BIC, respec-
tively. Models for which the differences are less than 2 are considered to have
empirical support [2]. The greater the differences, the less empirical support, so
models with differences greater than 10 should be dismissed. Denoting (SM-6)
generically by ∆i, it is also useful to evaluate exp

(
−1

2∆i

)
which represents the

probability of the ith model given the data. Using

wi =
exp

(
−1

2∆i

)
R∑

r=1
exp

(
−1

2∆r

) (SM-7)

leads to the weight of the ith model being the best model in the candidate set.
Thus, wi represents the probability that the ith model is the best given the data
and set of models. In the context of Akaike criteria, it is possible to relate the
models i and j using the evidence ratios, defined as wi/wj . These ratios express
the evidence about the models that are better in the sense of K-L information. In
particular, we are interested in the ratio w1/wj , considering that the probabilities
of the models are in descending order, that is, from best to worst model.

SM-4 Supplementary Figures
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Fig. SM-1: Flowchart of the proposed SINDy-SA approach graphically representing
each instruction of Algorithm 1. It consists of three steps: ridge regression, error
computation, and sensitivity analysis. We divide the flowchart into three columns,
each of which describes a step in our method.
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(a) SINDy-SA method

(b) SINDy method

Fig. SM-2: Pareto curve relating the SSE between X and X̂ (in logarithmic scale)
with the model complexity for the mathematical models identified in the applica-
tion of the prey-predator model. The model complexity is measured in terms of
its number of parameters d. The point indicated by a star corresponds to the best
model selected by the information criteria.
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(a) SINDy-SA method

(b) SINDy method

Fig. SM-3: Pareto curve relating the SSE between X and X̂ (in logarithmic scale)
with the complexity of the model for the mathematical models identified in the
application of the logistic model. The model complexity is measured in terms of
its number of parameters d. The point indicated by a star corresponds to the best
model selected by the information criteria.
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(a) SINDy-SA method

(b) SINDy method

Fig. SM-4: Pareto curve relating the SSE between X and X̂ (in logarithmic scale)
with the complexity of the model for the mathematical models identified in the
application of the pendulum equation. The model complexity is measured in terms
of its number of parameters d. The point indicated by a star corresponds to the
best model selected by the information criteria.
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(a) SINDy-SA method

(b) SINDy method

Fig. SM-5: Pareto curve relating the SSE between X and X̂ (in logarithmic scale)
with the complexity of the model for the mathematical models identified in the
application of the SIR compartmental model. The model complexity is measured
in terms of its number of parameters d. The point indicated by a star corresponds
to the best model selected by the information criteria.


