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On the Entropy of He isotopes (revised)

Halo Properties in Helium Nuclei from the Perspective of Geometrical

Thermodynamics

M.C. Parker, School of Computer Sciences & Electronic Engineering, University of Essex, Colchester
C. Jeynes*", University of Surrey Ion Beam Centre, Guildford
W.N.Catford, Department of Physics, University of Surrey, Guildford

Abstract

The nuclear matter and charge radii of the helium isotopes (A=4,6,8) are calculated by
quantitative geometrical thermodynamics (QGT) taking as input the symmetry of the alpha-
particle, the very weak binding (and hence halo nature) of the heavier helium isotopes, and a
characteristic length scale given by the proton size. The results follow by considering each
isotope in its ground state, with QGT representing each system as a maximum entropy
configuration that conforms to the Holographic Principle. This allows key geometric parameters

to be determined from the number of degrees of freedom available.

QGT treats °He as a *He core plus a concentric neutron shell comprising a holomorphic pair of
neutrons, and the ®He neutron halo is treated as a holomorphic pair of holomorphic pairs.
Considering the information content of each system allows a correlation angle of 2pi/3 between
the holomorphic entities to be inferred, and then the charge radii of the three isotopes can be

calculated from the displacement of the “He core from the centre of mass.
The calculations for the charge and matter radii of “**He agree closely with observed values.

Similar QGT calculation of the sizes of the self-conjugate A=4n nuclei
{4He,8Be,12C,160,20Ne,24Mg,28Si,32$,36Ar,40Ca} also agree well with experiment.

Keywords

Geometrical thermodynamics, holographic principle, halo nuclei, *Be, dripline, '°He, Borromean

Overview

We will show that the matter and charge radii of the helium isotopes can be calculated ab initio
purely from the geometry of the system, using the formalism of quantitative geometrical
thermodynamics (QGT) developed by Parker & Jeynes (2019: “PJ2019”)' and exploiting the
holographic properties of maximum entropy* (MaxEnt) structures (defined in Appendix ). Note
that the entropy description of a system by QGT is independent of (but isomorphic to) the familiar
energy (kinematic) description of the system, with the system temperature transforming between

the two descriptions (kinematic < entropic: see PJ2019 Table 1).

Correspondence to c.jeynes@surrey.ac.uk

Submitted to Scientific Reports (4" December 2020, revised 6™ Dec., 14™ Jan.2021) 1



On the Entropy of He isotopes (revised)

The alpha particle can be considered very simply in this approach as a unitary entity, and the
weak binding of **He means that they can be considered as a *“He core (a-particle) plus a halo of
other holomorphic pairs of identical (neutron) entities. Our QGT treatment exploits this structural
simplicity, leading to a simple formula for the entropy of the system in terms of the number of
available degrees of freedom (DoFs). This number depends in essence upon the spatial
symmetries of the system, a point discussed in more detail in Appendix 2. The Holographic
Principle “places a fundamental limit on the number of degrees of freedom”* in any maximum

entropy system.

These principles are applied to calculate ab initio the matter radii of these various He nuclei. The
charge radii for *He and *He are then calculated from the MaxEnt geometry of holomorphic
(conjugated complex-vector) “trajectories”. (In Appendix I the technical terms “holographic”
and “holomorphic” are defined; note also that “trajectory” is used here in the particular geometric

sense explained in connection with Figure 1.)

Starting from the geometric entropy behaviour for a single particle, we can learn about larger
systems with certain geometric symmetries (composed of multiple particles) from purely QGT
and MaxEnt considerations. We have applied that logic to two simple sets of systems: the
helium isotopes *He, “He and ®*He discussed above, and the self-conjugate A =4n nuclei
{*He, ®Be, '*C, '°0, ... *Ca} which we will call the “He series”. Both series are constructed in
the QGT model from individual nucleons, and their nuclear sizes are uniquely determined in
both series from a single characteristic scale length given by the size of the proton and assumed

to be the same for both systems.

Curiously, the results agree with experimental measurements to an extraordinary precision.
Table 1 and Table 2 respectively show measured and calculated nuclear radii for the He isotopes

and the He series.
Briefly, the conceptual steps followed in the calculations are as follows:

i.  the alpha particle is represented as a unitary (MaxEnt) entity in the QGT formalism
wherein information and entropy (“info-entropy”) are treated coherently;

ii.  itis noted that the alpha particle, as a unitary (simplest possible) entity in its ground state,
has in its rest frame just the 3 degrees of freedom (DoFs) required by 3-D space, and this
then determines its entropy;

iii.  the entropic formulation is then used via the Holographic Principle to construct geometric
properties for both the He isotopes and the He series from the alpha particle, with further

DoFs determined from the geometrical symmetries required by their MaxEnt properties.

The nuclear sizes follow in QGT from knowledge of the entropy, and the charge radii follow
subsequently via the implied geometrical symmetry of the systems together with some simple
arithmetic to evaluate the centre-of-mass motion. The system (in its ground state) corresponds to
the minimum information (or equivalently the maximum entropy) and this is interpreted as

meaning that geometrically the system exhibits the simplest allowed symmetry. In describing the
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On the Entropy of He isotopes (revised)

alpha particles as “unitary entities” we do not refer to the technical mathematical term concerning
the adjoint of Hermitian operators: instead, we mean those MaxEnt entities with no choice about
their configuration which have the minimum number of available DoFs just as for “point
particles” (that is, particles without either extension or internal DoFs). Holomorphic entities are

unitary in this sense.

Quantitative geometrical thermodynamics is a systematic treatment of info-entropy: it is perhaps
most surprising that information and entropy are conjugate orthogonal quantities, as shown
already in mathematical detail by PJ2019 (their Eqs.2 and Appendix A; see also our Appendix
3). Thatis, information should not simply be identified as “neg-entropy” (negative entropy), as
Léon Brillouin posited *.  From this point of view it is seriously misleading to consider entropy
merely as a measure of disorder: onthe contrary, the operation of entropic forces can be powerful
generators of order. As Ilya Prigogine pointed out in this context: “Recent developments in non-
equilibrium physics and chemistry ... show unambiguously that the arrow of time is a source of

order ... The entropy ... leads to an ordering process” °. Here we will see that a proper

consideration of info-entropy has led us to a new understanding of the sizes of atomic nuclei. The
alpha particle is seen to be a unitary entity, and the other self-conjugate A = 4n nuclei are seen
as sums of two unitary entities. This is a remarkable result of an elementary QGT theory which
at present handles only the static case. A fully dynamical theory based upon entropy production
considerations can also be anticipated by explicitly invoking the time differential of entropy and
employing the physics of entropy production already developed at length by Walter Grandy®’.
For example, an aspect of such a temporal development of QGT can already be seen in our

expression for the entropic force (PJ2019 Eq.23).

Borromean properties interpreted holomorphically

The helium isotopes ®°He and *He are relatively long-lived, being particle-stable. Their half-lives
are respectively 807 ms and 119 ms® ° (decaying via £ emission to °Li and ®Li). They are
so-called '° “halo nuclei” which have a neutron halo around a charged core. Thus, the root-mean-
square (RMS) charge radius, measured by Mueller et al. (2007) '' as 2.068(11) fm
and 1.929(26) fim for °He and ®He respectively, is smaller than the RMS matter radius, measured
by Tanihata et al. (1992)'* as 2.33(4) fm and 2.49(4) fm respectively. The measured *He charge
radius and matter radius, respectively 1.676(8) fm and 1.63(3) fm, are indistinguishable. Since
ab initio calculations can now be done for these small nuclei (see Discussion below), these
measurements are of considerable theoretical interest. More recent measurements'® of the
nuclear masses of “*He have yielded revised and more accurate values for the charge radii:
respectively 2.060(8) fm and 1.959(16) fm.

A bound system is said to be “Borromean” (after the Borromean rings of the 15" century Casa
Borromeo) if none of its sub-systems are bound. The nuclei *He and ®*He are regarded as Borromean
since they are bound to particle emission but their subsystems (*He, "He) are unbound and hence

very short-lived (<10"® s) [ref.8]. Borromean binding has been demonstrated for the molecular
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hydrogen ion H," (with 2 protons and 1 electron an example'* of a 3-body system) while other

nuclear examples include the ''Li ground state'® along with the bound neutron-rich nuclei '“Be,

9B and others'®.

The formalism of QGT and the related maximum entropy [ref.2] (“MaxEnt”) techniques have
been applied previously to explain the geometrical stability of DNA and the Milky Way galaxy
(PJ2019). We will show that the He isotope stability has a similar origin in geometric entropy.

Previously (in PJ2019) it was shown that the double logarithmic spiral (of which the double-helix
is a special case) is a holomorphic structure. That is, its geometry conforms to the Cauchy-Riemann
equations (of which Maxwell’s equations are an important example in electro-magnetism) and is
consequently represented correctly in an entropic Hamiltonian-Lagrangian formulation. PJ2019
also proved that the double-helix is a fundamental eigenvector of the entropic Hamiltonian, with
its pitch and radius determining key properties. Separately, Parker & Jeynes'” proved that a linear
combination of two identical double-helices accounts for the stability of the spherical Ceo
(Buckminsterfullerene) molecule. They have also proved'® that the regular quantum operator
representation follows directly from a proper (QGT) treatment of the entropic Liouvillian (see

Appendix 4).

QGT is a systematic formulation of holomorphic info-entropy which has established the Principle
of Least Exertion (PJ2019): this is the entropic isomorph of the kinematic Principle of Least
Action." The natural consequence (shown by PJ2019) is that holomorphic objects are MaxEnt;
that is, they are necessarily stable, having a most likely geometric configuration. In particular
here, we demonstrate the existence of holomorphic descriptions of °He and ®He nuclei. The
lowest energy of a MaxEnt system such as °He has the minimum possible number of degrees of
freedom, as any excited state would correspond to the utilisation of additional degrees of freedom.
The theory then tells us the value of the maximum entropy that can be exhibited by the system in

its lowest energy state.

Since entropy is essentially a scale-less quantity having units (J/K) independent of length (and
time), and considering the universality of the laws of thermodynamics, we expect that the physics

of entropy (and therefore also QGT) will apply throughout a diverse range of physical systems.

Matter radii of He isotopes

The nucleus *He (the alpha-particle) is a very simple and very stable system which has a
particularly high binding energy between the four nucleons. This is inevitable quantum
mechanically for a system containing two different families of identical particles (neutrons and
protons) since s12, the lowest energy orbital in a mean field, in “He is exactly filled with a pair
of protons and a pair of neutrons. Combinations of multiple a—particles, the so-called self-
conjugate nuclei with mass number A = 4n (with n a positive integer), are also stable up to A =40
(except the special case of *Be which is unbound). For convenience here, these nuclei are called
the “helium series”: “He, *Be, '*C, '°0, *Ne, **Mg, #*Si, S, *°Ar, “Ca.
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On the Entropy of He isotopes (revised)

In the present QGT approach we represent ‘He as a unitary entity. In QGT the system entropy S
gains an amount kg for each degree of freedom (DoF) that the system possesses: see Appendix 2
for the detailed demonstration that a unitary entity in 3-space has 3 DoFs so that the “He nucleus

has an entropy:
Sane =3 ks (1)
where kg is the Boltzmann constant.

According to QGT we can also obtain the entropy S of a system from its surface area 4 and
wavenumber K using an expression derived previously (see PJ2019: Eq.25, and Eq.D.15c in

their Appendix D): the entropy of the single (double-spiral) eigenvector was given as:
Sps = V4 A K* ks (2a)

where « is the system “wavenumber”, and the system is encompassed (holographically) by the

surface area given by A.

Wavenumber « is inversely proportional to wavelength A, and conventionally k =2n/A. But
here, since we need only a parameter with the dimensions of length, we simply define the
“holographic wavelength” \.u = 1/x so that we can write the general system entropy as:

S=Vidks/ M. (2b)

The values of 4 and Ay need to be determined for each system and can be understood to represent
(respectively) the surface area and the entropic granularity or scale of the system. For example,
in the context of the Bekenstein-Hawking equation for a black hole, A is the area of the event
horizon and Ay is the Planck length /p. Eqs.2 are called “holographic” since the 3-D system
property (here the entropy) is given by its surface area and not its volume. This is discussed
further in Appendix 1, while we show elsewhere [ref.18] in a more fundamental treatment how

to justify the Holographic Principle from the entropic Liouville theorem.

The surface area of the system corresponding to “He can be determined by equating the entropies
given by equations (1) and (2b), once the holographic wavelength describing the length scale of

the system has been chosen. The choice of this parameter is discussed below.

The nucleus °*He, in the present model, comprises the “He core plus a spherical “halo” of two
identical neutrons. The halo is represented in QGT as two mutually holomorphic entities
(neutrons), using the result proved by Parker & Jeynes [ref.17] that a sphere may be represented

holomorphically as the sum of two double-helices.

Note that the “He core is a unitary entity, thatis, the simplest possible system (with no preferred
axis), and the ®He halo is an independent holomorphic system with its own (independently-
oriented) axis [ref.17]. That is to say, apart from sharing a common centre of spherical geometry,

the two systems are not correlated geometrically.

Microscopic few-body models such as those described by Zhukov et al. (1993)*° or Bang et al.

(1996) 2! make the assumption that the weak binding of “He allows the two final neutrons to be
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treated as separate from the “He core and the same assumption is made here. Further, the
(spherical) halo may be represented holomorphically since it comprises two identical objects (the
neutrons) which together may form a (unitary) conjugate pair. Our QGT treatment treats the *He
nucleus naturally as two conjoined (concentric) unitary entities. The *He nucleus (consisting of
core and halo) therefore must have three further degrees of freedom over and above that of the

“He core, to represent the relative orientation (in 3-space) of the halo, and thus:
S6He =6 kB . (3)

Note that in °Li the situation is different because the two additional particles need not act like
identical particles. If they do act in such a way, then the state with the lowest possible energy is
the T=1 isotopic analogue of the *He ground state (which is the second excited state of °Li). It is

outside the scope of the present work to consider this further.

The nucleus *He comprises the “He core plus a spherical “halo” of now two holomorphic pairs of
neutrons, corresponding respectively to an “inner” pair of neutrons for the “He shell and an extra
“outer” pair of neutrons for the *He shell. Counting the pair of neutrons in the “He halo as a
holomorphic entity (as just discussed), and now counting the extra pair of neutrons in the *He halo
as another holomorphic entity (with the same holographic wavelength Ay), the four neutrons in the
¥He halo also together comprise a holomorphic pair of the two shells (again, with the same As).
That s, apair of identical holomorphic entities can itself be holomorphic, and where a holomorphic
pair is formed the entropy is increased. Therefore, the MaxEnt condition will prefer holomorphic

entities.

The requirement of MaxEnt implies minimum extra information. Howson & Urbach?* make a clear
statement to this effect: "Jaynes's [MaxEnt treatment] appeals...to the criterion...of minimum
information: ...choos[ing]...the least information... or...making the fewest assumptions..." (see also
Appendix 3). Alternatively, a MaxEnt configuration means that it is fully specified by the least
information or fewest quantitative constraints. Therefore, MaxEnt dictates that these two pairs of
neutrons must share the simplest common geometry for their holomorphic representations. The
extra (“outer””) 2-neutron halo of ®*He can be aligned in one of only two ways (i.e., “parallel” or
“anti-parallel”) to *He. (In microscopic language, while the two pairs of additional neutrons in *He

are separate from the core, they are able to interact with each other.)
Therefore the *He system must have only one additional degree of freedom, giving
Ssie="7 k. (4)

The surface area of the *He and *He systems can now be deduced just as for “He. That is, equations
(3) and (4) are combined with equation (2b) and we need only a value for the holographic
wavelength, An. We conjecture that the holographic wavelength is related to the proton, an entity
forming the alpha particle. In any case, the results will scale with this wavelength and the suitability

of any particular choice can be assessed by a comparison with the experimental data.
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The observed proton and deuteron radii are given by CODATA2014 % (Table XXXIII) as
r,=0.8751(61) fm and r¢4=2.1413(25) fm. A more recent (and accurate) value of rq is
2.12562(78) fm.>* The deuteron in free space is a very weakly bound diffuse object (with a
binding energy of about 1 MeV/nucleon) whereas the four nucleons in an alpha particle are bound
together with an energy of more than 7 MeV/nucleon. The proton charge radius has been hotly

debated since a smaller (and much more precise) value
pm = 0.84087(39) fm (52)

was obtained from muon scattering®. A new value from the Jefferson Laboratory “proton charge

radius experiment” (PRad)* is

Fogag = 0-831£0.007£0.01 25y fim

obtained from e-p scattering; which confirms the muon scattering value and is also consistent
with the updated value of the Rydberg constant adopted by CODATA2018.

We therefore choose a holographic wavelength Ay for all the nuclear systems based on the alpha

particle, including the nuclear halos of “*He:
Jai=2 X rom = 1.682 fin (5b)

The surface area (and hence radius) of the sphere representing “He can now be obtained

quantitatively by combining Egs. (1) and (2b) and using the value in Eq.5b for Au:
Farte = i XN(3/m) = 1.643 fm. (62)

Similarly, using Egs. (3) and (4) the matter radii for ‘He and *He can be computed:

Fore = Mt XN(6/m) = 2.324 fm, (6b)

Fepe = A XN(7/m) = 2.510 fm. (6¢)
These values are compared with experiment in Table 1. It is immediately clear that the predicted
radii from QGT show excellent agreement with the root mean square (RMS) matter radii
determined experimentally. The comparison with the RMS radius is natural, because the radius of
the entity is determined by its holographic area 4 given in Eqs. 2: this system area represents a
long-term average or equilibrium value since it comes from the thermodynamics. Similarly, the
model of a holomorphic shell with a defined radius around a holomorphic core is a representation
of the average behaviour of the system. The arithmetic of the small numbers of degrees of freedom

means that the RMS matter radii are predicted to be in the simple numeric ratio “He:*He:*He of

1:4/2:/7/3. The experimental values in Table 1 deviate from this by less than % %.

The Symmetries of Halo Nuclei

It is mandatory in QGT for a stable state to configure itself as maximum entropy (MaxEnt), given
its energy. This necessarily corresponds to the state containing the minimum information.
Therefore, the state of the system when considered geometrically should display the simplest

possible symmetries, so that the number of rules determining that geometry is minimised.
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We represent the geometry of the *He system as an alpha particle core plus two neutrons. These
neutrons are identical (indistinguishable) fermions but their spin directions will be opposite,
according to the Pauli principle which stipulates that the state of the system is fundamentally
different upon exchange — that is, the wavefunction flips sign. Therefore exchanging the neutrons
must result in a distinguishable configuration: this will turn out to be related to the symmetries

involving reflection.

The simplest geometric symmetry is rotation about an axis. QGT represents the *He and *He
halos as spherical holomorphic entities with a well-defined axis (the x3 direction in Eqs.6 of Parker
& Jeynes, 2020 [ref.17]), which is required by QGT for such an entity. Note that reflection planes must
include this axis, thatis, the QGT symmetry groups do not include inversion: otherwise chiral QGT
geometries (like DNA, see PJ2019 Fig.1) are excluded.

The one-fold geometrical symmetry has only a rotation by 2x radians (the identity symmetry).
Then satisfying reflection symmetry must be Pauli-forbidden (with respect to the plane defined
by the 3-body system and the rotation axis), since this configuration is geometrically identical

under exchange of the two neutrons. We therefore move on to consider higher order symmetries.

For two-fold geometrical symmetry which is described by D, the dihedral group of order 2, the
alpha particle and two neutrons define a line. A rotation by 7 radians reproduces the spatial
distribution along this line and is equivalent to exchanging the neutrons. However the system is

ruled out, being symmetric under reflection in the plane through the line.

For three-fold geometrical symmetry, described by D; (the dihedral group of order 3), a rotation
by 2n/3 radians together with the corresponding reflections generates the symmetry group. The
multiplication rules for this group represent the least amount of information that we can have,

defining the geometrical symmetry of the system.

In order to invoke this D; symmetry, the alpha particle and the two halo neutrons of ®He are
arranged with the two neutrons separated by an angle of 2nt/3 and situated at the RMS matter
radius deduced earlier for ®He. In fact, it’s not obvious that this RMS radius is the one to use
since the wavefunction of the neutron halo must extend considerably past it: we could consider
a “halo radius” r, to be given by Y2(6r 2+ 4r2) =ren’, thatis, m=23.26fm, but this would
impute a physical reality to the abstract quantity 7: instead we use the observable RMS value for
the nuclear matter radius 7. = 2.32 fm obtained above. An angle of 2n/3 radians then gives a
“distance” (that is, an RMS distance) run between the two halo neutrons of 4.02 fm, considering

the halo neutrons to be located (on average) at radius rste.

Incidentally, the microscopic few-body calculation of Zhukov et al. (1993 [ref.20], their Table 7)
gives rene=2.59 fm and 7, =4.83 fm. Scaling to match the observed He RMS matter
radius(7sue = 2.32 fm) would give a value of 7, =4.33 fm in the Zhukov model, which can be

compared to 4.02 fm as used here.
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In order for the mean angle between the halo neutrons to be 2n/3 radians, the distribution of
probability at angles either side of that value needs to balance. The extreme value of 7 radians
corresponds to the two-fold symmetry that was rejected above as being impossible to exist on its
own. This is the “cigar” configuration of Zhukov ef al. Any peak in probability here could be
balanced by a corresponding peak centred at 7/3 radians. It is notable that the Zhukov model
(using their values of rn =4.83 fm and rspen = 4.43 fm) gives the angular separation of the
neutrons at the nuclear surface as 66° (1.1xn/3 radians) and using their values of reue = 2.59 fm
and 7n=4.83 fm gives an overall average separation of 138° (1.15%27/3 radians). The
significance of this approximate agreement with three-fold symmetry is not entirely clear, but it
is somehow reassuring that there appears to be no direct conflict between the microscopic models
and the present QGT approach based on considerations of entropy, information and symmetry.
The “dineutron” configuration identified by Zhukov et al. is connected to the peak in probability
near 7/3 radians. This configuration is shown in the model of Hagino et al. (2007)*’ to exist
mostly in the region of the nuclear surface, at least in the case of the similar Borromean nucleus

"Li, and experimental verification of this surface localisation has recently been forthcoming
(Kubota et al., 2020)*.

The two coexisting “cigar” and “dineutron” configurations are closely related to the configurations
with one-fold and two-fold symmetry that the above arguments imply cannot exist on their own, in
a pure state. They can, apparently, coexist in a state with a geometry described on average by D;
symmetry. As a final comment about these two coexisting configurations, it is interesting to note
that dynamical calculations for an orbiting two-body system give Lagrange points at which a third
orbiting body will experience no net force. Relative to the first of two lighter bodies orbiting a
heavier core, the second body experiences no net force at relative angles of m/3 radians (stable
equilibrium) and 7 radians if it is on the same orbit. This is also reminiscent of the situation that is
inferred here for *He and which also appears to come out of the microscopic models, although the

forces involved in constraining the motion of the halo neutrons are completely different.

Charge radii of the He isotopes

Building on the QGT model’s agreement with measurements of the RMS matter radii (Eqs.6),
we extend the treatment by calculating the RMS charge radii.

The observed charge radius is larger for both “*He than for “He, and this is usually explained
by spatial correlation of the halo neutrons giving a displacement of the centre of mass relative
to the “He core. A reduction of the displacement for *He relative to *He indicates that the two
pairs of neutrons are spatially anticorrelated. In our entropic representation this is readily
modelled, ascribing a reality to the (abstract) geometrical description similar to that assumed
in the conventional Glauber model® ** for extracting nuclear sizes from cross-section data.
Note that our QGT calculations, with an explicit integration over the time coordinate, are in
some sense comparable to static probability distributions of quantum mechanics (yielding

averages that would be obtained over time).
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For ®He the holomorphic pair of halo neutrons must have a simple and consistent relationship
to each other, thatis, the mean correlation angle 0 between them in Figure 1a must be fixed,
so that they act as a unitary entity. The minimum number of degrees of freedom, means the
condition for it representing a MaxEnt configuration (that is, the minimum — or least additional
— information [21]) requires that the mean correlation angle 6 must be 6 = 21/3, as we saw in

the last section.

(a) ®He Plan view

! AR
ZI‘N%FC p+n 2n < 2p+2n

p+n + Arc” o ‘* AVC"
Overall %
centroid on

(b) 8He Side-on view

Figure 1: Calculation of the position of the centre of mass for *He and *He.

@) 7y is assigned the value calculated for the RMS matter radius of °He and A is the
displacement of the centre of mass from that of the “He core; ) Analytic calculation of the
geometric position of the centre of mass for ®He is eased by assuming the overall system to

simply comprise two subsystems of (i) half the alpha particle (“He) core and two (inner halo)

neutrons with a Ar.' displacement, and (ii) the other half-alpha core and two (outer halo)
neutrons with a Ar." displacement calculated using the matter radius of 3He. Combining (i) and

m

(i1) gives the overall displacement Ar."'.

Here we treat the two neutrons of the ‘He halo as if it were literally true that they move in
“trajectories” with a fixed angle to each other. Clearly, just as literal trajectories do not exist for
elementary particles in a quantum mechanical description, such geometrical relations in the
entropic description should be treated abstractly, comparing with time-averaged RMS values as
for the matter radii. Also, this QGT treatment allows the wavefunction antisymmetry of the halo
neutrons (in conformance to the Exclusion Principle) to naturally manifest itself as part of the

overall MaxEnt condition.

The term ‘trajectory’ is not used here in the usual sense of ‘position as a function of time’, but as
implying the underlying entropic formalism: that is, as a representation in 3-space of the
evolution of the system in Minkowski 4-space where the 3-D geometrical representation is
obtained by integrating over time in (4-D) Minkowski spacetime. The entropic ‘trajectory’
projects the effect of time onto the three dimensions of space by means of a contour integral in

the complex 4-space (see PJ2019 Appendix A). Ultimately this represents the operation of the
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Second Law of Thermodynamics and therefore implicitly involves the arrow of time. The key
differential variable x3; in the QGT formalism (corresponding to the axis of the holomorphic
geometry) is conjugate to the time variable ¢ = xo/c. This indicates how a femporal trajectory is
isomorphic to its spatial counterpart in the entropic geometry. Thus, ‘trajectory’ as used here is

defined by the QGT formalism and represents a strictly geometrical (and not a temporal) view.

Isotope | QGT Matter Radius Charge Radius
DoF | Holographic Experimental | Holographic Experimental
A fm fm fm fm
‘He 3 1.643 1.63(3) 1.643 1.676(8)
SHe 6 2.324 2.33(4) 2.031 2.060(8)
SHe 7 2.510 2.49(4) 1.946 1.959(16)

Table 1: Matter and charge radii for the helium isotopes.
The predictions of the holographic calculation (Egs.6,7) are compared with the measured RMS values for
the matter radii (see Table 2 of [ref.12]) and the charge radii (see Table III of [ref.11] and [ref.13]). The

number of QGT degrees of freedom (DoF: A) in the holographic treatment is given for each isotope.
Then by symmetry, as the two neutrons (metaphorically) trace their trajectories, the locus of the
centre of mass (indicated by a blue cross in Figure 1a) of the combined °He nucleus must lie on
a sphere of radius Ar. compared to the radius of *He alone, and it is easy from the centroidal

geometry to show that :-
Mypie X Are = 2my, (Fpe €08(0/2) — Are) (7a)

where myy. and m, are the masses of the *He (alpha particle) and a bound halo neutron
respectively. In the centre of mass frame, the charge is therefore contained within a sphere of
radius ryy. + Are. Then taking 0 =27/3 and 4m, = myy, we have Are = rgy. /6 = 0.387 fim, giving a charge

radius for *He :-

charge

Tene . = Tape + A1, = 2.031 fm (7b)
For *He we treat the two (holomorphic) pairs of halo neutrons as two concentric “inner” and “outer”
shells, one with radius gy, and the other with radius 7g;. (see Figure 1b, with the displaced *He
centre of mass indicated by a red cross) giving displacements for the two subsystems (with MaxEnt
requiring 0 = 27t/3 for both subsystems) of :-

Are' =% repe c08(0/2) = rep /4

Ar" = Y5 rgp. €08(0/2) = rgpy /4. (7c)
Then as shown in Figure 1b, with the additional requirement that the two pairs of halo neutrons
also maintain a constant (MaxEnt) relative phase (or correlation angle) of ¢=27/3 between them,

m_

simple geometry gives Ar." = 0.303 fm, with a charge radius for *He then given by:

charge

sHe = = Tage T ArY' = 1.946 fm (7d)

These values are compared with experiment in Table 1.
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The Case of 1°He

In the preceding treatment of “He, a pair of holomorphic neutrons was added to a *He core (itself a
unitary entity). In *He an additional pair of holomorphic neutrons was added, giving two identical
holomorphic pairs able, in turn, to form a holomorphic pair. When we add a further pair to make
1°He, the situation is different because there is nothing with which the additional holomorphic pair
of neutrons can subsequently pair. Holomorphism is of pairs, not triples. The two extra neutrons
must perforce remain separate and hence they correspond to a new spherical shell, not locked in
orientation to the previous neutron shells. This must introduce a further three degrees of freedom

(that is, equivalent to the entropic progression from *He to °He):

Sione = 10 ks (8a)

Prone = Mt xN(10/m) = 3.001 fm. (8b)
Experimentally, '’He has been observed to be unbound to neutron emission with the ground state
identified with a resonance in the continuum, as discussed, for example, by Parfenova (2018)*'.
The simplest interpretation is that the additional size forced upon '’He by the additional 3k of
entropy is such that the final two neutrons are on average too far distant from the core to remain
bound. This is speculation, but it is certainly true that '’He would be required to be significantly
larger, if it were to exist. The additional 0.5 fm in RMS radius for '°He in relation to *He is
comparable with the additional 0.7 fm introduced between the strongly bound “He and the just-

bound °He, making an unbound '’He a likely consequence.

To date, “He has not been observed, but we would expect it to be to '°He as *He is to *He, that

is, to have one extra degree of freedom (S12ue = 11 k) giving :-
Fiame = A >xN(11/m) = 3.147 fi. (8¢)

Note that *He (with a two-neutron separation energy, Sz, = 2.14 MeV) is actually more strongly
bound than “He (S, = 0.98 MeV). Given that the RMS radius increases only weakly between
these two isotopes, the increased number of neutron interactions can naturally cause this, and

similarly in '*He.

Matter radii for the “helium series”

It is natural to seek further nuclear systems to test the QGT approach. The “He example and the
8He extensions were the simplest place to begin, because of the simple way that they could be
built entirely from pairs of identical components. In fact, the case of °Be is identical to “He in that
respect, and the prediction for its size is thus identical, but °Be is unbound and exists as a resonant
state only. Therefore, the QGT predictions are to be understood as implying that if the forces
acting within the system are sufficient for it to form a localized bound system, then the size should
be as predicted. Evidently, in °Be the additional Coulomb repulsion is sufficient to tip the balance

between the weakly-bound halo of “He and a completely unbound system.
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Interestingly, for °Li the analog of the *He ground state exists at an excitation energy of 3.56 MeV
(J™=0", T=1) and has the same wavefunction as *He but with a proton outside the “He core that
acts as though it were a neutron (this excited state of °Li is also unbound). That is, its spin must
be opposite to that of the neutron outside of the core, as if it were an identical particle. For the
ground state of °Li, the same holomorphic approach as above is not directly applicable because
the additional proton and neutron are not identical and cannot form a comparable holomorphic
pair. In fact, the observed RMS matter radius for the ground state of SLi, 2.551(31) fm, is
consistent with 7 DoFs (giving a calculated radius of 2.511 fm: see Table 2 for A =7). Thus the
beta decay of “He as it transitions to °Li correlates with the addition of a DoF to the resulting

nucleus, and the increase in system entropy expected from the 2™ Law.

The next easiest case is actually *Be, which could be a holomorphic pair of a-particles. To go
from “He to ®Be would then be analogous to the holomorphic addition of a second identical
neutron pair to “He (i.e. it would introduce one additional degree of freedom, DoF) and thus *Be
would have 4 DoFs. In this case (see Egs.6) rgs. would be given by Ay x 2/Nm = 1.9 fm (cf.
1.6 fm for “He) with a nuclear density of 0.279 amu/fm®, which is 30% higher than that of “He
(density 0.215 amu/fm?). Since the alpha nucleus is already very tightly bound this increase in
density looks impossible: of course, microscopically we know it is strictly Pauli-forbidden. A

deeper QGT treatment than presented here would assert the same impossibility.

QGT Measured Calculated (QGT)

Isotope | A | DoF Radius RHW | Radius Density

A Fo (fMm)  Ar,(am)  An/An | 74 (fMm)  amu/fm?
“He 4 3 1.676 3 1.020 | 1.644 0.215
8Be 8 6 “2.2” 2.324 0.152
12c 12 7 2.470 2 0.984 | 2.511 0.181
150 16 8 2.706 8 1.008 | 2.684 0.198
W0Ne 20 9 3.005 4 1.056 | 2.847 0.207
Mg 24 10 3.058 2 1.019 | 3.001 0.212
28g; 28 | 11 3.123 3 0.992 | 3.147 0.214
32g 32 12 3.252 6 0.989 | 3.287 0.215
36Ar 36| 13 3.391 6 0.991 | 3.422 0.215
40ca 40 14 3.477 1 0.979 | 3.551 0.213

Table 2: Helium series with nuclear radii measured, and calculated holographically by QGT
Measured RMS charge radii 7,,, from Angeli 19992, with the uncertainty Ay, in attometres (this is a “last
figure error” estimate) of the measurement; the “radius” of ®Be is inferred from the calculations reviewed by
Tohsaki 20173 (and their Fig.4): see text; the relative holographic wavelength (RHW) is obtained from
Eq.9b; calculated radii r, from Eq.9a using the appropriate number of degrees of freedom (DoF) A; the
calculated nuclear density (amu/fin®) is derived from the calculated radius 7.

In order to build the effect of the Pauli Principle into the present model, we treat *Be like “He,
that is, we suppose it is two unitary entities that are dissimilar in the sense that they do not form
a holomorphic pair. That is, ®Be has (like *He, and for the same reasons) 6 DoFs, and is
therefore predicted to have the same RMS radius as *He. Its nuclear density is listed in Table 2.

Experimentally it is known that *Be is unbound, but its shape has nevertheless been measured,
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as noted by Bishop et al. (2019)**: “The lightest (nontrivial) a-conjugate system, °Be, has been
shown to have a structure comprising of a dumbbell configuration of a particles with a large o-
o separation distance of 4.4 fm”. Since this value is rather roughly estimated from calculations,
Table 2 simply uses half this distance for the radius. Since *Be is not spherical the proper measure
involves the surface area of the (holographic) ellipsoid enclosing the nucleus, which would give

a similar value for the RMS radius.

When we continue up the “helium series” (the self-conjugate A = 4n nuclei), we note that each
step adds one DoF for the same reason that *He has one more DoF than ®He (see Appendix 2 for
a discussion of “ontological DoFs”). That is, we treat all these nuclei as MaxEnt nuclei where

the radius r, is given as usual by the number of DoFs (A in Table 2) for the nucleus, together

with the holographic wavelength Ay which is chosen to be the same as before (see Eq.5b):

ra =M xN( A /n). (9a)
Conversely, the holographic wavelength A, of the system can be determined (“measured”) from
the measured radius r,, :-

Am=rm/ N(A /T0). (9b)

Discussion

We have derived, ab initio in a simple analytical treatment based on quantitative geometrical
thermodynamics (QGT), the RMS matter radii of “He, “He and *He nuclei, and the RMS charge
radii of ®*He and *He nuclei with only one single input quantity (see Table 1). In this treatment
the scale length underlying the system (in this case the proton size) is in principle an entirely free

parameter that, once specified, defines the nuclear systems.

The other assumptions in this simple treatment are related to the weak binding of the systems,
especially compared to the alpha-particle, which justifies the few-body description. The nuclear
sizes are compared with experimental values from Tanihata et al. (1992) [ref.12], Mueller et al.
(2007) [ref.11] and Brodeur et al. (2015) [ref.15]: Tanihata et al. measured RMS matter radii,
with the neutron halo specifically distinguished by using the 2-neutron and 4-neutron removal
cross-sections in collisions of an 800 MeV/nucleon beam with a C target. These are the values
adopted here, for the comparison with our calculations. Tanihata et al. also inferred the RMS
neutron halo radii (~10% larger than the RMS matter radii) from the fitted parameters of a Glauber
optical model, but these radii are not used here. Mueller et al. measured RMS charge radii with
small relative uncertainties via high precision laser spectroscopy of the isotope shifts in a
magneto-optical cold trap. Their data were interpreted through the atomic theory of the Lamb
shift** for the low-lying S-states of He in order to deduce the RMS radius of the nuclear charge
distribution. Brodeur et al. used a more accurate measurement of the **He nuclear masses to

revise the values of their charge radii.

We should comment that the value for the RMS matter radius of °He is not particularly well

determined experimentally, despite the apparent clarity of the results in Table 1: literature
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values are summarised as 2.45(10) fm after a detailed discussion in the 2013 review of
Tanihata et al.*® 1t is the dependence on the reaction model employed to interpret the
experimental cross-section which is subject to the treatment of spatial correlations between the
two neutrons and “He core that generates this uncertainty: this dependence was identified by
al-Khalili et al. *" and explored more recently (with consistent conclusions) by Alkhazov &
Lobodenko [ref.30]. Both sets of authors deduce a value for the RMS radius of °He of at least
2.38 fm, with changes in the assumptions taking this as high as “2.46 fm or 2.70 fm” (to
underline this ambiguity). Thus, the results from QGT could be seen as amounting to an

independent means of resolving these ambiguities.

The holomorphic treatment of ®He can be compared to standard microscopic three-body
calculations of the particle density distribution using a quantum mechanical model. These
models often represent the probability density in terms of the Jacobian coordinates #(n-n) and
R(nn-core), where r is the distance between the halo neutrons and R is the distance between
the core (‘He in this case) and the centre of mass of the halo neutrons. A typical example is
Figure 4 of the 1996 review by Bang et al. [ref.21] which gives results for the °He ground state,
and where the maximum densities are at (R, r) = (2.6, 1.0) and (1.0, 2.7) fm. Characteristically,
there are two such peaks in probability density, generally referred to as the “dineutron” and the
“cigar” solutions. Bang et al. report an RMS matter radius of “about 2.5 fm (close to
experiment)” from the calculations for °He, which they call a “benchmark nucleus”. The model
of Hagino et al. [ref.27] shows a similar bimodal probability distribution in their description of
the Borromean nucleus ''Li. In the three-body theoretical model of ®°He reported by Kikuchi et
al.*®, the probability is plotted (in their Figure 2) as a function of two different variables that
are more convenient for present purposes: that is, they show the probability (as a function of
radius from the “He core) of finding the two halo neutrons in *He at that same radius and then
also show in their two-dimensional plot the dependence of the probability on the angular
separation between the two neutrons. Again, two peaks are found corresponding to the
dineutron and cigar configurations, each peaking at a radius between 2 and 3 fm and with
angular separations of around 30° and 135° respectively. Note that their plot specifically
requires the two neutrons to be at the same radius, whereas that of Bang et a/. includes all
configurations. The present treatment of °He insists on MaxEnt grounds that the correlation
angle between the two halo neutrons is 27/3 but we believe this should be interpreted as a

representative average over all configurations.

We should also briefly contrast our holomorphic treatment of these light nuclei with the intense
current interest in ab initio calculations for them. Souzaefal. [ref.15] compares a
“renormalised zero-range model” to effective field theories (such as those of Canham &

1.9, Bacca et al.*', or Ekstrom et al.*?), but all these powerful models of

Hammer®, Jiefa
halo nuclei use microscopic (quantum mechanical) methods where we use macroscopic
(thermodynamic) methods. The two points of view are, of course, complementary not

competitive. The geometry of quantum states has been described mathematically by Bengtsson
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& Zyczkowski*’: doubtless this will become important as QGT develops since thermodynamics

is essentially non-local.

An analysis of the experimental data for *He by Bertulani & Hussein (2007)* took into
account measurements of the electric dipole strength B(E!) in dissociation experiments
together with estimates of the source size in breakup experiments obtained via the
Hanbury-Brown Twiss (HBT) interference. They deduced an average value of the opening
angle between the halo nucleons of 83° with an uncertainty of (+20°, —10°). However,
Bertulani & Hussein carefully acknowledge that the HBT analysis “was based on the use
of a simple model of the emission of the two neutrons from a supposed random source”
with the size (or existence) of “coherent effects” unknown. They also point out that “the
HBT probes the average n-n configuration of the continuum states and not the ground state,
as the nucleus is excited above the threshold before the emission occurs”, which is of
course the precondition for the B(E7) experiments. Bertulani & Hussein also point out that
their interpretations of the measurements are quite heavily model-dependent; indeed, the
reason for introducing the HBT measurements was specifically to reduce this model-
dependence. We emphasise that in our ab initio analysis of the ground state geometry the
correlation angle of the halo neutrons is entailed by the charge radius, the measurement of
which is quite unequivocal. Moreover, discussing the interesting and related case of ''Li,
Hagino et al. [ref.27] show that the correlation angle is a function of the radius at which it
is measured. The linear distance between the two neutrons (in their Figure 3a) is a minimum
near the surface of the core and then scales with the absolute difference in the radial
distance, from that point. This highlights questions about how the HBT results should be

interpreted when translated into Bertulani & Hussein’s approach.

Table 2 is highly suggestive: we here comment on it only very briefly. Firstly, the QGT
predictions that depend upon A" are not so different from the usual close-packing or liquid-
drop dependence of 7A'” over the range of masses up to 40 amu (with 7o = 1.04 fm). It is
therefore found that the whole series has a nuclear density very close to that of *He for a fixed
scale length Ay. But the measured scale length A, (very similar to Ay) clearly varies
systematically: it is not purely the holomorphic properties of the entropic geometry that
determines nuclear size, the actual (kinematic) nuclear forces must also play a part. Recalling
that an additional assumption (that the “He series” nuclear matter radii are quantised with the
same length scale of Ay as before) was required to produce reasonable values in Table 2, it
may be that this agreement has no great significance. However, the QGT account of the low

nuclear density of *Be and '’He explaining their instability does seem to be reasonable.

It is worth pointing out that Bohm’s recognition of a “quantum-mechanical” potential U(x)
exerting a “quantum-mechanical” force “analogous to, but not identical with the way in which ...
a meson field exerts a force on a nucleon” (see his Eq.8) *, can be interpreted as an anticipation
of our entropic force, discussed in a previous QGT treatment of galactic geometry (PJ2019,

Eq.23). Bohm’s proposal is considered by Rovelli * to violate his Hypothesis 2 (of
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“completion”). However, neither author takes account of the entropic Principle of Least Exertion
(PJ2019) in any way, despite each giving significant weight to the (physical) quantity /nformation
in their different treatments. PJ2019 have shown that a physical system cannot be treated
completely unless its info-entropy is also considered; moreover, the present Eqs.2, 3, 4 could be
regarded as exemplifying Rovelli’s Relational Quantum Mechanics, since the DoF numbers
A =3, 6,7 are a direct consequence of observing the He core relative to its surrounds (including

its halos). But a proper discussion of these issues is outside our scope.

Conclusions

In an ab-initio QGT analysis assuming a single scale length (the “holographic wavelength” Ay
given by twice the RMS proton radius), the nuclear matter radii and nuclear charge radii of the
helium isotopes *“*He were calculated. These values are in remarkably good agreement with

observation (Table 1).

In detail, the nuclear matter radii were calculated analytically by considering the holographic
entropy of unitary and holomorphic entities as given by QGT, and noting that this entropy is
proportional to the number of degrees of freedom (DoFs) of the entity.

The appropriate number of DoFs for “He, as a unitary entity in 3-space, is A= 3. The *He
nucleus does not form a unitary object, but is formed by a sum of a unitary alpha core and a
unitary neutron halo (of a holomorphic pair of neutrons); the two unitary entities being
uncorrelated to each other apart from sharing a common centre. Consequently “He has
A=3+3=6DoFs. On the other hand, the neutron halo of *He is also unitary, but formed of a
holomorphic union of two holomorphic neutron pairs constrained to share a mean correlation
angle, so that only a single additional DoF is gained. Consequently *He has A=3+ (3 +1)=7
DoFs. From this information, combined with the holographic relationship between entropy and
the system size, the RMS matter radii were determined and found to be in good agreement with
experiment. The QGT approach will give a value for the RMS radius for any isotope as we
continue to add pairs of neutrons and yet '°He is known to be unbound, experimentally. To
interpret this we suppose that QGT gives the size of the system if the internal forces allow it to
be bound. The calculated sizes for '°He and heavier isotopes of helium correspond to lower

average nuclear densities that evidently are insufficient to keep the system bound.

The nuclear charge radii of these isotopes are determined geometrically using MaxEnt conditions
imposed on the correlations between neutrons in the neutron halos. This works, despite the fact

that such a geometric view cannot be strictly realistic for quantum objects.

The QGT approach can be extended to the nuclear matter radii of the “helium series” of nuclei,
the self-conjugate A = 4n nuclei {*He, ®*Be, °C, '°0, *’Ne, Mg, #*Si, **S, *Ar, **Ca}. We find
(for RMS matter radii calculated by QGT) that ®Be should be to “He as “He is to “He. Thatis, we
expect “Be (considered as two alphas) to have 6 DoFs like ®He, rather than the 4 DoFs that it
would have if the two alphas formed a holomorphic pair. This implies that they should have the
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same entropic radius, and this prediction is consistent with the measured RMS radii. Similarly,
12C is to *Be as *He is to *He: that is, both '2C and ®He have 7 DoFs and the same entropic radius
(also consistent with the measured radii). It then turns out that every step up the helium series

simply adds one more DoF (see Table 2).

The nuclear sizes of both the helium series and the helium isotopes listed in Tables 1, 2 conform
to a QGT treatment using a single uniform holographic wavelength: this is the only “free
parameter”, and is identified with the measured RMS proton size. It turns out that the sizes of
the odd nuclei {*H, 'Li, ''B, "N, '“F, *Na, ’Al, *'P, *°Cl, ¥K} behave similarly with the same
holographic wavelength. The case of *He—°Li appears to suggest that the beta decay process

is associated with the acquisition of an extra DoF by the nucleus.

Tables 1 & 2 confirm that the nuclear sizes calculated from QGT both of He isotopes and of the
“helium series” are realistic. This, together with previous quantitative work by Parker & Jeynes
[refs.1, 16, 17], indicates that this geometric entropy approach is valid for length scales over

35 orders of magnitude from sub-atomic to galactic.

As a unitary entity the a-particle is the simplest possible and can therefore be considered a
“benchmark nucleus”. The other isotopes of helium are also very simple nuclear structures in a
QGT treatment: we expect these methods employing quantitative geometrical thermodynamics

to have very wide application.
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Figure 1

Calculation of the position of the centre of mass for 6He and 8He. a) r6He is assigned the value
calculated for the RMS matter radius of 6He and lrc is the displacement of the centre of mass from that
of the 4He core; b) Analytic calculation of the geometric position of the centre of mass for 8He is eased
by assuming the overall system to simply comprise two subsystems of (i) half the alpha particle (4He)
core and two (inner halo) neutrons with a lrc' displacement, and (ii) the other half-alpha core and two
(outer halo) neutrons with a lirc" displacement calculated using the matter radius of 8He. Combining (i)

and (ii) gives the overall displacement lrc".
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