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Geometric interpretation
In the main text we have stated that Γvw (G, β) = ⟨xv| xw⟩ which then implies that Γ (G, β) is a Gram matrix. Let us
develop this further. Firs, because we are working with the symmetrized adjacency matrix we always have: Γ = eβA =
UeβΛUT. Because eβA is positive definite we can write

X := UTeA/2

XT := eA/2U.
(0.1)

Therefore

X =
(
|x1⟩ |x2⟩ · · · |xp⟩ · · · |xn⟩

)
= eΛ/2

(
|φ1⟩ |φ2⟩ · · · |φp⟩ · · · |φn⟩

)
(0.2)

where

|φp⟩ =
[
ψ1(p) ψ2(p) · · · ψµ(p) · · · ψN (p)

]T
, (0.3)

We then have

G = eA = UeΛUT

= XTX. (0.4)

We have now a geometrical interpretation of the vectors |xp⟩ . Let |p⟩ be the vector with all entries equal to zero except
the pth one which is one. Then,

|xp⟩ = X|p⟩ = UTeA/2|p⟩. (0.5)

The vector eA/2|p⟩ represents a state in which information on the node p diffuses owing to the imaginary-time propagator
eA/2. The matrix UT then breaks down the vector eA/2|p⟩ into the eigenmodes |φµ⟩. Therefore, the µth element of the
vector |xp⟩ is the amplitude of the µth mode in the real-space distribution eA/2|p⟩. The own nature of the matrix Σ (G, β)
determines that the vector |xp⟩ place the node v on a fix position on a Euclidean space. Conditions for such space to
be an n-sphere have been provided in the mathematical literature [1, 2, 3, 4]. When these conditions are fulfiled the
matrix Σ (G, β) is known as a circum-Euclidean matrix. We have proved [5] that Σ (G, β) is circum-Euclidean, indicating
that the vectors |xp⟩ place the nodes at the surface of a (n− 1)-sphere (an sphere in n-dimensional space) with radius
R2 = 1

4

(
c− (2−b)2

a

)
, where a = ⟨1| exp (−βA) |1⟩, b = ⟨s| exp (−βA) |1⟩, c = ⟨s| exp (−βA) |s⟩, and |s⟩ = diag(exp (βA)).

see a pictorial representation in Fig. 0.1.
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Figure 0.1: Illustration of the geometric realization of the informational distance for a graph with 3 nodes labeled as 1,
2 and 3. The three position vectors are |x1⟩, |x2⟩ and |x3⟩are indicated by broken (blue) lines. The graphs nodes are
represented as black points and its edges as black solid lines. The 2-sphere is represented in transparent green. The
informational distance between the node 1 and 3, I1,3 is denoted as the chord connecting the two points in the sphere and
is represented as a dotted (red) line. The correlation coefficient between the same two nodes is represented as the angle
spanned between the corresponding position vectors.

Shortest informational paths
Let Q (G, β) be the diagonal matrix defined in the main text on the basis of a symmetrized adjacency matrix. Let J be
the n× n all-ones matrix. Then, the informational distance matrix is given by

Σ (G, β) = Q (G, β) J + JQ (G, β)− 2Γ (G, β) . (0.6)

In the Supplementary Algorithm section we provide the Matlab function “informational_shortest_path.m” which
calculates the matrix Σ (G, β). The same function returns the sequence of nodes in a given SIP between a pair of nodes
in a directed or undirected network. The length of this SIP is the sum of the informational distances between every pair
of consecutive nodes in the path. However, in the paper we have used the number of edges in this path as a measure of
its length to be comparable with the length of the topological SPs. We give an example below.
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In Fig. 0.2 we give a directed graph with nodes labeled. The informational distance matrix Σ (G, β) of this graph
obtained with the code provided below is:

Σ (G, β = 1) =



0 2.083 1.672 1.721 1.217 2.169 2.169 2.169
0 2.083 2.746 2.746 1.222 1.222 1.222

0 1.217 1.721 2.169 2.169 2.169
0 1.146 2.622 2.622 2.622

0 2.622 2.622 2.622
0 0.858 0.858

0 0.858
0


,

which is symmetric. If we obtain W = A ⊙ Σ (G, β = 1) as stated in the main text and apply an algorithm for finding
shortest weighted paths we obtain the (not necessarily symmetric) matrix of weighted shortest informational paths:

D (G, β = 1) =



0 2.083 3.579 2.362 1.217 3.305 3.305 4.163
∞ 0 2.083 ∞ ∞ 1.222 1.222 2.079
∞ ∞ 0 ∞ ∞ ∞ ∞ ∞
∞ ∞ 1.217 0 ∞ ∞ ∞ ∞
∞ ∞ 2.362 1.146 0 ∞ ∞ ∞
∞ 2.079 4.163 ∞ ∞ 0 0.858 0.858
∞ 2.079 4.163 ∞ ∞ 3.302 0 0.858
∞ 1.222 3.305 ∞ ∞ 2.444 2.444 0


.

However, we can also find the length (in terms of number of edges) of each of these SIPs. Then, such matrix can be
directly compared with the matrix containing the lengths of the SPs.

LSP (G, β = 1) =



0 1 2 2 1 2 2 3
∞ 0 1 ∞ ∞ 1 1 2
∞ ∞ 0 ∞ ∞ ∞ ∞ ∞
∞ ∞ 1 0 ∞ ∞ ∞ ∞
∞ ∞ 2 1 0 ∞ ∞ ∞
∞ 2 3 ∞ ∞ 0 1 1
∞ 2 3 ∞ ∞ 3 0 1
∞ 1 2 ∞ ∞ 2 2 0


LSIP (G, β = 1) =



0 1 3 2 1 2 2 3
∞ 0 1 ∞ ∞ 1 1 2
∞ ∞ 0 ∞ ∞ ∞ ∞ ∞
∞ ∞ 1 0 ∞ ∞ ∞ ∞
∞ ∞ 2 1 0 ∞ ∞ ∞
∞ 2 3 ∞ ∞ 0 1 1
∞ 2 3 ∞ ∞ 3 0 1
∞ 1 2 ∞ ∞ 2 2 0


In this case the only difference is that the SIP between the nodes 1 and 3 has length 3 because it goes 1–>5–>4–3

instead of the SP which goes 1–>2–>3. The last has a large chance of getting lost if diverted to node 6, a situation
avoided by the SIP. This difference disappear when β → 0. For instance, LSIP (G, β = 0.8) = LSP (G, β = 0.8) which is
a relatively large value of β.

Figure 0.2
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In Fig. 0.3 we illustrate an example of the convergence of a SIP into a SP as β → 0 for a geometric graph. As can
be seen for β = 1 the SP crosses two of the most connected nodes of the graph, while the SIP avoids them as much as
possible. For β = 0.75 there has been a merging of both paths for those nodes of not so high connectivity. Finally, for
β = 0.5 the length of both paths coincide, although the SIP indicates the least costly path among all SP connecting the
same pair of nodes.

Figure 0.3: Illustration of the change in a shortest informational path (blue) with the change of the inverse temperature
β and its convergence to the SP when β → 0. Notice that when β = 0.5 the length of the SIP and that of the SP coincide,
although the SIP selects the least costly path among all SP connecting the same pair of nodes.
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Unit informational square

(a) (b)

Figure 0.4: a, Illustration of the thermal mean energy Ē of the real-world networks considered in this work in the unit
informational square. b, Purity Π of the states in which every of the real-world networks studied in this work operate. In
the first case, the stability increases from the (0, 1)-vertex to the (1, 0)-vertex of the unit square. In the second case the
purity increases from left to right.

Purely diffusive graphs
The adjacency matrix of the graphs occupying the (1, 0)-vertex of the unit informational square can be built as follows.
Let GER (n, p) an Erdős-Rényi graph with n nodes and probability p ≪ 1, such that GER (n, p) has at least one isolated
node. The last condition can be fulfilled by creating an Erdős-Rényi graph with n− 1 nodes and then adding an isolated
vertex, labeled as 1. Let A (GER) denotes its adjacency matrix, such that the first row and column are zero, i.e., they
correspond to the isolated node. Let Sn be a star graph with one node labeled as 1 of degree n − 1, and n − 1 pendant
nodes. Let A (Sn) be its adjacency matrix. Then, the adjacency matrix of the new graph G is:

A (G) = A (GER) +A (Sn) . (0.7)

Therefore, the new graph is the union (not the disjoint union) of GER and Sn, i.e., G = GER ∪ Sn. From this we have
some immediate consequences:

Lemma 1. Let G = GER ∪ Sn be the graph described before. Then,
1. The graph G is connected even if GER is not;
2. The diameter of G is D = 2;
3. The maximum and minimum degrees of G are ∆ = n− 1;
4. The spectral gap △ (G) = λ1 (G)− λ2 (G) of the adjacency matrix of G for n is sufficiently large, is bounded as

√
n− 1− np ≤ △ (G) ≤ 2

√
n− 1, (0.8)

where p = 2(m−n+1)
n(n−1) .

Proof. The graph G is connected as a consequence that the node labeled as 1 is connected to every other node. Therefore,
the diameter of the graph is 2 because every two nodes not connected in GER will be connected to that node and
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consequently separated by two edges. The maximum degree ∆ = n− 1 corresponds to that of the node labeled as 1. To
prove 4. we use the following. Let P and Q be two Hermitian matrices. Then we have the following inequalities:

λi+j−1 (P +Q) ≤ λi (P ) + λj (Q) , (0.9)

λi+j−n (P +Q) ≥ λi (P ) + λj (Q) . (0.10)

Therefore, we have

λ2 (G) ≤ λ2 (Sn) + λ1 (GER) = λ1 (GER) = np, (0.11)

where we have used the fact that λ2 (Sn) = 0 and for n → ∞ λ1 (GER) = np [6]. We use now a result by Cioabǎ et
al. [7], which proves that for any graph with n nodes and diameter D, λ1 (G) ≥ (n− 1)

1
D .then, taking the difference

λ1 (G)− λ2 (G) we get

△ (G) ≥ (n− 1)
1
D − np. (0.12)

Because the diameter of the graph G is D = 2 we get the lower bound. For the upper bound we have that

λ1 (G) ≤ λ1 (Sn) + λ1 (GER) =
√
n− 1 + np, (0.13)

λ2 (G) ≥ λ1 (GER) + λn (Sn) = np−
√
n− 1. (0.14)

Then, taking the difference λ1 (G)− λ2 (G) we get the upper bound.

Finally, we illustrate an example of this k8nd of graphs and of a SIP in it which avoids to travel through the most
connected node (see Fig. 0.5).

source

target

20 40 60 80

Figure 0.5: Illustration of a graph G constructed as described in this section. The central node has degree 99. Therefore,
all SPs that traverse this central node are avoided by the corresponding SIPs. An example is provided between two
arbitrarily selected nodes acting as a source and a target.
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Supplementary Algorithms

Algorithm 1 Matlab function for obtaining the informational distance matrix and a SIP between two specified nodes.

function [X P SIP]=informational_shortest_path(A,beta,s,t,type)

%
% Generates the informational distance matrices and related terms of a network.
%
%
% The entry (i,j) of the matrix X corresponds to the
% informational distance between the nodes i and j in the graph.
%
% The matrix A can be directed or undirected.
%
% Input A: adjacency matrix
% beta: inverse temperature
% s: source node
% t: end node
% type:'directed' or 'undirected'
%
% Output X: n by n symmetric hollow matrix of informational
% distances.
% P: nodes in the shortest informational path starting at
% s and ending at t.
% SIP: length of the shortest informational path.
%
%
%
% Example: [X D P SIP] = informational_shortest_path(A,1,1,13,'directed');

% Precalculations
B = max(A,A')-diag(diag(A)); % Symmetrized adjacency matrix
n = length(A);
J = ones(n,n);

% Communicability

G = expm(beta*B); % Communicability (covariance) matrix
Q = diag(diag(G)); % Diagonal matrix of node variances

% Informational distance matrix

CD = Q*J+J*Q-2*G; %Squared Informational distance matrix
X = CD.^0.5; %Informational distance matrix

% Communicability shortest path

B = X.*A; % Weighted adjacency matrix based on informational distance matrix
if strcmp(type,'directed')
G = digraph(B);
elseif strcmp(type,'undirected')
G = graph(B);
end;

P = shortestpath(G,s,t); % Shortest informational path between s and t

% Length of the shortest informational path

L = length(P)-1;
SIP =0;

for i=1:L
SIP=SIP+X(P(i),P(i+1));

end; 7



Algorithm 2 Matlab function for obtaining the lengths (in terms of number of edges) of SPs and SIPs between every
pair of nodes.

function [L_SP L_SIP]=lengths_shortest_paths(A,X,type)

%
% Generates the length (in terms of number of edges) of SIPs.
%
%
%
% %
% Input X: Informational distance matrix
% type:'directed' or 'undirected'
%
% Output D_SP: n by n matrix of SP lengths
% D_SIP: n by n matrix of SIP lengths (in terms of number of edges)
%
%
%
% Example: [D_SP D_SIP] = informational_shortest_path(A,X,'undirected');

n=length(A);
B=X.*A;

if strcmp(type,'directed')
H = digraph(A);
H1 = digraph(B);
elseif strcmp(type,'undirected')
H = graph(A);
H1 = graph(B);
end;

L_SP=distances(H);

L_SIP=zeros(n,n);
for i=1:n
for j=1:n
L_SIP(i,j)=length(shortestpath(H1,i,j))-1;
if L_SIP(i,j)==-1
L_SIP(i,j)=inf;

end;end;end;
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Algorithm 3 Matlab function the von Neumann entropy, purity of quantum states and thermal average of network
energy.

function [S P E]=lengths_shortest_paths(A,beta)

%
% Calculates the informational von Neumann entropy, the purity of states and thermal mean energy.
%
%
%
% %
% Input A: Adjacency matrix (directed or undirected)
% beta: inverse temperature
%
% Output S: von Neumann entropy of the network
% P: purity of the quantum states, between zero and one
% E: thermal average of network energy
%
%
%
% Example: [S P E]=lengths_shortest_paths(A,1);

G=expm(beta*A);
Z=trace(G);
rho=G/Z;
S=-trace(rho*funm(rho,@log));

P=trace(rho^2);
E=trace(rho*A);
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Datasets

no. network description ref.
1 Ants A network of galleries created by ants. [8]
2 Benguela Food web of the tarine ecosystem of Benguela off the southwest coast of

South Africa.
[9]

3 BridgeBrook Food web formed by pelagic species from the largest of a set of 50 New York
Adirondack lake food webs.

[10]

4 Canton Food web primarily of invertebrates and algae in a tributary, surrounded by
pasture, of the Taieri River in the South Island of New Zealand.

[11]

5 Centrality Citation network of papers published in the field of “Network Centrality”. [12, 13]
6 Chesapeake Food web of the the pelagic portion of an eastern U.S. estuary, with an

emphasis on larger fishes.
[14]

7 Coachella Foor web of a wide range of highly aggregated taxa from the Coachella Valley
desert in southern California.

[15]

8 College Social network among college students in a course about leadership. The
students choose which three members they wanted to have in a committee.

[16]

9 ColoSpring The risk network of persons with HIV infection during its early epidemic
phase in Colorado Spring, USA, using analysis of community wide HIV/AIDS
contact tracing records (sexual and injecting drugs partners) from 1985-1999.

[17]

10 Corporate Social network of the American corporate elite formed by the directors of the
625 largest corporations that reported the compositions of their boards
selected from the Fortune 1000 in 1999.

[18]

11 Dolphins Animal social network of frequent association between 62 bottlenose dolphins
living in the waters off New Zealand.

[19]

12 Drugs Social network of injecting drug users (IDUs) that have shared a needle in the
last six months.

[20]

13-15 Electronic1-3 Three electronic sequential logic circuits parsed from the ISCAS89 benchmark
set, where nodes represent logic gates and flip-flop.

[21]

15 El Verde Food web formed by insects, spiders, birds, reptiles and amphibians in a
rainforest in Puerto Rico.

[22]

17 Galesburg Social network of the friendship ties among 31 physicians. [13]
18 GD Citation network of papers published in the Proceedings of Graph Drawing

during the period 1994-2000.
[23]

19 Geom Collaboration network of scientists in the field of Computational Geometry. [24]
20 HighTech Social network of the friendship ties among the employees in a small high-tech

computer firm which sells, installs, and maintain computer systems.
[25, 13]

21-22 Internet97_98 The Internet at the Autonomous System (AS) level as of September 1997 and
of April 1998.

[26]

23 Little Rock Food web of the pelagic and benthic species, particularly fishes, zooplankton,
macroinvertebrates, and algae of the Little Rock Lake, Wisconsin, U.S.

[27]

24 Neurons Neuronal synaptic network of the nematode C. elegans. Included all data
except muscle cells and using all synaptic connections.

[21]

25 ODLIS Vocabulary network of words related by their definitions in the Online
Dictionary of Library and Information Science. Two words are connected if
one is used in the definition of the other.

[28]

26 PowerGrid The power grid network of the Western USA. [29]
27 PPI_Afulgidus Protein-protein interaction network of A. fulgidus. [30]
28 PPI_Bsubtilis Protein-protein interaction network of B. subtilis. [31]
29 PPI_Ecoli Protein-protein interaction network of E. coli. [33]
30 PPI_Hpylori Protein-protein interaction network of H. pylori. [34]
31 PPI_human Protein-protein interaction network of human. [35]
32 PPI_KSHV Protein-protein interaction network of Kaposi sarcoma herpes virus (KSHV). [36]
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no. network description ref.
33 PPI_Malaria Protein-protein interaction network of P. falciparum (malaria parasite). [37]
34 PPI_yeast Protein-protein interaction network of S. cerevisiae (yeast). [38, 39]
35 Prison Social network of inmates in prison who chose “What fellows on the tier are

you closest friends with?”
[40]

36 Roget Vocabulary network of words related by their definitions in Roget’s Thesaurus
of English. Two words are connected if one is used in the definition of the
other.

[41]

37 Reef Small Food web of the Caribbean coral reef ecosystem from the Puerto Rico-Virgin
Island shelf complex.

[42]

38 Saw Mills Social communication network within a sawmill, where employees were asked
to indicate the frequency with which they discussed work matters with each
of their colleagues.

[43, 13]

39 Scotch Broom Food web of the trophic interactions between the herbivores, parasitoids,
predators and pathogens associated with broom, Cytisus scoparius, collected
in Silwood Park, Berkshire, England, UK.

[44]

40 Shelf Food web of the marine ecosystem on the northeast US shelf. [45]
41 Skipwith Food web of invertebrates in an English pond. [46]
42 Small World Citation network of papers that cite S. Milgram’s 1967 Psychology Today

paper or use Small World in title.
[24]

43-46 Software Software collaboration networks associated with six different open-source
software systems, which include collaboration graphs for three Object
Oriented systems written in C++, and call graphs for three procedural
systems written in C. The class collaboration graphs are from version 4.0 of
the VTK visualization library and version 1.0.2 of the AbiWord word
processing program. The call graphs are version 3.23.32 of the MySQL
relational database system, and version 1.2.7 of the XMMS multimedia
system.

[47]

47 St. Marks Food web formed mostly macroinvertebrates, fishes, and birds associated with
an estuarine seagrass community, Halodule wrightii, at St. Marks Refuge in
Florida.

[48]

48 St. Martin Food web of birds and predators and arthropod prey of Anolis lizards on the
island of St. Martin, which is located in the northern Lesser Antilles.

[49]

49 Stony Stream Food web primarily of invertebrates and algae in a tributary, surrounded by
pasture, of the Taieri River in the South Island of New Zealand in native
tussock habitat.

[50]

50-52 Termite1_3 Three networks of the three-dimensional galleries in termite nests. [51]
53 Trans_Ecoli Direct transcriptional regulation between operons in Escherichia coli. [52, 53]
54 Trans_urchins Developmental transcription network for sea urchin endomesoderm

development.
[52]

55 Trans_yeast Direct transcriptional regulation between genes in Saccaromyces cerevisae. [21, 52]
56 USAir97 Airport transportation network between airports in US in 1997. [24]
57 Ythan_2 Food web mostly formed by birds, fishes, and invertebrates, in a Scottish

Estuary.
[55, 54]

58 Zachary Social network of friendship between members of a karate club. [56]

Description of Supplementary Files
Supplementary File 1: Contains the names of the 58 networks studied in this work, their types (directed or undirected),
number of nodes n, and edges m as well as their edge density. Then, the von Neumann entropy S, the thermal average
energies, “energy”, the purity of the quantum states Π, and the ratio of SIPS that coincide in their length with the SP
for every pair of nodes in the network.

Supplementary File 2: Contains the abbreviation used, and the names of 116 bacteria in different environments,
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their number of nodes n, and edges m as well as their edge density. Then, the von Neumann entropy S, the thermal
average energies, “energy”, the purity of the quantum states Π, and the ratio of SIPS that coincide in their length with
the SP for every pair of nodes in the network, and the length (in number of base pairs) of their corresponding genomes.

Supplementary File 3: Contains the number and name of 2224 proteins in the PPI network of yeast, their node
degree and the values of CCv (β) for different values of the inverse temperature ranging from 1.0 to 0.1 with step 0.1. The
classical closeness centrality CC is also included for each protein as well as a column indicating whether the protein is “Y”
or is not “N” essential. in the last class we also included those who are unknown to be essential.
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